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Abstract

Stochastic marked graphs (SMG’s) are marked
graphs in which transmission delays of tokens, and
firing durations are random variables. A lechnigue is
presented to study the performance of SMG’s. The
main performance measure is the rate of computation,
i.e., the average number of firings of a vertez, per time
unit.

The effect of the topology and the probability of the
random variables on the rate is investigated. For de-
terministic random variables, the rate is mazimized,
while for exponential random variables the rate is min-
imized (among a natural class of distributions).

For random variables with ezponential distribution
several bounds on the rate are provided. The bounds
depend on the degrees of the vertices and on the aver-
age number of tokens in a cycle, but not on the num-
ber of vertices itself. In particular, il is shown that
the rate is at least the optimal (deterministic) rate,
divided by a logarithmic factor of the verter degrees.
Thus, for some graphs the rate does not diminishes
below a bound, regardless of the number of vertices.

1 Introduction

Diverse graph structure models for concurrent sys-
tems have been suggested and used. The structures
differ in generality and scope according to the prop-
erties one wishes to model and analyze. In this paper
the simple model of marked graphs (e.g. Commoner
et. al. [6], Reisig [15] ) is considered. Marked graphs
are a special case of the more powerful model of Petri
nets. They consist of a directed graph, with a marking
which associates tokens to the edges.

Adding the time factor to marked graphs enables
performance evaluation of concurrent systems. Time
of operation can be expressed by a nonnegative real
number (e.g. [8], [12], [17] [19] ) or by a random
variable (e.g. [9], [10], {11]). In this paper the sec-
ond method is used to study stochastic marked graphs
(SMG’s).

Two types of events exist in an SMG. The first type
assoclates time with the processing performed at ver-
tices (a vertex plays the role of a transition in a Petri
net). The second type of events associates time with
transmission delays of the edges. The results of this
paper apply to SMG’s with both types of events. For
the sake of clarity this presentation is for the case of
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negligible transmission delays. However, it is easy to
extend the results for the general case.

The paper is devoted to the performance analy-
sis of strongly connected!, directed stochastic marked
graphs. The main performance measure is the rate of
computation R(v), i.e., the average number of com-
putational steps (firings) of a vertex v, per time unit.
A technique is presented to analyze and to compare
the performance of different stochastic marked graphs.
The technique clarifies the difference between process-
ing times and transmission delays. This paper is a gen-
eralization of Rajsbaum and Sidi’s paper [18] on the
performance of synchronizers Awerbuch [1] - methods
to adapt a synchronous distributed algorithm to run
on an asynchronous network.

Section 2 contains the model, and the technique (a
gertain type of recurrence relations) used to analyze a

MG. -

In Section 3 the case of random variables with gen-
eral probability distributions is studied. First the ef-
fect of the topology on the rate is analyzed. Stochastic
comparison techniques (e.g. [20] ) are used to compare
the rate of stochastic marked graphs with different
topologies. Then systems with the same topology but
different distributions of the random variables are an-
alyzed. It is shown, using a partial order on the set of
distributions, that determinism maximizes the rate of
computation. On the other hand, exponentially dis-
tributed random variables minimize the rate, among a
large class of distributions. Similar studies for acyclic
networks and fork-join queues have been performed by
severlal [aui;hors, e.g. Baccelli et. al. [3], and Pekergin
et. al. [13].

The case of identical, exponential random variables
is considered in Section 4. Several bounds on the rate
are provided that depend on the degrees of the vertices
and on the average number of tokens per edge in a
cycle, but do not depend on the number of vertices
itself. For example, for the case of regular § degree
graphs (either in-degree or out-degree), such that the
average number of tokens on every cycle is a, R(v) =
Olzty)-

The main result is that, for the case of bounded
degree graphs, R(v) = ©(a), where @ is the minimum

1a directed graph is strongly connected if there is a path in
the graph between every pair of vertices.

2A function f(n) = ©(g(n)) if there exist constants ¢, ¢z >
0, and no, such that for every n > no, c19(n) < f(n) < c2g(n).



average number of tokens in a cycle.

The rate of a deterministic marked graph, i.e., one
in which duration of events is a real number, is equal
to a (e.g. £14], [17]). Since it is shown here that this is
the case of maximum rate, Corollary 4.5 implies that
random event durations reduce the rate by at most
a factor of 1/log A, where A is the maximum vertex
degree.

The model of Rajsbaum and Sidi [18] is essentially
that of a stochastic marked graph with one token per
edge. In Berman and Simon [4], and Bertsekas and
Tsitsiklis [5], a model similar to the one in [18] is con-
sidered, and some of the results for exponential distri-
butions are obtained. The class of stochastic marked
graphs with exponentially distributed random vari-
ables belongs to the more general case of stochastic
petri nets (see Marsan [9] for a survey), where it is
often assumed that the state space is given, which in
our case is of exponential size in the number of ver-
tices. Asymptotic performance of stochastic marked
graphs as the number of tokens grows (but the graph
remains fixed) is studied by Molloy [11

2 The Model

Stochastic Marked Graphs

A marked graph MG = (G,s(g, consists of a finite,
directed and strongly connected graph G = (V,E),
and an initial marking, so. A marking s is a function
from E to the non-negative integers A representing a
state of the marked graph, where s(e) is the number
of tokens on edge e. A vertex v is enabled if s(e) > 0
for every edge ¢ = u — v going into v. An enabled
vertex v fires by consuming one token from each in-
comming edge and adding one token to each outgo-
ing edge. Thus, when a vertex v fires the marking
changes to another marking s’, such that for every
edgee=z — y,

s(e) ifz=y=v,else
iy ) sle)—=1 ify=w,else
s'e) = s?e; +1 ifz=v,and
s(e) otherwise.

The operation of firing is atomic in that the tokens
are removed simultaneously from the corresponding
edges, and then are added simultaneously to the cor-
responding edges. But in a marked graph, it is not
specified when the vertices fire, nor any other timing
information.

In a stochastic marked graph there are two type
of events that have durations: delays and processing
times. Informaly, the delay is the time it takes a token
to travel along an edge, and the processing time is
the time it takes a vertex to fire (from the instant it
removes tokens to the instant it adds tokens). In an
SMG, a vertex fires as soon as it is enabled, provided it
is has completed the previous firing. We say that v is
fireable if v is enabled and has completed the previous
firing. Observe that tokens may arrive on an edge
u — v before v is ready to fire and consumme them,
either because on another edge entering v there are no
tokens, or because v is busy firing. Therefore edges
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are assumed to have storage buffers. The following
simple proposition is well known.

Proposition 2.1 The number of tokens in a cycle
does not change by vertez firing.

It follows from this proposition that the buffers
needed are of bounded size (at most |V|). Note that
for a marking s, s(e) represents the total number of
tokens on edge e: the tokens traveling along e plus the
tokens stored in the buffer of e.

Assume that at time 0, the number of tokens in
the buffers is given by sg. Let us denote by #;(v),
k > 0, the time on which v fires for the k + 1-th time,
and by 7i(v) the corresponding processing time. Let
us denote by M; the tokens that are sent on time
tx(v), and by éx(e) the delay of Mg on e. The pro-
cessing times 7(v) and the delays 8;(e), are positive,
real-valued random variables defined over some prob-
ability space. Formally, a stochastic marked graph,
SMG = (MG, 1,6), consists of a marked graph MG,
together with the sequences of random variables 7;(v)
and §(e), k>0, veV, e € E.

We say that SMG is deadlock-free if for every v €
V, the times t(v), k > 0, are finite. We shall assume
that SM G is deadlock-free. Another well known result
is the following. :

Proposition 2.2 SMG is deadlock-free if and only if
every cycle C has a positive number of tokens, so(C) >
0.

Let us assume, for ease of notation, that there is a
loop v — v on every vertex v, with one token, so(v —
v) =1, and 8;(v — v) = 0, £ > 0. Also, for k < 0, let
8k(e) = 0, and tx(v) = 0, and for e & E, let §i(e) =
—00. The behavior of SMG will not be affected by
these assumptions.

Consider an edge e = w — v € V. Observe that v
consumes the first token sent by w, only after having
consumed all the ¢ = so(e) tokens initially in e. To
fire for the ¢ + 1-th time, v has to wait for w to fire
for the first time, and for the token to arrive to v.
Thus, #;41(v) > to(w) + do(e). In general, the token
v consumes on e at time t;(v) is the one produced by
w at time ¢, (). It follows that the evolution of the
system can be described by the following recursions:

te(v) = max {t_so(e) () + Ek—so(e)(€)} +7r(v), (1)

for k > 0, v € V. Note that the assumption that
there 1s a loop on every vertex ensures that v does
not start firing for the k-th time before completing
the previous firing. To simplify the presentation, we
make the inessential assumption that the delays are
negligible; 1t is not difficult to extend the results of
this paper to the case of non-negligible delays. The
recursions 1 become:

te(v) = max, {teeso(ery(w)} + 1 (v), (2)

fork>0,veV.



It is interesting to note that the firing times ¢;(v)
have a simple graph theoretic interpretation. For a
vertex v, let Si(v) be the set of all maximal, directed
paths of k tokens ending in v3. Note that, since SMG
1s deadlock-free, by Proposition 2.2, every maximal
directed path is of finite length. For instance, for k =
0, if every edge entering v has a positive number of
tokens in the initial marking, then So(v) includes only
v itself. And, Sx(v) is not empty, since there is always
a path of length k which uses only the loop v — v.

For a path P € S;(v), P=wo —v; — -+ = v (=
v), define an initial part of P as P; = vy — v; —

-+ — v, 1 < I and let so(P;) be equal to the number
of( to)kens in P;. Now we define the random variable
T(P):

]
T(P) = ZT,D(E)(U")

i=0

and the set of random variables T(Sk(v)) = {T(P) :
P € Si(v)}. Thus, T(P) is the sum of I + 1 random
variables, the first a 79(vo) and the last a 7.(v). Note
that the random variables in T(Sg(v)) are in general
not independent, even if the 7;(v)’s are independent.
The graph theoretic interpretation of the firing times
is given by the next theorem.

Theorem 2.3 For every v € V, k > 0, tx(v) =
max{T(P) : P € Sp(v)}.

Proof: Define an order <.on the vertices of G as
follows. If there is a token free path from u to v, then
u < v. This defines a partial order on V, since the
token free subgraph of MG is acyclic. Complete the
partial order to a total order in an arbitrary way.

Let vo be the smallest element with respect to <.
One can check that to(vg) = 7o(vo).

Assume the theorem holds for every vertex up to
k — 1, and for vertices smaller than v, up to k. Then,
by the recursions 2,

tr(v) = max {ti_sq(e)(w)} + e (v).

By induction hypothesis,

t() = max {max T(Se-so(o(w)) k= sa(e) 2 0)

+ 7 (v),
and leaving only one max,
t;(v) = max T(Sk(v)).

3 A path P has k tokens if the sum of so(e) over all edges e in
P is equal to k. The path is also maximal, if there is no longer
path ending in v, containing P and with the same number of
tokens. The length of a path is the number of edges in the path.
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The Performance Measures

The most important performance measures investi-
gated in this paper are the firing times t(v), £ > 0,
v € V. A related performance measure of interest is
the counting process Ny(v), associated with v, defined

Ne(v) = sup{k : t(v) < t}.

That is, N;(v) is the number of firings (minus 1) com-
pleted by v up to time ¢. Similarly, N; = 3 ¢y Ne(v)
denotes the total number of firings (minus [V]) per-
formed in the system up to time ¢. The following
proposition is about synchronic distances. It indicates
that no vertex can advance, in terms of firing times,
too far ahead of any other vertex. Let § be equal to the
maximum number of tokens in an edge in the initial
marking, and let d be the diameter* of G.

Proposition 2.4 For all u,v € V, and t > 0,
| Ne(u) — Ne(v)] < ds.

Proof: Denote by ! the length of a simple path from
u to v. A simple inductive argument on [, using the
recursions 2 shows that if the last message sent by u
up to time ¢ is Mg, k = N;(u), then that N;(v) <
k +15. Thus, Ny(v) — N¢(u) < 18 < d§. The same
argument for a simple path from v to u proves that
Ni(u) — Ny(v) < ds. |

Another important performance measure is the
computation rate of v, R(v), of a vertex v in G, defined

by

whenever the limit exists. Note that if the limit exists,
then R(v) is a number, not a random variable. Sim-
ilarly, the computation rate of the network is defined

by

Proposition 2.4 implies that for every u,v € V, R(u) =
R(v), and therefore, R = |V|R(v).

3 General Probability Distributions

In this section results about networks with general
distributions of the processing times 7¢(v) are pre-
sented.

3.1 Topology

It is shown here that adding edges to an SMG with
an arbitrary topology slows down the operation of each
of the processors, regardless of the number of tokens
in the edges added. The basic methodology used is the
sample path comparision; that is, comparing the evo-
lution of message transmissions in different SMG’s for
every instance, or realization, of the random variables
7k(v). This yields a stochastic ordering (e.g. [16], [20]
) between various SMG'’s.

4The diameter is the maximum distance between a pair of
vertices in the graph.



Theorem 3.1 Let SMG’ be the stochastic marked
graph obtained from SMG by adding to it a set of
edges E' with an arbitrary number of tokens. For ev-
ery realization of the random variables 7(v), k > 0,
v €V, the following inequalities hold

te(v) < 1 (v),

for allk >0, v € V, where t},(v) are the firing times
in SMG'.

Proof: The proof follows from theorem 2.3, since
Sk(v) is contained in S}(v), the set of maximal paths
ending in v, in SMG'. [ |

Theorem 3.1 implies immediately the following the-
orem, where primed quantities are with respect to

SMG'.

Corollary 3.2 Under the conditions of Theorem 3.1,
we have that Ny(v) > N{(v) and R(v) > R'(v) for all
vEV. Also Ny > N{ and R > R'. (When the limits
exist).

Notice that no assumption was made about the ran-
dom variables 1(v). In particular, they need not be
independent.

The sample path proof above implies that the ran-
dom variable N, is stochastically larger than the ran-
dom variable Ny, denoted N, >; N{, namely, Pr{N; >
a} > Pr{N/ > a}, for all a. The corollary implies that
if one starts with a simple directed cycle (a strongly
connected graph with the least number of edges) and
successively adds edges, a complete graph is obtained,
without ever increasing the rate.

3.2 Probability Distributions

Now we compare networks SM G and SM G’ having
the same topology (V, E), but operate with different
distributions of the processing times 7¢(v), 7i(v). To
that end, we assume that in both networks the pro-
cessing times 74 (v), k > 0, v € V are independent and
have finite mean E[r(v)] = A;!(v). In the case that
Ae(v) = A(v), we say that A(v) is the potential rate of
v, as this would be the rate of v if it would not have
to wait for tokens from its neighbors. The processing
times in SMG’ are distributed as in SMG, except for
some of them, which may have another distribution.

Recall that a function h is converifforall0 < ¢t < 1,
ry, zg, it holds A(tz; + (1 — t)z,) < th(z)) + (1 -
t)h(z3). A random variable X with distribution Fy
is said to be more variable than a random variable Y
with distribution Fy, denoted X >.Y, or Fx> Fy, if
E[h(X)] > E[h(Y)] for all increasing convex functions
h. The partial order > is called convez order (e.g.
[16], [20]). Intuitively, X is more variable than Y if
Fx gives more weight to the extreme values than Fy;
for instance, if E[X] = E[Y], then Var(X) > Var(Y),
since h(z) = z? is an increasing convex function.

Assume that SMG and SMG' have the same ar-
bitrary topology, but some of the processing times
in SMG are more variable than the corresponding
processing times in SMG’, namely, for some v’s,
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Te(v) 2,7 (v), while all other processin%1 times have the
same distributions in both graphs. When all process-
inﬁ times in SMG (SMG') are independent of each
other, the following holds.

Theorem 3.3 Under the above conditions the follow-
ing holds for all processors v and k > 0

t;: (v) <clk (v)

Proof: From Theorem 2.3 we have that t;(v) =
max{T(P): P € Skgv)}, where P=vp — vy — -+« —
(= {2 is a maximal directed path of k tokens ending
in . From the fact that the processing times are pos-
itive and max and }_ are convex increasing functions,
it follows that t;(v) is a convex increasing function
of its arfuments 7i(u). Thus, we can use Proposition

8.5.4 in [16):
Proposition 3.4 (Ross) If Xl,Xg,...,X,. are in-
dependent random wvariables, Y,,Y,,...,Y,, are in-

dependent random variables, and X;>.Y;, i = 1,
2,...,11,. then .g(Xl,XQ,..,,X,.,)Zc g(?l?YZ)--an)
Jor all increasing conver functions g which are con-
ver in each of its arguments.

The proof of the theorem now follows since by as-
sumption the processing times in SMG are indepen-
dent, the processing times in SMG’ are independent,
and 7;(v)<,.7(v). Note that the random variables
T(P) are not independent. u

Corollary 3.5 Under the above conditions, Ny(v) <.
N{(v), N; <. N{, R(v) < R'(v), and R< R'.

Assume that the expected time until a processor
finishes a processing step given that it has already
been working on that step fop a time units is less
or equal to the original expected processing time for
that step. Namely, we assume that the distributions
of the processing times are new better than used in
ezpectation (NBUE) (e.g. 516] , [20]), so that if 7 is a
processing time, then for all @ > 0

E[r — a|r > a] < E[7].

Consider three stochastic marked graphs with the
same topology SMG, SMG® and SMG(®). The
processing times of SMG are independent with any
NBUE distribution. The processing times of SMG(®)
have the same mean as in SMG, but are indepen-
dent, exponentially distributed. The processing times
of SMG have the same mean as in SMG, but are
deterministic®. The next theorem follows from The-
orem 3.3, and from the fact that the deterministic is
the minimum, while the exponential is the maximum
among all NBUE distributions with respect to the con-
vex ordering [16], [20] .

Theorem 3.6 For every vertez v, and k > 0,
0 (0)< (1)< (0).

A random variable is deterministic if it is always equal to
some constant.



Some examples of distributions which are less vari-
able than the exponential (with appropriate parame-
ters) are the Gamma, Weibull, Uniform and truncated
(in zero) Normal.

With respect to comparing the rate of a SMG with
the rate of a SMG with deterministic processing times,
we can prove a stronger result. Namely, the probabil-
ity distributions of the processing times of SMG need
not be NBUE; they can be of an arbitrary distribu-
tion, as long as they are independent and have finite
mean. The proof of the next theorem is by induction
on k, using Jensen’s inequality.

Theorem 3.7 Under the above conditions, tﬁd)(v) <
E[ti(v)), for all vertices v, and k > 0. The expectation

is taken over the respective distributions of processing
times in SMG.

When all processing times are deterministic, the
computation of the rate is no longer a stochastic prob-
lem, but a combinatorial one. Thus, one conclusion
of the last theorem is that in this case, the rate of
SMG), obtained via combinatorial techniques ([7]
,[14], [17], [19] ), yields an upper bound on the aver-

age rate of SMG. Furthermore, if the times tﬁd)(v) are
computed, they give a lower bound on E[tx(v)]. In the
next section we concentrate on the other extreme case:
exponentially distributed processing times. Therefore,
the results will provide lower bounds on the rate of an
SMG with arbitrary NBUE processing times.

4 Exponential Distributions

In this section we assume that the processing times
(v), v € V, k > 0, are independent and identically
distributed exponential random variables with mean
A~Ll. In this case, the SMG is a markov chain. A
state of the markov chain at time t is a marking of
the marked graph, and it is specified by the number of
tokens stored in the buffer of each edge. Thus, a vertex
with a positive number of tokens on each of its in-
comming edges in a state of the chain, is enabled and
in a processing time. The number of states is finite,
by Proposition 2.1. Moreover, the markov chain is
irreducible, because the network is strongly connected
(see Commoner et. al. [6] ). Therefore, the limiting
probabilities exist, they are all positive and their sum
is equal to 1. Now, using the limiting probabilities,
the percent of time that a vertex v is enabled, P(v),
is computed by summing the probabilities of all states
in which the vertex is enabled. It follows that the rate
R(v) = AP(v) exists and is positive [10]. However,
the problem in using the markov chain to compute the
rate is that the number of states is exponential. For
example, the number of states of a complete graph
with one token on each edge in sq is 2!V! — 1 [18].

We consider general topologies and derive upper
and lower bounds on the rate of computation. These
bounds depend on the degrees of the vertices and on
the average number of tokens per edge in a cycle. But
the bounds do not depend on the number of vertices
itself. For bounded degree (either in-degree or out-
degree) graphs, the bounds are tight (up to a small
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constant), and provide a characterization of which
SMG’s have a bounded rate independent of their num-
ber of vertices.

Denote by doyt(v) (din(v)) the number of edges go-
ing out of (into) v (the original number of edges plus
1, for the loop added), and let

Bour = l;}nea‘}( dout(v), Ain = géag,( din(v)§

6out = vmel‘lfl dout(v)x Sout = I'Iél‘l}dm(v)

For a directed cycle C of length ! and so(C) to-
kens, let A(C) = s50(C)/l. Let A = max{A(C) :
Cisacycle}, @ = min{4(C) : Cisacycle} and
f = max{so(P) : Pis asimple path}. Recall that
§ = max{so(e) ;e € E}.

The following decomposition procedure is used in
the sequel. Let P = vp — v; — -+ — v, be a path of
G. If P is simple, nothing is done. Otherwise, remove
asimple cycle from P as follows. Let j < n be the least
index such that v; = v;, i < j. Clearly, C) = v; —
vi41 — - -+ — v; is a simple cycle. Remove from P all
the edges of C; to obtain a shorter path. Repeat this
procedure until the path is simple, obtaining simple
cycles Cy, ..., Ci, and a simple &)ossibly empty) path
P'. Observe that using the decomposition of P we get

that so(P) < f+nA.

Theorem 4.1 (Lower Bound)

(i) For every k > 0 there ezists a vertez v for which
i-f

. R
E[te(v)] 2 —_/\A log 6ous-

(ii) For every k > 0 and every vertez v,
5—f

. R
E[t;,(v)] > T log éin.

Proof: We present a detailed proof of part (i); the
proof of part (ii) is discussed at the end. Define a
random walk vg — v; — v2 — --- on G as follows.

.Let vg be any enabled vertex in the initial marking.

Let v; be a vertex such that vo — v; € E, and

Tlu("o—wl)(vl) = eill}?-{v Tso("o—'v)(v)'
In general, assume that the random walk has been
defined up to v;, ¢ > 0, and call it P;. Let so(P;) =
fi = f, i.e., f is the number of tokens (in sp) in the
random walk defined so far. Then v;;; is a vertex
such that v; — v;41, (recall that we assume that every
vertex has a loop) and

Tf+80(vi—'v-'+1)(v"+1) = ma'xv Tf—Hn(v.—*v)(v)'

eV —

Hence, fiy1 = s0(Pip1) = fi + so(vi — viy1). Since
vi41 will not start the fi4+(~th firing before v; finishes



the fi-th firing, it follows that ¢y, (vig1) — ¢y, (vi) >
Tt.41(vig1). The quantity 7., (vi41) is equal to the
maximum of at least §,,; independent and identically
distributed random variables with mean A~!. It is
well known that the mean of ¢ such random variables
is equal to 3°7_, 1/i ~ A7 log c®. It follows that

E[tjt+1 (vi+l)] - E[tfl (’U")] Z A_l l°g 60“1;
and thus
E[tf.+1(vi+1)] > E[to(vo)] + )\—l(i + 1) log éout,

where E[to(vo)] = A~!. Using the decomposition pro-
cedure, one can see that the random walk P; consists
of an initial simple path (possibly empty), followed by
a sequence of cycles. The number of tokens in the
simple path is at most f, and thus the number of to-
kens in P; satisfies f; < iA 4+ f. Now, observe that
fiv1 < fi + 8, for i > 0. Hence, for f; < k < fiy1, we
get

Elt(v)] > Elts ()]
> A 4 aYlog b

Since f; < iA + f, then

1fi—=f

= log bout,

Efte(vi)] 2 A~ 3

and since k —§ < f;,
b s

Elte(vie)] 2 47 S5 log e

This completes the proof of part (i). The proof of
part gii) evolves along similar lines, except that we
start from v; and move backward along the path. B

The inequalities of the previous theorem can some-
times be improved for the case in which A is large
enough, by considering a cycle C for which A(C) = a,
and a walk which goes around C; namely, E[t;(v)] >
A~1k/a. Therefore we have the following.

Corollary 4.2

. A .
R(‘U) < A mm{m, a}.

The following proposition (similar to pp. 672 in
Bertsekas and Tsitsiklis [5ﬁ] ), 18 used in the proofs of
the upper bounds on the firing times.

Proposition 4.3 Let {X;} be a sequence of indepen-
dent ezponential random variables with mean A~1.
For every positive integer k and any ¢ > 4log2,

k
Pr (ZX; > c/\_lc) < e %,
i=1

6Natural logarithm.
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Theorem 4.4 (Upper Bound)
(i) For every k > 0, for every vertez v,

4 k
EItk—l(v)] S :\'(1 + IV’ IOg Ain + g logA.-,.).

(ii) For every k > 0 and every vertez v,
Efti_1(v)] log |V] +

4 k
'X(l + |V“0g Aout + 5‘ longut)-

<

Proof: Again we restrict to the proof of part (i).
Recall that Theorem 2.3 states that for every v € V,
k>0, te_1(v) = max{T(P) : P € Sp-1(v)}. Also, for
a path P € S;_1(v), T(P) is equal to the sum of I,
! = length(P), independent and identically distributed
random variables. By Proposition 4.3,

Pr (T(P) > -cs‘l-logA,-n) < e—‘illoEAin,

for every ¢ > 4, since log2/log A;, < 1. Using the de-
composition procedure, we have that { is equal to the
length of a simple path plus the length of some simple
cycles. By the definition of &, and since a simple path
has length at most |V[—1, then ! < k/a+|V|-1= K.
Now, there are at most AX paths of length K ending
in v. It follows that

Pr (tk-l(v) > % log Ain) AR e~ logtin

<
e—K(‘}—l)logA;,"

for every ¢ > 4. Letting ¢ %logA.—n, dt

% log Aindc. Hence,

1K Jog Ain
/ 1dt
0

e o] < K
+/ e‘K(i‘l)'%A""j‘—logAmdc
4

Eft;_1(v)]

IN

4
5

fl

4K
T 10g A,’n +
Namely,

1
) log A;n +

:\’.
]

4k A(|V] -
Efti-1(v)] < I log Ain + L}\_

Corollary 4.5
Aa
R(v) > .
(v) 2 4log min(A oye, Aiy)

Consider the meaning of the previous results. For
regular in- or out—degree é graphs, for which @ = A,
the bounds are tight up to a constant factor of 1/4:



Corollary 4.6 For regular in-degree or out-degree §
graphs, for which @ = A,

R(v) = 6'(1—%) .

The case of bounded degree graphs is of particular
interest, because it is practically unfeasible to con-
struct networks with vertex degrees that grow as |V|
grows. In this case, R(v) = Q(Aa), by Corollary 4.5.
Also, R(v) = O(Aa), by Corollary 4.2. Therefore, even
if A > @&, for bounded degree graphs the bounds are
asymptotically tight (up to a constant factor of 1/4 of
the logarithm of the bound on the degrees):

Corollary 4.7 (Main Result) For bounded degree
graphs,
R(v) = ©(Xa).
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