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Abstract

allow the association of a timed transition either with a
deterministic or an exponentially distributed f ~ n delay.
g
Hence, DSPN models are suited to represent system
features such as time-outs, propagation delays or
processor rebooting times which are naturally associated
with constant delays. DSPNs have been applied for
modeling an Ethernet bus LAN [31 and a fault-tolerant
clocking system [12].
Marsan and Chiola showed that by sampling the
stochastic behavior of a DSPN only at appropriately
selected instants of time, an embedded Markov chain can
be derived which underlies the DSPN [2]. The numerical
solution technique for computing steady-state marking
probabilities of DSPN models is based on the restriction
that there are no concurrently enabled transitions with
deterministic delays. If all deterministic transitions of a
DSPN are exclusively enabled, the calculation of the
state transition matrix of h e embedded Markov chain is
straightforward. The solution of DSPN models which
include deterministic transitions competitively or
concurrently enabled with exponential transitions requires
the calculation of time-dependent state probabilities. The
problem with DSPN models lies in the substantial
computational effort required by the numerical solution
algorithm of the software tool GreatSPN. This fact has
restricted the applicability of DSPN models to systems
of small size [31. A decomposition technique for DSPNs
has been proposed for improving the efficiency of the
analysis of DSPN models in [4]. In this approach the
reduction of the computational effort of the solution is
based on the structural analysis of DSPN models. As
described in a recent paper [7] in the version 1.5 of the
software package GreatSPN the numerical solution
module for DSPNs has been removed and a software
module for interactive timed simulation has been

This paper introduces an algorithm for calculating
steady-state solutions of DSPN models. The described
method employs the randomization technique enhanced
by a stable calculation of Poisson probabilities. A
complete re-design and re-implementation of the
appropriate components implemented in the version 1.4
of the software package GreatSPN has lead to significant
savings in both computation time and memory space.
These benefits are illustrated by DSPN models taken
from the literature. We consider DSPN models for an
E,./D/l/K queueing system and a fault-tolerant clocking
system. These examples show that the model solutions
are calculated with significantly less computational effort
and a better error control by the algorithm described than
by the method implemented in the version 1.4 of the
softwarepackage GreatSPN.

1 Introduction
Several classes of timed transition Petri nets have
been proposed in order to define a unified modeling tool
for formal description and performance analysis of
computer and communication systems. Such Petri net
models have been broadly accepted due to the availability
of appropriate softwarepackages (e.g. GreatSPN [6], [7],
METASAN [151, SPNP [8]) which completely automate
their solution process. Marsan, Balbo, and Conte defined
Generalized Stochastic Petri Nets which include timed
transitions associated with exponentially distributed
firing delays and immediate transitions firing without a
delay [ll. Marsan and Chiola introduced Deterministic
and Stochastic Petri Nets (DSPNs, [2]) as an extension
to Generalized Stochastic Petri Nets. DSPN models
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introduced
This paper presents a numerical algorithm for a stable
and efficient computation of steady-state solutions of
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models are considered as empirical examples to illustrate
the benefit of the described solution algorithm. Finally,
concludingremarks are given.

DSPN models. The proposed computational method
employs the randomization technique [111for calculating
the time-dependent quantities rather than a time
discretization and direct matrix exponentiation by
truncated series expansion as implemented in the version
1.4 of the software package GreatSPN [6]. To handle
stiffness in a DSPN model a stable numerical method for
calculating Poisson probabilities is employed [9]. This
allows to employ DSPNs for dependability and
performability modeling where typically parameters with
diffemt orders of magnitude cause stifhess.
The randomization approach has already been
employed in the packages SPNP and METASAN for
calculating transient state probabilities of the Markov
chain underlying a GSPN or a Stochastic Activity
Network model. In this paper a computational formula is
derived for the average sojourn time during the enabling
interval of a deterministic transition. This formula allows
to employ the randomization technique for computing
steady-state solutions of DSPN models. A complete redesign of the appropriate software components
implemented in the version 1.4 of the software package
GreatSPN has lead to significant savings in both
computation time and memory space. The benefit of the
described solution algorithm is illustrated by empirical
examples taken from the literature. DS?N models for the
EJD/l/K queueing system and a fault-tolerant clocking
system [121 are considered. For these models we present
curves relating the computational effort of the solution as
a function of the model size. These results are compared
with the corresponding curves obtained by the numerical
algorithm of the software package GreatSPN [6]. Since
these DSPN models have closed-form solutions, the
accuracy achieved by the proposed algorithm and by the
numerical method of GrearSPN can be determined. The
examples show that steady-state solutions of DSPN
models are calculated with significantly less
computational effort and a better error control by the
approach proposed than by the method implemented in
the version 1.4 of the software package GreatSPN.
Moreover, the presented algorithm can be employed in
the decomposition technique for DSPN models proposed
in [4] to calculate transient solutions of DSPN subnets
consisting of exponential and immediate transitions.
The remainder of this paper is organized as follows.
Section 2 recalls the main concepts of the randomization
technique. In section 3 we show how to employ the
randomization technique for calculating the state
transition probabilities of the embedded Markov chain.
Moreover, a formula is derived for efficiently computing
the conversion factors required to obtain the steady-state
solution of DSPN models. In section 4 two DSPN

2 Description of the Randomization
Technique
Several numerical techniques for computing timedependent state probabilities of a continuous-time
Markov chain with finite state space and sparse generator
matrix have been evaluated by Reibman and Trivedi [141.
In particular, the randomization technique [111 and two
linear multi-step methods for numerically solving the
Chapman-Kolmogorov differential equation have been
considered. All these methods have implementations
which exploit the sparsity of the generator matrix Q.
However, only the randomization technique additionally
exploits the probabilistic structure of the matrix Q. As a
consequence, it has been shown that the randomization
approach is more efficient than general solution
techniques for differential equations. Employing the
randomization approach a scalar q and a matrix A are
d e f d as follows:
q=1."
max
1SkSN

The definition of the scalar q is due to Wallace and
Rosenberg 1171 and ensures that the subordinateddiscretetime Markov chain with generator A is aperiodic. Since
negative entries of the matrix Q are resmcted to its
diagonal, all entries of the matrix A are non-negative.
Rewriting equation (1) the matrix Q and the matrix
exponential eQt [IO]can be expressed as:
Q = Aq - Iq
(2)
eQt = eA¶t . e-¶t
(3)
Since the state probability distribution at time t,
denoted by x(t), is given by the vector-matrix product of
the initial state probability distribution xinitial with the
matrix exponential e@, the transient probability vector
x(t) can be calculated by
x(t) = xinitid - eQt

c

= R ( W ) ltinitid - Ak (e-qt .&)
k=L(qt.&)

k!
(4)

k= L(qt.&)

In formula (4) @(k)denotes the state probability vector of the subordinated discrete time Markov chain at the
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instant of time k and p(k) denotes the k-th Poisson probability. The left and right truncation points L = L(qt, E)
and R = R(qt, E) of the summation in formula (4) are
depending on the pre-defined error tolerance E for each
element of x(t) and can be determined by:

This computation of the truncated series expansion
may lead to severe cancellation errors because of the
negative diagonal elements of the generator matrix Q. To
overcome this problem the DSPN solution algorithm
provided by the version 1.4 of the software package
GmtSPN [6] employs a refined computational technique
of equation (8). The time interval [0, tl is divided into
several subintervalsdepending on the rates of exponential
transitions. To keep the computational effort within a
reasonable range the length of the subintervals are
bounded by constants incorporated in the source code of
GreatSPN. As a consequence, the computational cost of
this multi-step method depends on the minimum
allowable step length. Moreover, this adaptive matrix
exponentiation algorithm can take into account the
numerical nature of the model parameters only in a
limited way.
Since all terms of the matrix A are non-negative and
less than or equal to 1, the computation of the series
expansion of eAqtis not as badly affected by round-off
errors as the series expansion of eQt. Given an error
tolerance E the computational complexity of the
randomization method is given by O(qqt) [14] where q
denotes the number of nonzero entries in the generator
matrix Q. In the next section we show how to employ
this technique for calculating the time-dependent
quantities of the solution process of DSPN models.

R

Cp(k)2l-E
k=L

Since formula (5) defines a bound on the total mass
of the truncated series,it provides a conservative estimate
of the truncation error of formula (4) for reasonable
values of E. The time-dependent quantities of the solution
of the DSPN models considered in section 4 can be
calculated on a Sun 4/65 Sparcm station with the
described algorithm with an accuracy of 10-14. The
existence of an absolute error bound for each element of
the probability vector x(t) forms a major advantage of
this computational method.
According to formula (4) the computation of the
transient probability vector x(t) of the continuous-time
Markov chain is reduced to the computation of the
transient probability vector @(k) of the subordinated
discrete-time Markov chain. The function @(k)forms the
(forward) Chapman-Kolmogorov equation for the discretetime Markov chain assuming the system is initially in
state xinitid. It can be efficiently computed by recursive
vector-matrix multiplications [111.

@(O)

= xinitial

@( k + 1) = @(k)- A

3 Efficient Calculation of Steady-state
Solutions for DSPN Models

(6)

In case the product qt < 25 the Poissor, probabilities p(k)
are calculatedrecursively as:
p(0) = e-q

Marsan and Chiola introduced Deterministic and
Stochastic Petri Nets (DSPNs, [23) as an extension to
Generalized Stochastic Petri Nets. DSPN models allow
the association of a timed transition either with a
deterministicor an exponentially distributed firng delay.
It has been shown that a DSPN can be mapped on a
semi-Markov process because a discrete-time Markov
chain can be defined by sampling the stochastic behavior
of the DSPN only at appropriately selected instants of
time [2]. If a deterministic transition is enabled, the
continuous-time stochastic behavior of the DSPN is
sampled at the instant of its firing. Otherwise the
stochastic behavior of the DSPN is sampled at the
instant of firing of an exponential transition.
In case a deterministic transition is competitively or
concurrently enabled with some exponential transitions
time-dependentstate probabilitieshave to be calculated in
order to determine the state transition probabilities
P(Si +Sj) of the embedded Markov chain. These state
transition probabilities are given by [2]:

P(k + 1)= P(k).- qt
k+l
If the product qt > 25 a special-purposealgorithm for
calculating Poisson probabilities proposed by Fox and
Glynn [9] is employed. The summation of formula (7)
starts at an appropriately determined left truncation
truncation point L > 0 and the left tail of the Poisson
distribution is replaced by a normal approximation [14].
This computational method considers the smallest and
largest representable machine number and ensures that
numerical overflow and underflow do not occur.
Time-dependent state probabilities of a Markov chain
can also be determined by direct series expansion of the
matrix exponential e@ [IO].
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After exchanging the integral and the summation and
appropriatelynmdering the terms we have
In formula (9) Ai denotes the state transition matrix
representing the feasible changes from marking Mi to
other tangible markings of the DSPN following a path of
h ” m a t e transition firings which are enabled after firing
the deterministic transition. Nonzero entries of Ai are
either “1” or given by the weights associated with
conflicting immediate transitions. Q denotes the
generator matrix of the Markov chain defined by the
exponential transitions competitively and concurrently
enabled with a particular deterministic transition. The
state transition probabilities P(Si + Sj) from a state Si
enabling a deterministic transition with delay zi are
derived by the transient state probability vector I C ( T ~with
initial state vector Ui. Practically, the entire i-th row of
the state transition matrix P(i) is determined in one step.
The recursion (6) starts with @ ( O ) = ui Thus, with
equation (7)the row vector P(i) is calculated by:

L

I

P(i)=n(zi).Ai= x@(k).P(k) - A i

It can be shown by integration by parts that

Employing (15) in formula (14) leads to

Replacing the vector-matrix product by @ (k)
according to (4) and substituting the Poisson
probabilities by its left-truncated recurrence relation (5)
the i-th row of conversion matrix C(i) can be efficiently
calculated by:

(10)

Moreover, in case the deterministic transition is
concurrently enabled with some exponential transitions
conversion factors have to be determined in order to
convert the steady-state probability of the discrete-time
Markov chain to the steady-state probability of the
continuous-time DSPN. These conversion factors can be
interpreted as the average sojourn time in the state Si
during the enabling interval zi of the deterministic
transition. They are given by [2]:

The calculation of one row of the conversion matrix
C(i) according to (17) requires only little extra computational effort because no additional vector-matrix
multiplication is needed. At the k-th step the vectormatrix product @ (k) and Ir the truncated Poisson
probability mass function Z N n ) have already been
computed in (4) and (5). Thii,Lone iteration of formula
(17) requires O(q) operations. The total cost for
calculating C(i) with the error tolerance E by formula
(17) is O(qqq) floating point operations. As a
consequence, the overall computation cost for calculating
the time-dependent quantities associated with a particular
state Si enabling a deterministic transition with delay zi
quires O(qqq) floating point operations, too.

The following shows how the conversion factors
C(ij) of formula (11) can also be calculated using the
randomization technique. Practically, an entire row C(i)
is computed. Recalling formula (11) and substituting the
matrix exponential according to (3) yields:

4 Application Examples
The benefit of employing the computational
algorithm described in this paper is illustrated by
empirical examples. The experiments have been
performed on a Sun 4/65 Sparcm station with 16 MByte
main memory running the operating system SunOS4.1.
We observed that employing the programming language
C rather than Pascal already yields some reduction of the
computation time required by the solution algorithm of
GreatSPN. To obtain a fair comparison between the
numerical method proposed and the numerical algorithm
provided by GreatSPN this part of the source code of
GreatSPN has been compiled from Pascal to C.
Moreover, the component of GreatSPN which solves the

Replacing the matrix exponential by its truncated series
expansion leads to
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balance equalionsof the embedded Markov chain has been
replaced by a sparse implementation of the direct
Gaussian elimination algorithm [16]. For the
performance tests the CPU time has been measured by
employing appropriate systems calls. The analytical
solutions of the considered DSPN models are calculated
by employing the software package Mathematicam. Both
solution algorithms perform each numerical calculation
in double precision arithmetic. The minimum allowable
step length for the multi-step method implemented in
GreatSPN has been set to 0.3. In the Figures presented
below the performance indices of the method provided by
GreatSPN are shown by the dashed curves and attached
with the label “ME”.The corresponding performance
indices of the proposed method are shown by the dotted
curves and attached with the label “RA”.
Even if most problems involving modeling of
computer or communication systems require to consider
multiple units, the first set of experiments considers a
single-serverqueue. Figure 1 depicts a DSPN model for a
single-server queueing system with Erlangian input,
constant service, and limited waiting room. According to
Kendall’s notation this queueing system is referred to as
E,/D/l/K. The submodel representing the Erlangian
arrivals is taken from [51. The exponential transitions T2
and T3 are associated with a firing rate of rh. The output
arc from transition tl to place P2 and *e input arc from
place P3 to transition T3 have the multiplicity r-1.
Tokens contained in place P4 represent customers
waiting in the queue or currently being served. The
constant service requirement is modeled by the
deterministic transition T4 with a firing delay of 2. The
DSPN model has rK+1 tangible markings which can be
classified as follows. One marking enables the
deterministic transition exclusively, r markings enable
only exponential transitions, and r(K-1) markings enable
one exponential transition concurrently with the

‘12

P3

deterministic transition. An analytical solution for the
steady-state distribution of the number of customers can
be derived from the steady-state solution of the M/D/l/K
queueing system [lo]. In the presented tests an arrival
rate of h = 9 and a mean service time of z = 0.1 is
cons-

A DSPN model of a fault-tolerant clocking system is
shown in Figure 2. The number of clocking modules is
represented by the marking parameter m depicted in place
P1 of Figure 2. Unless otherwise stated the model

T9

Figure 2. DSPN model of a fault-tolerant
clocking system from [12]
parameters of this DSPN are chosen as follows:
U = 0.14, p = 0.017, T = 20, 6 = 4, h =
and
p=
A detailed description of the behavior of this

‘13

Figure 1. DSPN model of the E,/D/l/K queue
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DSPN is given in [12].A revised analytical solution of
this DSPN in case of m = 1 is presented in an appendix.
Figure 3 plots the amount of CPU time required for
calculating the steady-state solution of the E,./D/l/K
model for both computational methods. The number of
phases is set to 10 and the number of buffers varies from
10 to 100. The solution is calculated with an error
tolerance of E = 10-l2.As shown in Figure 3 the
employment of the described solution algorithm requires
substantially less computational effort than the solution
algorithm implemented in GmtSPN. Note, that the
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Figure 3. E,./D/l/K model - CPU time versus
number of buffers
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algorithm of GreatSPN requires about 35 minutes of
CPU time for 30 buffers whereas the proposed algorithm
needs about 2 minutes of CPU time for 100 buffers.
Moreover, the algorithm of GreatSPN requires
substantially more main memory space which
additionally limits its applicability.
To consider a machine-independent measure for the
computational cost Table 1 shows the number of vectormatrix-multiplication required by both solution
algorithms. A linear growth is observed for both
methods. But for each additional phase the algorithm of
GreatSPN requires 16300 additional multiplications
whereas the refined randomization method requires only
3700 additional multiplications. Hence, for this DSPN
model the linear growth of the computational cost of the
refined randomization method is nearly 5 times smaller
than the linear growth of the method implemented in
GreatSPN. Due to the large number of markings in
which at least one exponential transition is concurrently
enabled with the deterministic transition T4 this DSPN
clearly shows the benefit of the described algorithm.
In the next set of experiments the number of buffers
is kept fixed to K = 50 and the number of exponential
phases of the Blangian arrival stream is varied from 1 to
10.The solution is calculated with an error tolerance of
E = 10-l2.Figure 4 presents curves relating the number
of phases to the amount of CPU time required by the
both numerical method.
In Figure 5 the computational effort required for
solving this DSPN model is related to the achieved
accuracy of the solution. The number of buffers is kept

70 I
80 I
90 I
100 I
Table

I

14577
30877
47177
63477
79777

I

Multiplications of
randomization method

I
I

3367
7067
10767
14467
18167
3 1Il67

701
I
I
25567
801
29267
901
I
I
32967
1001
36667
1. Comparison of the Vector-Matrix-Multiplications
required by the two computational methods
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Figure 4. E,./D/l/K model CPU time versus
number of phases

-

fixed to K = 50 and the number of phases is set to r = 5.
Again, the refined randomization method requires
substantially less computational effort than the adaptive
matrix exponentiation method provided by GreatSPN.
Moreover, an experiment has been performed relating
the achieved numerical accuracy as a function of the
service time 2. The number of buffers is kept fixed to
5.5
5.0
4.5

c

K = 50, and the number of phases is 5. For the range
0.1 s z I; 2 both solution algorithms achieve the
accuracy of 10-11. But the algorithm provided by
GreatSPN requires significantly more CPU time to
calculate the solution than the proposed numerical
algorithm. We observed that the computational cost of
the adaptive matrix exponentiation method of GreatSPN
is very sensitive to changes in the model parameters. Due
to the left-truncation of the computational formulas
introduced in section 3 the computational cost of the
refined randomization algorithm is rather insensitive to
changes in the model parameters.
Figure 6 shows the computational effort required for
solving the DSPN model of the fault-tolerant clocking
system. The number of clocks vary from m = 1 to 20.
The solution has been calculated by both methods with
an error tolerance of E = 10-12. In case of 20 clocks the
DSPN has 2002 tangible markings. In this case the
calculation of the state transition rates of embedded
Markov chain and the conversion factors requires about
30 minutes of CPU time by the refined randomization
method The algorithm of GreatSPN needs already 26
minutes in case of 14 clocks for which the DSPN of
Figure 2 contains 800 tangible markings.
Figure 7 show the computational effort required for
solving this DSPN model with different accuracy of the
solution. For this experiment the number of clocks is
kept fixed to m = 10. We observe that for increasing
accuracy the computationaleffort of the refmed randomi-
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Figure 6. FCS model CPU time versus model size
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of existing special-purpose methods. As a consequence
the described numerical algorithm is rather insensitive to
changes in the model parameters. Moreover, it has a
better error control than the multi-step method provided
by GreatSPN. This does not become evident for DSPN
models of small size in which all firing delays of timed
transitions are in the same order of magnitude. But DSPN
models of moderate size in which firing delays differ in
several orders of magnitude (e.g. an Elfl/1/100 queue
with h = 9 and z = 10) Cannot be solved in practise with
the adaptive matrix exponentiation algorithm implemented in the version 1.4 of the software package
GreatSPN. Due to the employment of the randomization
technique enhanced by a stable calculation of Poisson
probabilities the proposed algorithm correctly calculates
steady-statesolution of such stiff models with reasonable
computationaleffortThe presented results indicate that the computational
costs of both the refined randomization algorithm and the
matrix exponentiation algorithm of GreatSPN grow
asymptotically linearly with the product qziq. But as
shown for the E,/D/l/K model the absolute
computational effort of the described algorithm is
substantially smaller than the absolute effort of the
algorithm of GreatSPN. This is due to the large number
of tangible markings in which exponential transitions are
competitively or concurrently enabled with the
deterministic transition. The ratio of such markings to
the total number of tangible markings is smaller for the
DSPN model of the fault-tolerant clocking system.
Moreover, the state space cardinality of this model grows
more than linear for increasing number of clocks. As a
consequence the saving in computational cost of the
randomization algorithm is still significant for this
DSPN model, but not as evident as in case of the
E,D/l/K model. To reduce the growth of the state space a
decomposition of a DSPN model into subnets of
exponential and immediate transitions may be performed
such that the behavior of each subnet is independent from
the deterministic transition with delay Ti currently enabled
[4]. The transient solution of these subnets at the instant
of time Ti can also be effectively calculated with the
algorithm described in this paper.
Hence, a combination of the described numerical
algorithm and the proposed automated decomposition
technique on the net level provide a powerful solution
algorithm for DSPN models. Furthermore, since the
Markov chain defined by exponential transitions
competitively or concurrently enabled with a deterministic transition is often acyclic, it seems promising to
investigate theapplicability of the algorithm proposed in
[13] to the DSPN solution process.

I
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Figure 7. FCS model CPU time vs. accuracy
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zation method grows significantly slower than the effort
of the adaptive matrix exponentiation method provided by
GreatSPN.
As in case of the EJD/l/K model experiments have
been performed to relate the achieved iiumerical accuracy
and the required computational effort to the parameter
setting of the model. A set of experimants considers the
achieved numerical accuracy as a function of the firing
delay T associated with the deterministic transition T10
which represents length of the non-detection interval. The
number of clocks is kept fixed to m = 10 and an error
tolerance of E =
is considered. For the range
1 I T I 100 the left truncated randomization method and
the adaptive matrix exponentiation method of GreatSPN
achieve the accuracy of lo-". But again the computational cost of the method provided by GreatSPN grows
rapidly with increasing firing delay whereas the effort
required by the proposed method remains nearly constant.

Conclusions
This paper presents an improved numerical algorithm
for calculating the time-dependent quantities required by
the solution process of DSPN models. Computational
formulas for computing the state transition probabilities
of the embedded Markov chain of a DSPN and the
corresponding conversion factors have been derived in
(10) and (17), respectively. The main features of the
described algorithm are its efficient implementation and
its excellent numerical stability due to the employment
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Appendix
The closed-form solution presented in [12] neglects
the state transition caused by firing of both exponential
transitions T8 and T9 during the enabling interval of the
deterministic transition T10. This appendix presents a
revised analytical solution of this DSPN which is used
for determining the numerical accuracy achieved by the
described algorithm and the algorithm implemented in
GreatSPN. The notation of the state transition
probabilities of the embedded Markov chain is similar as
in [12]. Figure 9 shows the revised state transition graph
of the embedded Markov chain.
Note, a state transition from S4 to S7 has been added
with a transition probability P q . The value for 24 can be
derived from a hypoexponential distribution with parameters p and X or from a 2-phase Erlang distribution
with parameter p depending on whether or not p # X.
Moreover, the state transition probability P(S4 + Sg)
and the factor y4 have been modified.
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Figure 8. The revised embedded Markov chain of the DSPN from 1121

