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Abstract
This paper models Internet trajfic input stream and TCP
connection durations using dynamical system models. A
linear dynamical model with inixture Gaussian output is
proposed for the Internet trafic input stream, and a linear
dynamical system with mixture Iognoimal output is developed to model the TCP connection durations. In the pmposed models, a sum of independent AR(1)processes is
used to approximate the autocorrelation of the real data,
and a Gaussian mixture or lognormal mixture is used to fit
the marginal distribution. As a result, the output processes
can capture the correlation and the marginal distribution simultaneously. Making use of the fact that at each iteration
the parameter increment of the EM algorithm has a positive projection on the gradient of the likelihood, a stochastic
approximation-based recursive EM algorithm is proposed
to fit the trafic marginal distribution. A cross-validation
criterion is used for the model selection. To illustrate the
usefulness oftlie proposed models, several expenmental results are provided.
Key words: Ii~tei72etperforniancemodeling, mixture dynamical system, EM algorithm, cross-validation.

1 Introduction
In the area of high speed telecommunication network
performance modeling, a surprising finding was that the
traffic has long memory, namely, their autocorrelation functions decay hyperbolically rather than exponentially (see
[13]). This means that the traditional teletraffic models,
Poisson processes, are not suitable for high speed telecommunication networks modeling. In addition since long
range dependent processes have infinite memory [2], model
fitting becomes very hard. For this reason a lot of approximate models have been developed, including the Markov
modulated Poisson process models (see [l, 20, 221 and the
references therein) and the Af/G/oo model [12]. For more
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information on high speed network traffic models, we refer
the reader to [181.
In the network modeling community, researchers traditionally try to capture the mean, variance, the autocorrelation structure, and the general shape of the marginal
distribution [15]. More recently, capturing the tail of the
marginal distribution has received a lot of attention since
it is of great importance for the queueing performance at a
multiplexer (see [6,9, 151). This paper proposes dynamical
system models that can approximate the autocorrelation and
the marginal distribution of real traffic simultaneously.
As pointed out by [18], heavy-tailed distributions of
some components in the networks are the internal cause of
long memory. However, performance models with heavytailed distributions tend to be difficult to analyze. For this
reason, Feldmann and Whitt [5] propose using mixtures of
exponentials to approximate heavy-tailed distributions, and
their experimental results show that mixtures of exponentials can approximate most heavy-tailed distributions with
high accuracy. Furthermore, we plot several histograms of
real traffic data, which show strong evidence of mixture distributions. For this reason, in the paper, we use Gaussian
mixtures to model the marginal distribution of the Internet
traffic input stream. Moreover, it is commonly believed that
the web file size distributions have a lognormal distribution
body and a Pareto tail. The two features are captured by
mixture lognormal distribution (see e.g. [7, 10, 16, 191 for
more information on file size distribution). The mixture lognormal distribution of the web file sizes motivates us to use
a lognormal mixture to model the marginal distribution of
the TCP connection duration data.
In this paper, we propose dynamical system models for
both the Internet traffic stream and the TCP connection durations. The system state evolves according to a linear system model, and the output process has a mixture distribution. To fit mixture models to the marginal distribution, the
EM algorithm is applied. Since the sample sizes are huge
and the EM algorithm becomes slow when approaching a
local optimum, a recursive EM algorithm is proposed. Fi-
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nally, a cross-validation criterion is proposed to select the
best model. The rest of the paper is organized as follows:
Section 2 presents some properties of linear systems. Section 3 presents the models used in the paper and the model
fitting procedure, which consists of two sub-procedures: autocorrelation fitting and marginal distribution fitting, which
are addressed in detail by Section 4 and Section 5, respectively. Section 6 gives some experimental results on real
data. Section 7 concludes the paper.
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then, the summation of rn AR( 1)'s defined in (1) with
=
ai and ai = e-bi can capture the autocorrelation of the
traffic.
The above approximation problem can be cast into the
following optimization problem

2 Dynamical System Model

Therefore, after solving (4) we obtain m independent AR( 1)
processes whose sum fits the autocorrelation of the traffic.
The fitted AR( 1) processes have variance ai and autoregressive parameter ai = e-b*.

This section addresses how to use AR( 1) processes to
capture the autocorrelation of real traffic. To this end, we
first give a property of AR( 1).

3 System Synthesis

Proposition 2.1 (see Granger [8]) Let {xf}, i
=
1,2, ' ,m, be m independent AR(1) processes, that
is,

xf+l = cyzx;-l

+wf

(1)

-

-

where ai E (O,l), and {wf)are m independent prom
cesses with w f
N(0,oZ). Then, xt =
xi.
ARAlA(m, m - 1).

Evidently, an AR(1) is a first order Markov process,
which has one-step dependence. However, Proposition 2.1
tells us that the summation of independent AR(1) processes can increase the dependencebetween the data. Based
on this observation, in the following we use summation
of many AR(1)'s to approximate Internet traffic, which
has much longer dependence than AR( 1). Assume that
IE[xo] = 0 and var(xd) = 0!/(1 - cy!). Then we obtain
the autocovariance function

~ i ( k )= COV(xf-k,xf) = afyi(O).

xzl

m

i=l

i=l

(3)

09.

1-af.

U2
where
= var(xt) =
Equation (3) motivates us to use a summation of many
independent AR( 1) processes to approximate a long memory process by matching their autocovariance functions.
That is, let yz(t),t 2 0 be the sample autocovariancefunction of a sample traffic, if we can find a set of positive constants ai and a set of positive constants bi such that
m.

Step 1) Fit the autocorrelation function, that is, solve (4)
to get a = (al, a2,. . . ,a m ) and b = ( b l , bz,. . . ,b7n).
The first step generates a stationary process whose autocorrelation captures the time dependence of the real
traffic. In fact, the first step generates a dynamical system with system state zt and output yt described by

{

xt = Axt-1+
Yt = c x t

Wt

(5)

where A = diag{al,. . . ,
:w = (wi,.. . , wp)
with { w f ,t 2 0) being m sequences of i.i.d Gaussian
distributed r.v.s with parameter !
a = (1 - af)ai, and
= ( 1 , 1 , . . . , 1).

(2)

From (2), it follows that if {xf}, 1 5 i 5 m are index:
pendent, then the autocovariancefunction, y ( t )of
can be given by
m

The procedure of synthesizing the model can be divided
into three steps: The first step captures the system autocorrelation structure, the second step fits the marginal distribution, and finally the third step connects the first two steps
and establishes the model. Step 1 and Step 2 can be implemented simultaneously. The fitting procedure proposed in
this paper can be summarized as follows:

c

Step 2) Let z = {zt, 1 5 t 5 n } be a real traffic sample. To fit its marginal distribution, we assume that {zt} has an i.i.d mixture Gaussian distribution with m l components and find its distribution f ( z ) =
? ' k 4 ( z , p k , ff;), where 4(z, I l k , 0;)
designates the density function of Gaussian distribution with mean p k and variance a;.
With the first two steps completed, we can present the
model now. To this end, we give some notations. Let
{rt} be a sequence of independentand identically distributed r.v.s with distribution y,where y is the weight
probability vector fitted in Step 2. From step 2, we
A
know that var[xt] = 0:. Let D ( i ) E RIxm1 be defined by
D ( i ) = (2,
f f . -,
(Ti . . . , -)
ffi
ffo ffo
ffo
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Step 3) Define
xt = Axt-1

+ Wt

Yt = D(rt)xt

(7)
(8)

+ Prt

where p = (PI,~ 2 ,..- ,pml)is the mean vector of the
Gaussian mixture fitted in Step 2.
From the above three steps, we obtain the following theorem.

Theorem 3.1 The autocorrelation function of stochastic
process { y t } dejned by (8) has the same decreasing rate
as that of { Cxt } dejned in Step I, and { y t } has the same
marginal distributionjtted in Step 2.

Proof Noting D ( i ) = d ( i ) C , where d ( i ) = $,
we obtain that for any given i , j, 1 5 i , j 5 ml,
E [ ( D ( i ) x t )D( ( j ) ~ t - k ) ] = d ( i ) d ( j ) E (Cxt
[
) (Cxt-k)].
From (8) and the assumptions on { r t , t 2 0},
we obtain that when k 2 1, cov(yt,y t - k )
=
cov(D(rt)xt,D(G-k)Zt-k) = cocov(cxt,CXt-k),
where CO = (C,"=l,
~ , d ( i ) )is~a positive constant. So,
cov(Cxt,Cxt-k) and cov(yt,y t - k ) have the same rate of
decay.
Next, we proceed to prove that yt has the mixture
distribution fitted in Step 2 as marginal distribution.
Because { r t , t 2 0) are i.i.d. and have distribution 7, it suffices to prove that, for each given i,
D(i)zt
p,
N ( p z ,0:). From the definition of
(6) and the fact that Cxt
N(O,ag), it follows that
D ( i ) ~ t N ( 0 ,Q,"), and thus D(i)xt
N(/.iz,U?).
Q.E.D.
This completes the proof of Theorem 3.1.

+

-

-

N

+

N

In some applications,e.g., TCP connection durations, we
want to model the marginal distribution of the system by a
mixture lognormal distribution. In this case, we define

4 Autocorrelation Fitting
To solve the optimization problem (4),the well known
Prony Algorithm was invented for this purpose. However,
it is well known that the Prony Algorithm (see [l 1, 171 and
the references therein) works very efficiently if the m and n
are not large. Even in this case, the Prony Algorithm is very
sensitiveto the initial values. On the other hand, in Internet
traffic modeling studies the data are often of huge sample
sues, for which the Prony Algorithm does not work very
well. In the following we propose a heuristic procedure.
This procedure is adapted from [ 5 ] , which uses mixture
exponential distribution function to approximate a heavytailed distribution.

In the optimization problem (4),we call a,, 1 5 i 5 rn,
the linear parameters and b, the nonlinear parameters. The
fitting procedure is divided into two steps. The first step is to
find a set of nonlinear parameter candidates b, , 1 I i 5 m.
We divide the total sample lag into a set of interleaved
segments, T3 = (t",,t$,.--,t3,,) c {1,2,.-.,n}. Using
cJ fits
least square linear fitting to get bJ such that -b3t
log(YZ
log(YZ (t',))7 ' ' 9 log(YZ (tL3 1).
With nonlinear parameter candidates obtained, the second step finds the linear parameters by solving a linear programming problem, namely, finds a = (a1,u2, . .. ,am)T
satisfying a, 2 0 and

+

))7

where

(?

1

1

I;:

...

ij.)
1

A=

py-1 p;-l

.

...

.
p;-1

with = e-bz.
The above optimization problem is a nonnegative linear
programming problem. Its least square solution contains a
lot of zeros. Choose the nonzeros and their corresponding
bis as the solution of (4). Now, we summarize the above
procedure as an algorithm.
Algorithm 4.1 Step 0) Initialization. Choose num1
and num2 > 1satishing numl > num2.

>1

Step I ) Conipute mo = [log(n)/log(numl)J, where 1x1
denotes thefloor of x.
Fori = 0 : mo - 1
t = numi : numi numa;
Use the least square linearjtting to get b, such that
-bat a, j t s
log(?Z(tl)), 1og(7Z(t2)), . '. > log(yZ(t?zum;)).
endgor

+

+

Step 2) Solve (10) to obtain a,, i = 1 , 2 , . . ,mo. Assume
that there are m nonzero elements in ais, denoted by
a J 9 , s= 1 , 2 , - - . , m
Step 3) Let (Y, = e-'37 and U$ = aJ8. Utilize the assumption of the marginal distribution to determine the
marginal distribution parameters.
Remark 4.1 To emphasize the multiple time scale property,
we can aggregate the ais corresponding to close b,.
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To see the usefulness of the above procedure, we give
some experimental results.

'B 003/
002

Example4.1 The data

considered in this example consists of 24-hour downlink trafic with a
one second sampling interval, taken at a high
speed Internet providel; denoted as Telco A. Applying Algorithm 4.1 to the downlink trafic yields
Q
= (0.9584,0.9817, 0.9817,0.9817,0.9977,0.9978,
0.9998,1.000070.9999)and o2 = 1011(0.6108,0.1128,
0.1128,0.1128,0.4600,0.8929, 3.6572,0.9149,0.0015).
The sample and fitted autocorrelationfunctions are plotted
in Figure I .

1

A
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I

Figure 2. Histogram plots

5.1 EM Algorithm for GaussianMixture

..L

.

Figure 1. ACF of sample downlink traffic and
fitted ACF
The above numerical results show that the proposedprocedure works very eflciently to fit the autocorrelation of a
given set of trafic.

Let ((rt,zt),t 2 1) be a Gaussian mixture model,
where rt E {1,2,. . . ,m l } is the regime-switching variable
satisfying P(rt = i) = "yi. Conditioned on (rt = i), zt has
distribution

Normally, we only have access to the values of
X = {st,l 5 t 5 n}, whose likelihood is
-yiq5(zt,pi,U : ) ) . Obviously, forthe Gaussian
mixture the maximum likelihood estimation has no closedform solution. For this reason, we resort to the EM algorithm.
Let 8 = (TI,. T ~PI,~ ..,,pm17
4,.. . ,"&). sat"yi = 1,X i > 0, denote the sysisfying 7i >
tem parameters. Then the likelihood of the complete data
{ ( T t , Z t ) , 1 L t L n} is

nr=,(xzl

O,xzl
+

5 Recursive EM Algorithm for the Marginal
Distribution Fitting
To fit the margin distribution of the traffic, we treat the
data as i.i.d. To get some intuition about the marginal distribution of the Internet traffic, we plot some histograms. The
data are a set of uplink traffic and a set of downlink traffic
from 190 high speed Internet subscribers of Telco A. Their
histograms are shown in the upper and lower parts of Figure 2, respectively. Figure 2 illustrates that the probability
density functions of the traffic have multiple peaks, which
motivates us to model the marginal distribution of the Internet traffic by mixture distributions.
Based on the Bernstein's Theorem, Feldmann and Whitt
[5] proved that finite mixture distributions can be used to
approximate most distributions, especially the heavy-tailed
distributions which are very popular in telecommunication
network performance modeling but hard to fit. The rest of
this section is dedicated to developing a recursive EM algorithm for finite mixtures.

a

,

Since we have no observations of the values of {rt, 1 2 t 5
n}, the EM algorithm computes and maximizes its conditional expectation, which consists of two steps: E-step and
M-step. In the E-step, the conditional mean is computed,
namely

The M-step maximizes @(e,e@)),that is, solves the optimization problem

where 0 denotes the parameter space. If necessary, the two
steps are iterated until the stopping rule is fulfilled.
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One of the most important properties of the EM algorithm is that it automatically satisfies the parameter constraints, that is, y must be a probability distribution and Xi( k )

For a Gaussian mixture, direct computation gives

@(e,e(k))

must be nonnegative. Since a k + 0 as k + 00, we can assume U k € (0,l). As a result, the above updating scheme
(20) keeps the nice feature of the EM Algorithm. The following is the algorithm.
Algorithm 5.1 (Recursive EM Algorithm)
Step 0 Initialization. Set 80, and the segment length SO.
Step 1 Let k = k
The M-Step is to solve the optimization problem (14),
which has a closed-form solution (see [21] for details of the
derivation):

+ 1, draw sample Xk of size SO.

Step 2 Compute E(@"'),

x k )

and update 8 by (20).

Step 3 If the stop rule is fuljilled, stop; otherwise, go to
Step I .
Remark 5.1 For analysis of huge data sets, the computation is more sensitive to memory than to the CPU frequency
of the computel: Compared to the regular EM algorithm,
the above algorithm can save a lot of memory.

To see the efficiency of the above algorithm, let us give
an example.
Equations (16)-( 18) give the parameter update scheme of
the EM algorithm for the Gaussian mixture. The algorithm
iterates (16)-( 18) until the stopping rule is fulfilled.

5.2

Recursive EM Algorithm

In a more abstract viewpoint, for a given sample path
X the parameter updating scheme of the EM algorithm
given by (16)-(18) can be viewed as a mapping O(k+l) =
X ) , where 5 is a mapping Z(0, X) : 0 -t 0 . The
idea of the recursive EM algorithm proposed below is to replace the fixed large sample path by successiveindependent
small sample paths. More precisely, let X I ,X2, . . -be a set
of observations, where Xi has sample size si. Instead of
operating on the same X , we let
= ?(e@),x ~ + I ) .
Since in each iteration the operator Z operates on different
sample paths, the algorithm is a stochastic one.
To consider the convergence of the algorithm, we improve the above parameter updating scheme by introducing
a step size to each iteration. Let {at, t 2 1) be a sequence
of positive numbers, satisfying
03

at

> 0, at

-t

03

< 00,

at = 00,

0,
t=l

(19)

t=1

where 6 E ( 0 , l ) is a constant. Then, at the kth iteration,
the parameter 0 is updated by

Example 5.1 Considera Gaussianmixture with three components. The system parameters are: y = (0.4,0.3,0.3),
p = (1,10,15), and (T = (8,5,2). With this set of parameters, a sample path of size 20000 is generated.
Now, we apply Algorithm 5.1 with segment
Choosing initial
length 1000 and U k = &.
values ,do) = (2,8,11.5), do) = (6,3.5,1.2),
do)= (0.45,0.35,0.2) and running the above algorithm
200 iterations yield I; = (1.8218,11.70769,15.18328),
6
=
(7.9997,4.28485,1.790129) and
=
(0.45667,0.30779,0.23553).
Figure 3 plots the sample histogram and the fitted PDFs.
The square error of the pdf estimation is 2.4003e-005. The
average likelihood of the computation is plotted in Figure 4.
The conventional EM algorithm can make sure that the likelihood keeps strictly increasing with iterations. However;
Algorithm 5.I is a stochastic one and loses this nice characteristic. But, Figure 4 shows the trend of the likelihood
increases.
The above numerical results show that the proposed algorithm works very well.
In Algorithm 5.1, the length of the segment SO is chosen by experience. The smaller the segment length used,
the more memory is saved, but the algorithm become less
robust. On the other hand, the larger the segment length
chosen, the more robust the algorithm is, but more memory
is consumed. For a set of simulated data, so can be chosen
very small. Experimental results show that to deal with the
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Figure 3. Comparison between sample pdf
and fitted pdf

Unthe algorithm and change the truncation set to Ms+l.
der some conditions, it can be proven that with probability
one there exist at most finite times of truncations and the
truncation set contains the optimal solution. After the truncations stop, the algorithm becomes a regular projectionbased stochastic approximation algorithm. Chen [4] extends the RVT method to deal with stochastic approximation problem with state-dependent noise, which is defined
as a measurable function of the system state, and the convergence conditions on the noise are given with the system
state restricted to a fixed closed set. These extensions make
it much easier to verify the convergence conditions.
To apply Theorem A.l of [14], which is adapted from
Theorem 1 of [4], to establish the convergence of the recursive EM algorithm, we utilize the fact that at each iteration,
the parameter increments have a positive projection on the
gradient of the likelihood function, which is established by
Xu [21] for a Gaussian mixture. To see this, for a given
sample X = { z t ,1 5 t 5 n} and a given 0 E 0,we define

Proposition 5.1 The EM algorithm can be represented by
Figure 4. Average likelihood versus iterations

above simulated data of 3-component, the segment length
can be chosen as short as 20. But for real traffic, since they
are not so homogeneous as the simulated data and contain
outliers, the algorithm cannot work properly if SO is chosen
too small.

5.3

where
1

Convergence Analysis

If we know a closed bounded set 00 c 0, which contains the optimal solution, we can apply the traditional proakqe(k),
jection e@++')=
where
is the nearest projection on 00.However, for
real traffic, we have no idea about the optimal solution before starting the algorithm. Since the optimization problem
has constraints, X i > 0, yi > 0, Czl 7%= 1, and the parameter space is an open set, to establish the convergence of
the above Algorithm 5.1 in large range, we change the presentation of the above algorithm using the random varying
truncations (RVT) approach proposed by Chen et. a1 [3].
The key idea of RVT is to replace the fixed projection set 00
by a sequence of increasing closed sets AI, which approximate the whole parameter space 0. If at some step s, the updated parameter dS+l)
given by (20) crosses the boundary
of the current truncation set, namely
$ M,, restart

ne, ne,((~

+

x~+~)),

Remark52 With a little abuse of notation, the above
S,(e(k)) and S,(e(k)) contain y("l) instead of y(".
At each iteration, y is updated first; so when calculatis available for computing
ing p ( k + l ) and (T(~+'), y("')
S,(O(k))and S,(e(k)).
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Proof The proof of (22) is a special case of Theorem 1
of [21]. From Theorem l' of [21], we obtain

then (27) becomes a standard stochastic approximation algorithm:

+

= dk) ~
Y ~ =
+ h~ ( e ( 9+

where

~

p

~

E ~ + ~

+(30) ~

(3 1)

Chen [4] considers an unconstrained optimization problem, but ours is a constrained one. To apply his results, we
have to deal with the boundary of the parameter space. To
this end, let us introduce some notations:
h/r, = { e : I(eI(5 pS,d(6, do) 2 l/ps}
Q~ = {e : i i q I s,d(6, d o ) 2

(32)
(33)

where d(0, a@)denotes the distance between 6' and de,and
{ p s , s 2 1) is a sequence of positive numbers satisfying
ps .+ 00, s 00.

-

Remark 5.3 The randomly varying truncation technique is
used only to establish the convergence of the recursive EM
algorithm. Actually, since the EM algorithm always satisNoting expression (16), we have S,(e(')) = Tp(B@)) fies the constraints, when the first truncation set is chosen
and S,(e(')) = T,(O@))).This completes the proof of
large enough, no truncation occurs at all.
Proposition 5.1.
Q.E.D.
To establish the convergenceof e('),, we redefine it using
the
RVT technique as follows:
Proposition 5.1 tells us that, in essence, the EM Algorithm is a gradient algorithm

and 8' is a given point.
The following theorem establishes the convergence of
the proposed algorithm.

Theorem 5.1 Assume that there exists a bounded closed set
Qco

and e* E

Qco

satisfying

sup
OEaQc,

qe) < z(e*)

(35)

and that 1 (e) hasfinite number of stationary points. Let e(k)
be given by (34). men,

e@) eo,
.+

(36)

where q e 0 ) = 0.

and Z(0) = IEILn(B,X ) / n ] .If we denote h(8) = S(e)Z'(e)
and

Proof The proof consists of two steps. Step 1 establishes that the noise process { E ~ t, 2 1) is a martingale
difference sequence. The second step proves that the conditions (Al)-(A4) of Theorem A.l of [14] are fulfilled. The
details can be given following the same line as Theorem 2
of [14].
Q.E.D.
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Remark 5.4 From the above derivation, we find that the
recursive EM algorithm is a stochastic approximation algorithm with noise given by (29). If the sample size S k of
xk is increasing with k, then using the strong law of large

The TCP connection durations data used in this
paper were collected by the University of North
Carolina at Chapel Hill, available at http://wwwdirt.cs.unc.edu/NetDepend/data. First, we plot a small
sub-sample of the data, which is shown in Figure 6. This
figure shows that the TCP connection duration sample is
comprised of a few very long flows (elephants) and a large
amount of short flows (mice). The mice comprise the major
stream of the Internet traffic stream, and a small amount
of the elephants results in the long memory of the Internet
traffic.

numbers, it is easy to prove that limk,,
&k = 0, a.s. In
= :&+I,
converges without avthis case,
eraging. This property has been illustrated for a Poisson
Mixture by Example 5.1 of [14].

e(k+l)

e(k))

5.4 Real Traffic Marginal Distributions Fitting
This subsection applies the recursive EM algorithm to fit
a set of real traffic. The data used in the following experiment are a set of uplink traffic data from Telco A with 190
subscribers. The histogram of the traffic has been plotted in
Figure 2, which motivates us to use a Gaussian mixture to
model its marginal distribution.
To fit a Gaussian mixture with 4 components to this traffic, we choose the segment
length SO = 1311 and initial values p(O) =
105[1.8,3.8,2.8,3.3], U(')
=
105[1.3,1.5,0.7,1.7]
and
= [1/4,1/4,1/4,1/4]. With the set of initial
values, running the algorithm 1000 iterations yields ji =
[631062.8925,1175071.3591,579609.9346,1355064.7578],
6 = [67495.9475,185313.863,300684.8207,510676.314]
and
= [0.0946,0.193,0.1014,0.6108]. The square
error between the sample PDF and the fitted PDF is
sqerr = 2.2003e - 004. Figure 5 plots the sample and
fitted PDFs. The above experimental results show that the
recursive EM algorithm works very efficiently to capture
the marginal distribution of real traffic.

Figure 6. A TCP connection durations sample

In the Internet modeling field, it is commonly accepted
that the sizes of files in the Internet are heavy-tailed distributed. Researchers have found that the web file size distributions have a body similar to lognormal distribution,
while their tails are close to Pareto distribution. To capture
these characteristics, the double Pareto-lognormal distribution was proposed by [19]. In essence, the double Paretolognormal distribution is a mixture lognormal distribution.
If we assume that each file is transferred by one TCP connection, from the file size models we are tempted to assume the TCP connection durations have mixture lognormal distribution. To verify this assumption, we denote by
{ d l , d2,'. . . ,d,} the original sample TCP connection durations and let xt = log,,,(dt), l t n. Their histograms
are plotted in Figure 7. The upper part of Figure 7 plots
the histogram of { d l , d2, . ,dn}, and the lower part is the
histogram of ( z 1 , 5 2 , . . ,z,}. Compared to the mice, the
elephants are huge but their quantity is so small that the histogram cannot be well displayed. For this reason, we will
deal with their logarithm values.
To apply themodel (9) to describe the TCP connection durations, it suffices to fit their logarithm values
( 5 1 , z2,.
,z}, to a mixture dynamical system described by (7) and (8). We first fit the autocorrelation of
{z1,22,
. . .,zn}. Applying Algorithm 4.1 to the data
yields b = [0.25029, 0.03199, 0.02716,0.003479,
0.002425,0.000294,
0.000011,0.0001806]
and
a = [46.6249,7.3866, 37.5739,2.6990,21.6165,17.6530,

< <

Figure 5. Comparison between the sample
PDF and the fitted PDF

6 Experimental Results on Real Traffic
This section applies model (9) to a set of TCP connection
durations and uses the proposed procedure in the previous
sections to fit the model.
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the sample into two parts: The first part is used to fit the
model, and the second part is used for model selection by
using the cross-validation procedure, which works as follows: Divide the original data into two parts {XI,
,XN}
and { x N + I , .. .,zn}. We fit (21, . . ,XN} to Gaussian
mixtures with ml = 2,3, . . , 7 components and simulate a
sample path y = {Zl,5 2 , . - . ,& - N } for each fitted model.
Define the performance index
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Figure 7. PDF of TCP connection duration
3.7468,16.0481]. The result of the fitting is plotted in
Figure 8.

and choose' the one with @nimal E R as the selected
model: In this example, the sample size of the data is
358230. The first 300000 entries are used for model
fitting and the remaining 58230 entries are used for model
selection. The fitted model results with 2 - 7 components
are given in Table 1, which shows that the E R attains a
minimum at rnl = 3. So, we conclude that the model
with 3-components should be chosen. When r n l = 3, the
fitted parameters are I; = [-8.9621,7.6148,14.5972],
6
=
[4.1920,11.34026,3.8576] and -i.
=
[0.37618,0.4299,0.1944]. The sample PDF and the
fitted PDF are plotted in Figure 9.
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Figure 8. TCP connection duration autocorrelation fitting result
Second, we apply the recursive EM algorithm to fit
( 5 1 , ~ 2 , . .. ,X n } to a Gaussian mixture. In the step of autocorrelation fitting, the dimension of zt is uniquely determined by fitting the autocorrelation of the real traffic.
But, we are free to choose the number of components of
the mixture in the marginal distribution fitting step. A lot
of experiments have been conducted on this set of data,
which show that Gaussian mixtures with 2-7 components
can all fit the marginal distribution with acceptable precision. Obviously, the more components used, the higher the
accuracy that can be achieved. If more than 7 components
are used, some components in the fitted model are almost
identical. For the purpose of model selection, we divide

7 Concluding Remarks
This paper proposed a mixture linear dynamical system
model for an Internet packet input stream and a nonlinear
mixture dynamical model for TCP connection durations.
The proposed models can capture the autocorrelation and
marginal distribution of real data simultaneously. To fit
the marginal distribution, a recursive EM algorithm is proposed. Compared to the conventional EM algorithm, the
proposed recursive algorithm requires much less memory,
which is critical in Internet performance modeling. More
importantly, it can be implemented online. Finally, a crossvalidation criterion is applied for model selection.
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A lot of experimental results reveal that Internet traffic
shows periodicity. The model proposed in this paper captures the average decay rate, but it cannot model the periodicity. As we know, the TES processes [ 151 can capture the
autocorrelation very accurately. To integrate TES into the
proposed model may lead to good results.
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