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Abstract

we will be using, and defines skeletons of (some)
coloured nets, as well as describing briefly how these
relate to Vautherin’s skeletons of schemas. In Section 3 we transfer the results of interest in Vautherin’s
paper to the case of skeletons derived directly from
coloured nets. Section 4 points out the subtleties
which need to be recognised when attempting to apply
the results, while Section 5 illustrates how deceptive
the results produced by a skeleton can be if the considerations of Section 4 are ignored. A possible way
of making use of a (possibly deceptive) set of results
generated by a skeleton is suggested in Section 6. In
Section 7 we identify the additional work which needs
to be performed in order that skeletons may be usefully applied to detect deadlocks of coloured nets.

Vautherin’s results relating the behaviour of classes
of coloured (high-level) Petri nets t o ordinary Petri
nets (skeletons for the classes are examined, and their
usefulness and ease of app ication are investigated.
The feasibility of using skeletons for the purpose of
Y r s t estimate’ verifications of nets (in particular, for
the early detection of deadlocks, i.e. reachable dead
is considered. It is found that because th.e
marking?
relations ip established b y Vautherin bet,weelz the dead
markings of a coloured net and those of the corresponding skeleton does not differentiate between reach,able and unreachable markings, deadlock-freeness of a
coloured net and deadlock-freeness of its skeletons are
essentially independent properties.
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Introduction

Vautherin [7] describes a way of combining coloured
Petri nets with algebraic specification techniques, for
the purpose of specifying parallel systems. His approach is to use a ‘schema’ to represent a whole class
of coloured Petri nets, in a way analogous to that in
which one abstract data type signature represents a
number of (many-sorted) algebras 21. Indeed, each of
Vautherin’s schemas is written wit respect to such a
signature, and each corresponding algebra gives rise
to an ‘interpretation’ of the schema as a coloured net.
The main results of Vautherin’s paper relate the
behaviour of all the coloured Petri nets which can be
viewed as interpretations of a given schema to the behaviour of an ordinary Petri net obtained from the
schema, called the skeleton. In particular, the possibility of detecting deadlocks of coloured nets simply
by looking at their skeletons is suggested. The investigation of this possibility is the purpose of this paper.
It is very important to note at this point that
whereas we will use the term ‘deadlock’ to mean a
reachable dead marking of a net, Vautherin uses it to
mean any dead marking, reachable or otherwise.
The concept of skeleton is old-it is, for example, introduced by Jensen for coloured nets in [4]
and also [5]-he calls the skeleton the ‘underlying
place/transition net’. For simplicity, we will also work
with skeletons obtained directly from coloured nets,
rather i!ian using schemas. Vautherin’s main results
can bc -.sily transferred into this new context [3].
Section 2 gives the definition of coloured Petri nets

Definition 1 A coloured Petri net is a tuple N =
( P ,T ,C , W,MO),
where:
P is a finite set of places.
T is a finite set of transitions, disjoint from P .

h

C is a P U T-indexed family of nonempty sets
(colour sets for the places and occurrence colour
sets for the transitions).

W is a ( P x T U T x P)-indexed family of functions
such that for each t E T , each U E C ( t ) , and each
p E P , W ( p , t ) ( u ) and W ( t , p ) ( u ) are multzsets
over C ( p ) .

M O is the initial marking-a function assigning
t o each place p E P a multiset over C ( p ) .

When we draw a coloured Petri net, we shall draw
an arc from each place p to each transition t for which
W(p,?)(u)is nonempty for some U E C(t). Similarly, if there is some U E C ( t ) for which W ( t , p ) ( u )
is nonempty, an arc from t to p will be included in
the drawing. These arcs will carry ‘arc expressions’,
which may contain ‘variables’. The colour set of each
transition will not be explicitly specified, rather it will
be understood to consist of all possible assignments to
the variables on the surrounding arcs of the transition.
It is possible to give a formal definition of the graphical form of a coloured net (see e.g. [l, 51). We will
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Coloured nets and skeletons
We will use the following definition of coloured nets.

not be concerned with such formalisation, however3 Vaut herin’s results
the pictures we will use later are not intended to be
We will use the notation M [ t ) M ’ to indicate that
formal objects themselves, merely a convenient way of
is a marking which may be reached from the markrepresenting them.
firing (Once>the
(for some OCing
The skeleton of a coloured net is the ordinary Petri
‘Illrence
if the net in question is
a E
net obtained in the following way. One replaces each
coloured
indicate simply that
bag of tokens (in the initial marking and the ‘arc exis
enab
for SomeOccurpressions’ of the net) by its ‘size’, effectively removing
rence ‘‘lour, in the case Of a
net)*
the colours from all tokens. For any place p and tranLet N = ( P ,T, C, W,MO)be a uniform coloured
sition t of a coloured net, however, the sizes of the
Petri net, so that IN1 is defined. One may define a map
bags W ( p , t ) ( a ) and W ( t , p ) ( a ) generally depend on
h from the set of all possible markings (i.e. reachable
the choice of transition Occurrence colour E c ( ~ ) . Or
Otherwise) OfN Onto the set of all Possible markings
Thus Jensen makes (the equivalent of) the following
of
IN1 as follows. Set h ( M ) = IMI, where IMI is
definition in [5].
the marking of IN1 obtained from M by stri ping all
tokens of their colours, i.e. l M l ( p ) = IM(p7I for all
Definition 2 A coloured net N = ( P ,T ,C, W ,MO)is
p E P.
uniform if f o r each p E P and each t E T , the s u e s
The following proposition corresponds to part of
of the multisets W ( p , t ) ( a ) and W ( t , p ) ( c r ) are indeVautherin’s Proposition 3.
pendent of the choice of U E C ( t ) .
In other words, a uniform coloured net is one having the property that for any place p and transition
t , the number of tokens removed from p by t is the
same for any occurrence colour of t , and similarly for
tokens added to p . The following definition formalises
ths concept of skeleton only for nets with Lhis property [5]. A non-uniform net does not have a. welldefined skeleton (because of the first two parts of thc
following definition), and thus must have its transitions unfolded enough to convert it into a uniform net
before a skeleton can be obtained.

Proposition 1 Let N , h be as described above. For
any transition t of N (and IN/), and any markings
M,M’ of N , M [ t ) M ’ implies h ( M ) [ t ) h ( M ’ ) .

Intuitively, Proposition 1 says simply that if a transition t has tokens of all the right colours available so
that it may fire in the coloured net, then certainly it
has the right numbers of tokens available, hence may
also fire in the skeleton, and furthermore, the subsequent skeletal marking has the same number of tokens
in each place as the subsequent coloured marking. All
this should be fairly clear from the way the skeleton
is obtained.
One may also see immediately from the definition
of the skeleton that h sends the initial marking of N to
that of ]NI. Having made this observation, the following (which corresponds mostly to Vautherin’s Proposition 4) can then be obtained as a fairly straightforward
consequence of Proposition 1.

Definition 3 Let N = (PIT,C,W,MO)be a uniform
coloured Petri net. The skeleton of N is the ordinary
Petri net given by IN1 = (PIT,iWl, IMol), where f o r
each p E P and each t E T :

Proposition 2 Let N, h be as above. For any marking M , transition t , and place p of N :

To conclude this section, we will now describe
briefly the relationship between skeletons obtained
from uniform coloured nets as per the above definition, and Vautherin’s skeletons of schemas.
Vautherin defines his schemas to have ‘arc expressions’ which are multisets of terms. Because of this,
every coloured net which may be obtained as an interpretation of a schema is uniform (Vautherin uses the
term ‘simple’), and every schema has a skeleton. Furthermore, it is easy to show that if a coloured net N is
realizable as an interpretation of a schema, then any
two such schemas do have the same skeleton, and that
this skeleton is in fact the same as the skeleton of the
coloured net as described in the above definition [3].
Thus the skeletons we are dealing with here are essentially the same as Vautherin’s-if one were to take
any schema, interpret it as a coloured net using an appropriate algebra, and then take the skeleton of that
net, the result would simply be the skeleton of the original sclxina. This means that skeletons of coloured
nets mLt;- inllorit (adaptations cf) Vautherin’s results
without any trouble.

1. If h ( M ) is dead in I N ) , then M is dead in N .

2. If p is bounded by k (some integer) in INl, then
p is bounded by k in N.

3. If t is non quasi-live (may not fire in any reachable marking) in /NI, then it is non quasi-live in
N.

4. If IN1 has the finite termination property (i.e. has
no infinite transition sequence in its reachability
graph), then N has the finite termination property.

Vautherin needs the observation that h sends the
initial marking of N to that of IN1 for (his versions
of) parts 2, 3, and 4 of the above proposition, because
these parts relate to properties defined in terms of
reachability graphs. It is not needed for the first part,
however, since the ‘deadness’ of a marking may be
considered independently of its reachability.
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Thus, in applying the results of this section, we
need to be aware that Proposition 1really gives a projection of the ‘whole state space graph’l of N onto that
of its skeleton, while the last three parts of Proposition
2 really concern only the projection of the reachability
graph of N into that of INI.
This subtlety is not pointed out by Vautherin-the
only thing in his paper which suggests that there may
be something different about the first part of the above
proposition is that although he includes a version of it
in his Proposition 3, it is absent from his Proposition
4, despite the fact that it follows from his Proposition
3 in exactly the same way as the other three parts.
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Figure 1: A very small coloured Petri net, and its
skeleton (without initial markings)

2

Figure 2 shows (a representative portion of the
‘whole state space graph’ of the coloured net, an that
of its skeleton. Each node in each of these two graphs
is labelled by the marking of the single place p of the
two nets. The action of the map h of the previous
section is to send each node of the top graph to the
node of the bottom graph directly underneath it, so
that, for example, a + 2b is mapped to 3 (since h(a
2b) = la 2 4 = 3).

Applying the results

+

+

This section illustrates how the distinction between
the reachability graph mapping and the extended
mapping of whole state space graphs affects the application of the results of the previous section to the
problem of deadlock detection in coloured nets.
There are coloured nets for which Vautherin’s results seem to work very well. For example, a coloured
net (see [SI) for the well known ‘Dining Philosophers’
system known to have exactly one deadlock was found
to have exactly one deadlock in its skeleton, and furthermore, the latter deadlock was the image under h
of the deadlock in the coloured net.
Such an example is misleading, however , because
the existence of a deadlock in the coloured net was
already known. In practice, one wants to gain information about a coloured net by reachability analysis
of its skeleton. Since a markin of the skeleton generally has many preimages in t f e coloured net, finding a skeletal deadlock reveals a number of dead (by
Proposition 2) markings of the coloured net. What
the analyst still does not know, however, is whether
some, all, or none of these dead markings are actually
reachable.
In the dining philosophers net which was analysed,
all but one of the skeletal deadlock’s preimages were
already known to be unreachable (mainly because the
coloured net was known to possess only one deadlock).
Such knowledge should clearly not have to be relied
upon-the idea of using skeletons is to perform faster
deadlock-freeness checking in nets whose behaviour is
unknown.
We will now use a simple example to illustrate
graphically how the map h of the previous section really acts between whole state space graphs rather than
reachability raphs, and the consequent difficulty in
interpreting Seadlocks of the skeleton.
Figure 1 shows a very small coloured Petri net and
its skeleton (without initial markings). In the coloured
net, {ala) is the colour set of the place.

Ih

Ih

Ih

1“

-___
Figure 2: The mapping between two ‘whole state space
graphs ’
Suppose now that the coloured net is given the initial marking 2a+b. Then there is exactly one deadlock
of the net, namely the marking 2a. The corresponding
marking of the skeleton is 2, which is not a deadlock.
On the other hand, the skeleton does contain a deadlock (the marking 0 , but the only preimage of this
under h is the (dea ) marking 0 of the coloured net,
which is not reachable from the chosen initial marking.
One can also see from this example that the relationship between what one detects in the skeleton and
the behaviour of the coloured net is quite sensitive to
the choice of initial marking of the coloured net. By
way of illustration, the skeletal marking 1 of Figure 2
corresponds to the non-dead marking Q reachable from
3b, the dead marking a reachable from a 2Q,but no
marking which is reachable from 2a Q.
The next section looks at a more complicated example which shows how deceptive skeletons may be,
in terms of how little the deadlocks of a coloured net
may be related to those of its skeleton.

2

+

‘By the ‘whole state space graph’, we mean a graph which
has as its vertices all markings of N, reachable or otherwise,
and edges correspondingto possible transition firings-in other
words, a sort of extended reachabilitygraph in which no initial
marking is singled out. Such a graph would include as a s u b
graph i . k reahability graph corre:.,,onding to any particular
choice of initid marking.

5
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Skeletal deception

The coloured Petri net in Figure 3 is a net for a
shared resource system. We will consider three differ-
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T2 twice. Note that the presence of a skeletal deadlock does not contradict the first part of Proposition
2-it is just that none of the preimages of (0,1,2,0,0)
under h are reachable in the coloured net.
From the second initial marking, the system may
reach a deadlock in which all three processes have
moved into STGl (by removing one R1 token each
from RES), but none may move into STGS (because
RES contains no more R1 tokens . The corresponding
marking of the skeleton is not a eadlock; the skeleton
turns out to be deadlock-free.
Now let us consider the third initial marking. The
table below shows the three reachable markings of the
coloured net which are dead, as well as the two deadlocks that the skeleton possesses. Note that the skeletal image (1,2,0,0,2) of the coloured net’s deadlocks is
not dead, but that both the skeletal deadlocks are subsequent markings of (i.e. reachable from) this marking.

ent initial markings of this net, hence no initial marking is specified in the figure.
The shared resource system operates as follows. A
set Q of processes move from an IDLE state through
three different stages (STG1, STG2, STG3), before
returning to the IDLE state. The first two transitions
in this cycle require the input of a resource R1. At the
time of the third transition, a resource R2 is needed
(and one of the two R1 resources already gathered is
no longer needed, so becomes free again). The final
transition in the cycle returns the resources still being
held by a process to the free resources place RES.

d

1

Colour s e t s

Q={FlrQ2,Q3)
R= { R1, R2 }

Variables

s:Q

1
Q1+Q3
Q1+Q2

IN1

0
1

2
0

1

0

2.R2
0

2

0

0

In summary, the failure of part 1of Proposition 2 to
distinguish between reachable and unreachable markings can cause some rather inconvenient phenomena,
when one attempts to detect deadlocks in coloured
nets by generating the reachability graphs of their
skeletons. In the case where the net contains a deadlock, the skeleton may contain no deadlocks, or may
contain deadlocks which don’t match the deadlock of
the net. On the other hand, a net without deadlocks
may have a skeleton with deadlocks.

6
Figure 3: A net for a shared resource system

Skeleton-guided reduced reachability analysis

At this point it may appear that because of their
deceptive nature, skeletons are of little use in deadlock
detection, due to the fact that there is no easy way of
knowing whether a skeletal deadlock corresponds to a
deadlock in the coloured net, without further knowledge of the latter net’s behaviour. This section suggests one possible approach which may be useful in
making use of the results obtained from skeletal reachability analysis.
Suppose one is given a (uniform coloured net which
one wishes to test for deadlocks. fter generating the
reachability graph of its skeleton, what should one do?
If the skeleton is found to be deadlock-free, then the
results as they stand do not allow any conclusions to
be drawn about the coloured net.
On the other hand, if a deadlock is found in the
skeleton, a set of dead markings of the coloured net
is revealed. Even though one does not know which of
these are reachable, Proposition 1 can be applied to
deduce that if there is a path t o any one of them in
the coloured net’s Rachability graph, then the image

In each of the initial markings of the net which we
consider, IDLE will contain three processes Q1, Q2,
and Q3, while the places STG1, STG2, and STGS will
all be empty. The only difference between the three
initial markin s considered will be the number of resource tokens fR1 and R2) that will be made available
in place RES. The three markings of RES are shown
in the following table.

A

In the first initial marking, the coloured net is
deadlock-free, but the skeleton has one deadlock,
namely the marking (0,1,2,0,0) (here we are listing
the markings of individual places in the order IDLE,
STG1. 3TC.2, STG3, RES). This marking can be
reached for example by firing T1 three times and then
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locks in the corresponding coloured net, there will be
some examples for which the above approach will not
help to detect deadlocks of the coloured net.
It does appear, however, that a skeleton-guided reduced reachability analysis approach should be able
to aid deadlock detection in at least some examples.
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7 Future Work
What we have revealed in the last three sections
indicates that there are many questions which need to
be answered before skeletons can really be used practically for detecting deadlocks of coloured nets. This
section discusses these questions.
Regarding the skeleton-guided reduced reachability analysis approach suggested in the previous section, we really need some more solid information. As
it stands, this approach can provide no guarantee of
results; any usefulness it might have is due only to
the fact that it may detect (some) deadlocks of a
coloured net more quickly than a conventional reachability analysis approach.
One possible topic for investigation is whether a
class of nets which exhibit postponed deadlocks could
be determined. This problem is not likely to be easy,
however, since the presence of postponed deadlocks
in skeletons is very sensitive to the choice of initial
marking-it is possible to have a coloured net with a
deadlock which appears as a postponed version in the
skeleton, but such that adding a token to some place
in the coloured) initial marking causes the skeletal
deadloc to disappear, without removing the coloured
one.
What would be markedly more valuable than an
answer to the problem posed in the above paragraph,
is a necessary and sufficient condition for a coloured
net to have the property that a marking is dead if and
only if the corresponding skeletal marking is dead.
For any net with this property, Proposition 1 could be
applied to guarantee that any reachable dead marking
will have a reachable dead skeletal image, with the
consequence that a deadlock-free skeleton implies that
the coloured net is also deadlock-free.
Vautherin describes a sufficient condition in Proposition 5 of his paper, the gist of which is that the
input token requirements of each transition must be
(in Vautherin’s words) ‘independent and non-selective
with regard to the colours’. ‘Independent’ means that
the net in Figure 5 would be unacceptable, because
the 2 token taken in by the transition from the place
on the left is required to match the 2 token removed
from the place on the right. ‘Non-selectivewith regard
to the colours’ means that the requirement that one of
the tokens removed from the right-hand place in that
figure must be an ‘ U ’ is also unacceptable. Figure 6
shows a net which does satisfy Vautherin’s condition.
There are simple examples which demonstrate that
Vautherin’s condition is not necessary to obtain the
aforementioned property. At the time of writing, the
author has made significant progress on the problem
of determining a necessary and suficient condition [3].
For coloured nets which do not have the above property, it would be useful to know whether one can easily
determine the set of initial markings for which every
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Figure 4: A portion of the reachability graph of the
skeleton of the shared resource system net (with the
third initial marking)

of this path under h will be present in the reachability
graph of the skeleton.
Thus, generating that portion of the coloured net’s
reachability graph which h projects to the path(s)
leading to the skeletal deadlock is an approach which
is guaranteed to tell us whether any of the skeletal
deadlock’s coloured preimages are in fact reachable.
Now, as an illustration of something else the above
approach may reveal, let us turn our attention back
to the shared resource net of the previous section,
with the third initial marking-the one for which both
coloured net and skeleton contain deadlocks.
Figure 4 shows the subgraph of the skeleton’s
reachability graph consisting of all paths (without
repeated markings) leading from the initial marking
3 0 0 0 4 to the two skeletal deadlocks (0,2,1,0,0)and
(1:0:2:0:0].
Generating the corresponding subgraph of the
coloured net’s reachability graph (i.e. the reachable
portion of the preimage under h of Figure 4) would
reveal that none of the preimages of these two deadlocks are reachable. However, it would also reveal the
three dead markings of the coloured net which are
reachable, since we have already noted in the previous section that these three deadlocks are preimages
of (1,2,0,0,2), which appears as one of the markings
‘on the way’ t o the deadlocks in Figure 4.
In other words, although the skeletal deadlocks
do not have reachable preimages, they are still useful, because they may be viewed as ‘postponed versions’ of the deadlocks in the coloured net. These
coloured deadlocks may therefore be found by performing ‘skeleton-guided’ reduced reachability analyis
of the coloured net.
The nets of Figure 1 provide another example where
the conversion from coloured net to skeleton ‘shifts’ a
deadlock rather than eliminating it-one can see from
the graphs of Figure 2 that for any initial marking of
the coloured net, there is exactly one deadlock, and
that it will always appear as a postponed deadlock in
the skeleton.
Of course, since a coloured net with deadlocks may
have a deadlock-free skeleton, while a skeleton may
cont::s de,:dlocks which are ilot related to any dead-

L
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tons of coloured Petri nets to detect their deadlocks.
However, a skeleton-guided reduced reachability analysis approach should be able to be assist in deadlock
detection for some nets.
Section 7 indicates the work which still needs to be
done to determine whether skeleton-based, or at least
skeleton-assisted, deadlock detection can be made into
a more profitable approach.

C o l o u r sets
A=(a,b, c )
V a r i ab1e s
x:A
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Figure 5: A coloured Petri net which does not satisfy
Vautherin’s condition

C o l o u r sets
A={a,b,c}
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Abstract

model. The model and the analysis method must allow
to prove that assertions are verified with an acceptable
probability level.
Probabilistic validation tries to use the fact that
"with a very low probability in a given period" is sometimes simpler to prove than "never". For the designer
or the user, a system is often sufficiently dependable
if undesirable events are never observed during an operational period. An operational validation method
tries to prove that "bad events" will occur with a sufficiently low probability during a given period.
Several works are related to our approach. Some
authors try to relate simulation and proof [SI. Our
approach is also related to approximate solution of
stochastic models and in particular stochastic Petri
nets [9], [l]. Principles and methods able to evaluate complex user oriented goals, called performability
measures, of a system have been developed by Meyer
[12]. Maxemchuk presents a computation method for
protocol probabilistic validation [ll].
The principles of probabilistic validation are presented in [7]. Only basic principles are recalled in the
second section. The goal of this paper is to present the
techniques used to limit this scanning (classified in two
classes): qualitative techniques presented in section 3
and quantitative techniques defined in section 4. In
the last section a particular algorithm is presented.

Probabilistic validation is a new approach to deal
with large state transitions systems. The user's need
is to prove that, for a given period of operations, that
a given assertion on the reached states is true with a
sufficient level of probability.
The system to be validated is modeled by a stochastic Petri net. The analysis relies on a partial exploration of the reachability set and tries to reach as
quickly as possible critical states (states in which the
assertion is not verified). An exact linear program solution allows to "travel" through the graph. The main
goal of this paper is to present the principles of this
searching algorithm.
This method can be used in probability computations in two ways. The first one is related to acyclic
graphs. A breadth or a depth first search traversal
can be done without considering all the trajectories
but only those leading to critical states. The second
one is related to importance sampling simulation.
Keywords : safety critical systems, distributed systems, probability, simulation, stochastic Petri nets,
validation.

1

Introduction

The validation of complex systems such as safetycritical or distributed systems is a fundamental goal
of dependable system design. It needs a formal model
(defined by a user) of the system behavior and a software tool able to prove assertioiis on this model.
Unfortunately exhaustive analysis of the transition systems state space is limited by the exponential
growth of the model complexity. Simulation of the
behavior does not give an indicator of the validation
level [3].
The aim of probabilistic validation [7)is to develop
a new approach based on a partial analysis of a system

2
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Time dependent validation

In state transition models or even temporal logic,
the time is expressed by ordering conditions between
events. Operations duration and frequencies are not
explicitly described.
It has been formally proved that several determinis
tic distributed protocols do not, tolerate failures with-
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Probabilistic validation

