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Abstract

ity of votes to perform a restricted operation. Since
a t any time, there is only one majority in the system, mutual exclusion is guaranteed. The merit of
the majority voting scheme is its simplicity, simple to
understand and simple to implement. Its shortcoming
is just that: it always requires a majority to make the
operation succeed. This may incur a high communication overhead.
To reduce the cost, some methods have been proposed which are based on a lo ical structure of the
network [l, 4, 8, 9, 11, 171. In 7111, the author associated with each site a set of sites and all such sets
pairwise intersect. The sizes of these sets can be
compared with
required by a majority voting.
The drawback of this scheme is that it exhibits a very
low availability when R gets larger. In [4, 9 , the authors use ‘grid’ as the logical structure. In [8\, the author uses a hierarchy to define quorum. Both methods
are used mainly for synchronizing the read and write
of replicated data. The idea of using tree as the logical
structure for achieving mutual exclusion is suggested
in [l]. This method has a very low cost in the best
case. It is also easy to implement, since a t runtime,
each site only maintains a tree representing the logical structure required by the algorithm. However, the
costs of the quorums are highly unevenly distributed
in the quorum set for the tree algorithms. The nodes
a t the higher levels are heavily favored than those a t
the lower levels. (See section 2.1.) Consequently, in a
distributed system where the nodes have similar characteristics, its performance in terms of either availability or the cost will be affected.
In this paper, we propose a new structured quorum
method. It is based on a special logical structure,
called Triangular Net. Our algorithm treats the nodes
more evenly than the tree algorithm does and works
better in the average case. We believe that this is a
favorable property for a truly distributed system.
The rest of this paper is organized as follows. In
section 2, we give a motivation to our algorithm. In
section 3, we outline the model for our discussion. In
section 4, we present the proposed algorithm and establish its correctness. In section 5 , we analyze our
algorithm by comparing its availability and cost with
the majority voting and the tree algorithm. In section
6, we outline the extension of our algorithm to the
general case. We conclude the paper by summarizing
the main results.

Many operations in a distributed system require
mutual exclusion to guarantee correctness. Quorum
methods have been widely proposed f o r implementing
mutual exclusion. Majority voting is the best known
quorum method. It has the merit of simplicity, but
m a y incur high message overhead. Tree algorithin is
an efficient structured quorum method to the mutual
exclusion problems. The quorums generated b y a tree
algorithm are smaller on the average than those by a
majority voting. However, the tree algorithm enforces
a highly biased treatment to the nodes at diflerent levels. This affects its performance in a distributed system where the nodes have similar characteristics. We
propose a new structured quorum method which treats
the nodes more evenly than the tree algorithm yet still
preserves a satisfactory availability. We believe that
this method is desirable f o r implementing mutual exclusion in a truly distributed system.
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Introduction

Many operations in a distributed system require
mutual exclusion to guarantee correctness. We term
these operations restricted operations. Examples of
restricted operations include updates on replicated
data, naming of distributed objects, and atomic commitment. Mechanisms guaranteeing mutual exclusion
should be both resilient and efficient. Resiliency usually implies high availability of resources in the face of
failures, while efficiency implies low overhead incurred
by performing restricted operations.
The issues relatin to mutual exclusion have been
studied extensively fl, 2, 3, 7, 13, 161. Among the
solutions suggested, the methods based on quorums
have been widely accepted as effective mechanisms for
implementing mutual exclusion. In a quorum method,
a set of groups, called quorums, is predefined either
directly or indirectly. At any time, the execution of
a restricted operation is allowed only if a quorum can
be constructed by following some specific rules. In
general, quorums must have intersection property to
ensure mutual exclusion. In [5], the authors study the
general properties of a quorum set. A paradigm for
optimizing the availability of quorum sets is proposed
in [14].
The majority voting [6, 151 is the best known quorum method. It assigns a number votes to each node,
and allows only those nodes that can collect a major-
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is the sum of the sizes of the individual paths. In
other words, every node in the paths contribute to the
increased size. Secondly, the height and the width of
the bottom level in a tree differ enormously (the ratio
is approximately log2n:n where n is the total number
of nodes). As a result, the quorums formed along the
bottom can be an order of magnitude larger than the
quorums formed along the height.
2.2 Outline of a triangular net structure

Tree quorum algorithms

The tree quorum algorithms logically organize
nodes as a tree. (We only consider binary tree for
easy presentation. The extension to the general case is
straightforward.) It constructs a quorum by selecting
a root-to-leaf path in the tree. If such a path exists,
then it is a quorum. If no such path exists due to
node failures, then to form a quorum the failed node
in some path must be (recursively) substituted for a
collection of the paths with each starting from one of
its children and ending at a leaf node. As an example,
consider the four-level binary tree in Figure 1.

(TW

The goal of our algorithm is twofold. One is to
preserve the logical clarity and simplicity as well as
the essential properties for mutual exclusions, such as
the intersection and minimality properties of quorums
and non-dominance of a quorum set. The other is to
diminish the discrepancy of the nodes at different levels in terms of the capabilities of forming a quorum in
the hope of reducing the cost and enhancing availability. We achieve these goals by organizing the nodes
in such a way that the shortcoming of a tree structure illustrated in the last section can be improved.
To this end, we organize all nodes into a triangular
net structure where the height and the width of the
leaf level are roughly the same. Also two subtrees of
a node intersect each other. Shown in Figure 2 is a
typical TNS, where each node has two children and a
distinguished node, node 1, is the root of the TNS.

Fig 1. A binary tree used by the tree algorithm
If all nodes in set {1,2,5,10} are functioning, then
this set is constructed as a quorum since the nodes in
the set form a root-to-leaf path. If node 1 fails, but all
nodes in set {2,5,10,3,6,12} are functioning, this set
will also be constructed as a quorum, since 2,5,10 and
3,6,12 are the paths starting from the two children,
nodes 2 and 3, of node 1 and ending at leaf nodes,
10 and 12, respectively. Finally, if in the above set,
node 3 fails, but two more nodes, 7 and 14, are functioning, then it is still possible to construct a quorum,
namely, {2,5,10,6,12,7,14}. This is because nodes 6,12
and nodes 7,14 are paths from the children of the failed
node 3.
Clearly, in a tree quorum algorithm, nodes at the
higher levels bear more weight than those a t the lower
levels when constructing a quorum. In the previous
example, a single node at level 0 (i.e., node 1) always
worth at least three lower level nodes in terms of the
capability of forming a quorum. In the general case, a
single node s a t level i always worth at least h - i - 1
lower level nodes, where h is the total number of levels
in the tree. In other words, if node s fails, any quorum
in which node s participated requires at least h - i - 1
lower level nodes in lieu of s to remain a quorum.
This means that single failure of level i nodes always
increases the quorum size by at least h - i - 1, which
may be substantial when i is small. We believe that
this has a negative impact on the average size of a
quorum. Another impact is on the availability. Since
nodes a t different levels have very different capabilities
of forming a quorum, the overall availability will be
affected if all nodes have similar failure characteristics
( which we believe are the most common cases ). The
factors that contribute to this shortcoming have to
do with the structure of a tree. Firstly, for a tree
structure different paths initiated at distinct nodes at
the same level wiU never intersect. Thus whenever a
high level node must be substituted by the union of
the paths in its two subtrees, the size of the union

Fig 2. A TNS with four levels
Note that as shown in Figure 2, in a TNS except
for the nodes in the two outer-most paths, each node
has two parents. In a TNS, the higher level nodes
have the similar capabilities to the lower level nodes
in forming a quorum. For example, in the TNS of
Figure 2, {1,2,5,8} is a quorum. If node 1 fails, it
can be replaced by a single lower level node 3, resulting in another quorum {2,3,5,8}. In this case, node
1 and node 3 have the same capability of forming a
quorum. Furthermore, quorums constructed along either the height or the bottom are roughly the same
in size. For example, groups {1,2,5,8} and {7,8,9,10}
are the two quorums constructed along the height and
the bottom, respectively, in the TNS of Figure 2. (See
section 4.2 for the detail of triangular net quorum algorithm.)
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The model

Nodes and links are the basic components in a distributed system. Due to failures, or other exceptional
reasons, the normal functions of a component may be
disrupted. Two states, up and down are used to simulate this phenomena. At any instance of time, a component can be either up or down. A node that is up
can send messages to and receive messages from the

I

other nodes and perform operations. A link that is up
can deliver messages between its two adjacent nodes.
We assume a down component simply stops functioning.
The execution of some operations requires the participation of a group of nodes. When this happens, the
operation is first initiated at a node. We call the node
where the operation is initiated the coordinator for the
operation, and the other nodes in the group participants. The coordinator must ask for the permission
from all participants in the group before it is allowed
to carry out the operation. If all participants grant
the permission, the operation is performed, otherwise,
it is rejected. We say that an operation requires mutual exclusion if any two disjoint groups of nodes are
disallowed to perform the operation in parallel. A natural way of ensuring mutual exclusion is to allow the
operations to be performed only by a set of quorums
which pairwise intersect. Thus, in order to perform
the operations, the coordinator must obtain the permissions from the participants which form a quorum
in the set.

4

Fig 3. The general structure of a (binary) TNS
Definition: A node s is open if the following conditions hold:
1. if s is a leaf, then s is up;
2. if s is an internal node, then either s is up and
one of its children is open or s is down and both of its
children are open.
otherwise, we say that node s is closed.
For easy references, we will call a state up or down
a UD-state, and a state open or closed an OC-state.
Our intention here is to use the OC-state to signify
the significance of a node to any quorum which the
TNQ algorithm can construct based on the current
network state. Specifically, a node being closed signifies that it is insignificant to any quorums constructed
on the current network state. Let us still consider the
TNS in Figure 2. Suppose nodes 2,3,5,4 and 9 are
up, and all the rest are down. By definition, node 9
is open. This in turn implies node 5 is open, which
in turn implies nodes 2 and 3 are open. Now consider node 1, which is presumably down. Since both
of its children are open, it is open too. It can be verified that except for these five nodes, all the rest are
closed. Note that even though node 4 is up, it is closed
since both of its children are closed. Our algorithm in
section 4.2 wiu tell us that the only quorum that can
be constructed is {2,3,5,9}.Apparently, all the closed
nodes are insignificant to this quorum. For example,
none of the closed nodes 4, 7 and 8 is part of this quorum. Now, assume a different network state where the
nodes that are up are 1, 4, 5 and 6. It is easy to verify
that for this state none of the nodes is open. Accordingly, our algorithm will not be able t o construct any
quorum.
4.2 The algorithm
The input to the algorithm is the complete set of
network nodes organized into a TNS, as well as the
states of each node (i.e., either up or down). For clarity, we present our algorithm as a two pass process. In
the first pass, The procedure Mark marks all the nodes
in the TNS rooted a t t as either open or closed. This
information will later be used by function Formquor u m in the second pass to determine how to construct
a quorum'. Both procedures work recursively. The
logic underlying procedure Mark directly follows from
the definition of an OC-state. It first checks if t has
already been marked. This is because subtrees may
overlap and a node may be visited by many instances
of recursive calls. The actual marking actions proceed

The triangular net quorum (TNQ)
algorithm

In this section, we give a detailed description of the
triangular net quorum algorithm. We first give a formal definition of TNS. We then illustrate how a TNQ
algorithm works based on the TNS structure. For easy
presentation, we only consider the simple case. We
will extend it to the general case in later sections.

4.1

Triangular net structure

As outlined in section 2, a TNS is a hierarchical
structure which consists of a number of levels. We
will use the convention that these levels are numbered
as 0, 1,. . ., in a top-down fashion.
Definition: For h 2 0, an h 1 level binary TNS
(We will omit the term 'binary' when no confusion
is possible.) is a collection of interconnected nodes
arranged by levels such that for all i, 0 5 i 5 h:
1. There are exactly i
1 nodes, denoted by
sio, . . . , si,;, a t level i ;
2. For all i , j , 0 5 i 5 11-1 and 0 < j
i, node
s;,j has two children s;+l,j and s;+l,j+l at level i
1.
For the above definition, we call the node a t level 0
the root of the TNS, the nodes a t level h leaves. For
all i,O 5 i 5 h , we call nodes si0 and si,;side nodes.
Figure 3 is the general structure of the TNSs.
Since each node in a TNS represents an actual network node, it can be only in one of the two states,
up and down. From the functional point of view, all
nodes that are down are the same. However, from the
viewpoint of a TNQ algorithm, all down nodes do not
exhibit the same characteristics in forming a quorum:
some down nodes may have enough up successors to
form a quorum, while the others do not. To simulate
such a scenario, we need two additional states.
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'In the real implementation, it is not difficult to combine
these two passes into a single pass if doing so is deemed
desirable.
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from the bottom to the top. Procedure Formquorum
will be called only if the root of the TNS is open. It returns a quorum in the TNS rooted at node t . Note that
with the exception of leaf nodes, Formquorum will always bypass a node with both children open (i.e., does
not include it into the quorum) and go straight to process its children. In this case, it does not even care if
the parent node is up. This children-first approach is
different from the parent-first approach used by the
tree quorum algorithm. (In the parent-first approach,
if it is open the parent will never be bypassed unless
it is down.) In general, children-first approach tends
to construct a quorum along the bottom while parentfirst approach along the height. From the structure of
TNS where the two subtrees of a node always overlap,
a parent-first approach does not automatically ensure
minimality. However, by using children-first approach,
it can be proven that the minimality is always guaranteed.

Still consider the TNS in Figure 2. Suppose nodes
2 , 3 , 4 , 5 , 6 , 7 and 8 are up and all the rest are down. In
the first pass, the procedure Mark d mark each node
as either open or closed as shown in Figure 4.a. (The
small letters o and c attached to the nodes denote OCstates open and closed, respectively. The broken-lined
circles denote the nodes that are down.) In the second pass, Formquorum will chose {3,5,7,8} as the quorum. Suppose node 9 comes up but node 7 goes down.
Procedure Murk will make the TNS as depicted in Fi ure 4.b. Formquorum will construct quorum {4,6,8,91.
Now suppose node 10 comes up and node 3 goes down,
resulting in the state of Figure 4.c. Accordingly, the
algorithm will construct quorum {4,8,9,10}.

.

t-

node is down

o node is marked as open
c node is marked as closed

ALGORITHM:
/ * i n p u t : a TNS rooted a t node T */
Mark(T);
IF T is marked as closed THEN
s t o p ; /* no quorum can be formed*/
ELSE
Formquorum(T);
PROCEDURE Mark(t:NODE)
BEGIN
IF t is not marked THEN
IF ( t is a leaf) THEN
IF ( t is up) THEN
mark t as open;
ELSE mark t as closed;
ELSE {

Fig 4. Various‘ TNS states generated by the first pass
From this example, we have the following observations: 1. among the three quorums constructed by the
TNQ algorithm based on the different network states,
none of them is a subset of the others; 2. they pairwise intersect; 3. the differences in quorum sizes are
small. In the following sections, we will prove that the
first two statements are in fact true in all cases. The
third statement describes the property of the TNQ
algorithm which underlies its low cost.

IF ( t is u p ) THEN
IF ( t . l e f t is marked as open) OR
[t.right is marked as open)) THEN
mark 1 as open;
ELSE mark t as closed;
ELSE IF ( ( t . l e f t is marked as open) AND
(t.right is marked as open)) THEN
mark t as open;

4.3

Correctness

In this section, we establish the basic properties
of the TNQ algorithm that are essential to a ‘good’
mutual exclusion mechanism. These include the following:
1. Minimality: VG, H E S, G H ;
2. Intersection: VG, H E SI G n H # 4;
3. Non-dominancez: VG, if G n H # 4 for all H E S,
then 3Q E S such that G _> Q.
These properties are established through the following lemmas and theorems. Due to the space limitation, we will only provide the proofs for Theorem
2 and Theorem 3, deemed they are less obvious than
the others.
In what follows,we use T to denote the root of the
TNS for which we establish the properties. We use ST
to denote the set of all quorums that can possibly be
constructed by the TNQ algorithm with a particular
TNS rooted a t T. For a node p in the TNS, we use
p.le f t and p.right to denote the left and right child of
p , respectively. Let R and S be two sets of groups of

ELSE mark t as closed;}
END;
FUNCTION Formquorum(t:NODE)
/* note: t is assumed to be open */
BEGIN
IF ( t is a l e a f ) THEN
RETURN({t});
ELSE
IF ( ( t . l e f t is marked as open) AND
(t.right is marked as open)) THEN
RETURN( Formquorum(t.left) U
Formquorum(t.right );
ELSE IF ( t . l e f t is marked as open] THEN

RETURN({t}UFormquorum(t.left));
ELSE

RETURN({t}UFormquorum(t.right));
END;
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’In some literature, the quorum set which satisfies the three
properties listed here is called ND-coterie. The term ‘nondominance’ follows from term ‘non-dominated’coterie.

nodes, we define R @ S E {U U V : U E R & V E S}.
In a reasonable abuse of symbols, we sometimes use a
letter to represent both the root and the entire structure of a TNS. When this happens, we will precede
the letter by the term ‘node’ or ‘TNS’ to indicate its
actual meaning. We will use the term, TNS state, to
denote the TNS in which each node is associated with
a UD-state and a n OC-state (i.e., all nodes have been
marked.)
We first introduce two lemmas which will be used
in the subsequent proofs.
Lemma I: ST can be written as ST = GI UGg UGg
where Gi = { { T } }C3 ST l e f t , G2 = {{T}}
€3 ST r i g h t
and GJ C_ S T . l e f t €3 ST l e f t .
L e m m a 2 For any g E S T , g can be constructed
by the TNQ algorithm with a TNS state M where
Vs E g , V r @ g , s is up and r is down in M.
THEOREM 1. The set of all possible quorums
constructed by a TNQ algorithm has the intersection
property.
THEOREM 2. ST has the minimality property.
Proof Let g E ST be an arbitrary quorum, and
x E g be an arbitrary node. Assume q = g - {x}.
We now prove that q @ ST. Assume the contrary. By
Lemma 2, g can be constructed in a TNS state, say
hill, such that Vs E g ( s is up in M I ) and Vs @ g ( s
is down in MI). Likewise, q can be constructed in a
TNS state, say M z , such that Vs E q ( s is up in M z )
and Vs @ q ( s is down in M2). Note that A41 and M 2
defer only in the state of node x.
Since x E g and g can be constructed by the TNQ
algorithm with M I , x must be open. Thus x either is
a leaf node or has exactly one open child.
Since it is down in M 2 , if x is a leaf node, then
it must be closed in Ma. If it is not a leaf node, according to the definition of a n OC-state, it must also
be closed in M2. Note that x must not be the root,
since otherwise q could not possibly be constructed
from M z . Let y be one of its open parents on which
the recursive call is made when g is constructed from
M 1 . (Note that one of the parents of such kind must
exist since otherwise no recursive call could be made
on node x and therefore node x would not have been
included in g.) Let z be the other child of y. If z is
open in M1 , we claim y must be down in M I . Assume
not. Then y is up in M I . Clearly, y @ g. Since x is
closed while z is still open in M 2 , (Note that the OCstate of z will not be affected by the state change cf
x.) y E q , a contradiction to the definition of q . Thus
y is down in M1 and therefore in M2. Since x is closed
in M z , y is closed in M z . We have proven that if z
is open in MI,then y is closed in Mz. On the other
hand, if z is closed in M I , then z will remain closed
in M2. Again, since node x too is closed in Ma, y is
closed in M2.
Now let U be the parent of y on which the recursive
call is made when g is constructed from M I . The same
argument as above can prove that U is closed in M2.
We can repeat this process until we reach the root of
M 2 . This means that no quorum can be constructed
within M2, a contradiction to the assumption that q
can be constructed in M2. 0
THEOREM 3 ST has the non-dominance property.

Proof We prove the theorem by induction on the
number h of levels in the TNS.
Base: h = 1. There is only one node T in the TNS.
Our algorithm will generate ST s {{T}}. Obviously
this set is complete.
Inductive step: h > 1. Again we write ST as the
union of the following three subsets.
1. GI = { { T } }@ S ~ l e j t
2. GZ
{ { T } }€3 STrzght
ST l e f t €3 ST r i g h t
3. GS
Assume g is a n arbitrary group such that g intersects all the groups in ST. Two cases are possible.
Case 1: T E g. Thus g must intersect all the groups
in Gs. If g intersects all the groups in ST l e f t , then by
the induction hypothesis, g _> g1 for some g1 E ST l e f t .
Thus g 2 {T} U gl, which is in the set G I . Now
assume g does not intersect all the groups in ST l e f t .
Assume p1 E ST l e such that g n pl = Cp. We c l a m
that g intersects ah the groups in ST r i g h t . If not, let
p2 E ST^^^^^ such that g n p2 = 4. Thus g n ( P I U
p2) = Cp. By Lemma 2, p l and pa can be constructed
respectively from the TNS states M1 and Ma, where
Vs E p 1 , V r # p l , s is up and r is down in M I , and
Vs E p z , V r @ p z , s is up and r is down in M2. We
define a TNS state M for structure T as follows: Vs E
pl U p2,Vr $! pl U pa, s is up and r is down in M .
Clearly, Vs, s is up in M I or Mz j s is up in hl.
Note that nodes T . l e f t and T . r i g h t are open in M1
and M2, respectively, since otherwise p l or p2 could
not be constructed. Clearly, they will remain open
in M. Thus node T is open in M. This means that
a quorum can be constructed from M. Let p denote
this quorum. Thus p
GS. Since all the nodes not
in p l U pz are down in M I we have p C_ pl U p2. This
implies g n p = 4. This contradicts to our assumption
that g intersects all the groups in GS. Thus g intersects
every group in ST r t g h t . Using the similar arguments
to those in the first half of this case, we can prove that
g is a superset of some group in Gz.
Case 2: T @ g. Thus g intersects all groups in
ST / e f t U ST r i g h t . By the induction hypothesis, 391 E
ST l e f t , g 2.91 and ?g? E ST raght g _> g2. Thus 9 _>
g1 U g 2 . Using the simdar arguments to those in case
1, we can prove 3 p E G3, p g1 U 92. Thus g 2 p. 0

c

5

Analysis of triangular net quorum algorithm

In this section, we analyze the performance of a
TNQ algorithm by comparing its availability and cost
with another two influential algorithms for mutual exclusion, majority voting and tree quorum algorithm.

5.1 Availability
We assume that each node has independent failure
mode, with the probability p of being up. We define
the availability of a mutual exclusion algorithm t o be
the probability that a quorum can be constructed by
the algorithm.
Assume there are n nodes. For majority voting
algorithm, The size of a quorum is always 1(n+1)/2 1.
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0.0025. In all cases but 6 nodes, the majority voting
has the highest availability. For TNQ and tree algorithm, it is interesting to note that there is a turning
point of the node probability which is close to 0.7.
The tree algorithm has better availability below this
point while the TNQ algorithm does better above it.
We have listed ten sample data obtained for each of
the three algorithms in cases of 15 and 28 nodes (15
and 31 nodes for the tree algorithm) in Table 1 and
Table 2, respectively. The left-most column in each
table is the list of the sample node probabilities based
on which the availabilities of the three algorithms are
evaluated. We use the double horizontal lines to indicate the estimated locations of the turning points.
(The complete data is available from the authors of
this paper.) Note that this comparison is made in
cases where the TNQ algorithms use less nodes than
the tree algorithm does.
5.2 The sizes of the quorums
In this section, we will compare the maximum, minimum and average sizes of the quorums constructed by
the three algorithms.
For a system of n nodes, maximum, minimum and
the average sizes of the quorums constructed by the
majority voting algorithm are always [ ( n 1 ) / 2 ] . For
a tree algorithm, the maximum and the minimum quorum sizes are ( n + 1 ) / 2 and 1og2n, respectively. To
obtain the average quorum size for the tree algorithm,
let ni and si be the total number of quorums and the
average quorum sizes for a tree with i levels. We have
the following recursive relations:
no = 1;
so = 1;
nf;
ni+l = 2 * n i
2 * si * n : ) / n i + l .
si+] = ( 2 * (si 1 ) * ni
We now analyze the sizes for the quorums by the
TNQ algorithm. It follows from the way a TNS is
marked that the root will be open if all the leaf nodes
are up. For a TNS with n nodes, there are approximately & leaf nodes. Thus the minimum quorum
For the
size for the TNQ algorithm is at most
maximum and the average sizes, we can only rely
on the experimental results due to the complication
caused by the overlap of the subtrees of a node. We
have evaluated TNSs with the sizes ranging from 3 to
28. The method for our evaluation is based on the
enumeration. The results show that the maximum
size generated by the TNQ algorithm is slightly larger
than the tree algorithm. For example, in case of 15
nodes, the maximum size by the TNQ algorithm is 9

Thus the availability is

The availability of the tree quorum algorithm is obtained from the following recursive relation. Let Ah+l
be the availability of the tree algorithm for a tree of
level h 1 where h 3 0. We have
A1 = P;
Ah+i = p A h ( 1 - A h ) + p ( 1 - Ah)Ah + P A : ( 1 y ) A 2 , i.e., Ah+? = 2pAh ( 1 - 2 p ) A 2
T i e calculation of the availabilitysy TNQ algorithm is more complex due to the fact that subtrees of
a node always overlap in the TNS. Thus the probabilities that a quorum can be constructed in the subtrees
of a node are not independent of each other. At this
time, we do not know how to use a closed form or
a recursive relation to specify this availability in general case. To calculate the availability, the following
method is used. Clearly, the availability of a TNQ
algorithm is the probability that the root of the associated TNS is open. In a TNS with h 1 levels, for all
i, 0 5 i 5 h, there are exactly i + l nodes at level i. Let
Si be the set of all possible combinations of OC-states
(open/close) and Ri the set of all possible combinations of UD-states (up/down) of the nodes at level i.
For convenience, we simply call the members of these
two sets states. Clearly, Si and Ri each contains 2'+l
different states. Note that from the way the OC-state
is defined, for 0 _< i 5 11 - 1, each state in Si is the
union of the two states with one in Ri and the other
in S i + l , and the union of any two states with one in
Ri and the other in Si+l forms a state in Si,with the
exception that at the leaf level, we have Rh = s h .
The algorithm we use to compute the availability
of the TNQ algorithm is briefly described as follows.
Given the probability p that each node in the TNS is
up. Let Pij and Qij be the probabilities that the j t h
states in Ri and Si occur, where 1 5 j 5 2i+'. (We
assume there is an order on the elements in Si and
Ri.) Since the j t h state in Ri is just a collection of
the UD-states of all the nodes a t level i and the UDstates of different nodes are independent of each other,
Pij can be computed immediately (;.e, independently
of any other levels). The algorithm computes Qij for
all i , j ,0 5 i 5 h , 1 5 j 5 2i+' level by level in a
bottom up fashion. From the notes we made at the
end of the last paragraph, Q,j is the product of Pik
and Qi+l 1 , assuming the union of the kth state in Ri
and the h h state in Si+l gives the j t h state in Si.
When Q o l and Q 0 2 are finally generated, whichever of
the two corresponds to the probability that the root
is open is the availability of the TNQ algorithm.
Using the algorithm described above, we evaluated
the availabilities of TNQ algorithm and the majority
voting algorithm for 6 , 15 and 28 nodes. We evaluated the availabilities of the tree algorithm for 7, 15
and 31 nodes, since these numbers are the closest to
those used by the TNQ algorithm while maintaining
the balanced tree structure. In each case, we let the
node probabilities vary from 0.5 to 1 with a step size
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Table 1: Availabilities when 15 nodes are used
Probab. I Tree alg. [ TNQ alg- I MaJ&
0.5350 I 0.586881 I 0.585572 I 0.608726
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Table 2: Availabilities when 31 nodes are used by
tree and 28 nodes are used by others
Probab. ] Tree alg. 1 TNQ alg* I MaJ&
0.5500 I 0.646689 I 0.643741 I 0.635560

only participates in 30 out of a total of 255 quorums.
The average size of the quorums the root participates
is 4.6, compared with the average size of 7.2 of the
quorums the root does not participate.
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Generalization

The TNS we have discussed so far allows an internal
node to have only two children. This restriction can be
lifted to make the TNQ algorithm more general. Note
that if a parent has more then two children, then a
child may also have more than two parents. The assignment of the parent nodes to each child node must
be properly distributed. In general, suppose each internal node has m children and, counted from the left
the nodes at level i are sio, si1 ,. . ' , s i q .Then the TNS
will be organized in such a way that si0 and si, each
has one parent, si1 and S ~ , ~ each
- I
has two parents,. . ',
si n-2 and S ~ , ~ - ~ each
+ Z has m - 1 parents, and for
4 p , m - 1 5 p 5 q - m+ 1, has m parents. Shown
in Figure 6 is an extended three-level TNS where each
internal node has three children.
Let r.
5 r 5 m be an integer. We define the
OC-states for a node s as follows.
Definition: A node s is open if the following conditions hold:
1. if s is a leaf node, then s is up;
2. if s is an internal node, then either it is up and
has at least m - r 1 open children, or it has at least
r open children.
otherwise it is closed.
A natural way to design the TNQ algorithm for
the extended TNS is to simulate that for the binary
TNS. That is, the first pass defines the OC-state for
each node and the second pass constructs the quorum. While the first pass here is a close analog of
that for the restricted case, the second pass has an
aspect which was not present in the previous case,
namely, nondeterminism. Now, starting with the root
of the TNS, if a node has at least r open children,
then the the TNQ issues recursive calls to any r open
children of the node. The quorums returned is the
union of the quorums returned by these r calls. If a
node has less than r but at least m - r 1 open children then if itself is up then the recursive calls will
be made on any m - r 1 open children of the node.
The quorum returned will be the union of the quorums returned by these nz - r 1 calls with the node
itself included. Unlike the second pass in section 4.2
where the action is completely deterministic, here it
may return different quorums for the same TNS state.
This non-determinism has an impact on the quorum
set generated. We have found that while this simple
version of TNQ can guarantee intersection property,
it cannot guarantee minimality property. Briefly, this
is because even though a call on any individual parent
only generates the minimum number of recursive calls
(Le., either r or m - r + 1) on its children, the calls on
two or more parents which share some children may
aggregately generate more than the minimum calls on
the children of one of them. To guarantee minimality,
more sophisticated TNQ is needed. We are currently
studying this issue and will present the results in a
future paper.

4.00

U

m
2.00

5

10
15
20
25
Number of nodes

30

Fig 5. The average quorum sizes for the 3 algorithms
and that by the tree algorithm is 8. In case of 28 nodes
(31 nodes for the tree algorithm), the maximum size
by the TNQ is the same as that by the tree algorithm,
both being 16. However, the average size by the TNQ
algorithm is constantly smaller than that by the tree
algorithm. This has been depicted in Figure 5. Our
data also indicates that in all cases the average quorum sizes by the TNQ algorithm is about 11% smaller
than that by the tree algorithm. Among the three algorithm, the majority voting algorithm has the highest
average cost.
The above result implies that the quorum sizes generated by the TNQ algorithm are more evenly distributed in the quorum space than that by the tree
algorithm. In addition, our data also shows that the
nodes at different levels have more even capabilities
of forming a quorum under the TNQ algorithm than
that under the tree algorithm. For example, under the
TNQ algorithm with 15 nodes, the root participates
in 96 out of a total of 258 quorums. The average size
of the quorums in which the root participates is 5.375,
while the average size of the quorums in which the
root does not participate is 6.377. On the other hand,
under the tree algorithm also with 15 nodes, the root
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Fig 6. A three level ternary TNS
The extended TNS has the smaller height but wider
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