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Abstract
Recently [1] presented a new model
for the solution of the water distribution
network problem. The model captured
successfully the essence of the problem
structure, but could not guarantee global
convergence. This paper adds, to the
current research track, a new model and
method that can guarantee global
convergence for the water network
design problem. The contribution is
important since there has not been any
effort to find methods ensuring global
convergence and the solutions found to
several example problems in earlier
contributions are not qualitatively
established.

under study is supplied by gravity. This
means that the optimization routine
needs to find the optimal diameters for
the pipelines between the nodes as well
as the right flow rates in the network.
The demand at each distribution point is
fixed as well as the supply of water from
the source node. The task to find the
optimal solution may sound easier than it
really is. The reason is found in the
nonlinear relationship between the pipe
diameters, flow rates and difference in
the elevation (the network is supplied
only by gravity). This relationship will
result in a non-convex optimization task
and with both discrete and continuous
decision variables.

1. Introduction
Water distribution networks have
been a well studied topic during the last
decades. The main problem is to find an
optimal structure for a network, when
there is a water source (or several
sources) and links between the nodes in
the network (the distribution points). The
use of optimization in the quest to find
good network structures has been used
since [2] and remains an interesting
research track. Usually the network

Earlier work on the subject is, for
instance, [2], who used a method to
linearize the nonlinear relationships and
solved iteratively a simplified problem.
However, they could not guarantee
global convergence or take the nonlinear costs into account in a correct
way. Other contributions in this direction
are [3] and [4]. These contributions also
need good starting points (initial
guesses) in order to be able to converge
to a good solution. [5] used a nonlinear
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method based on Lagrangian multipliers
instead of the linear methods used in
earlier contributions. However, they
could not guarantee global convergence.
Other approaches using nonlinear
optimization methods for the proposed
problem are [6], [7] and [8], for instance.
All suffer from not being able to
guarantee global convergence. There are
also
contributions
using
genetic
algorithms for the proposed problem, i.e.
[9] and [10].
Recently [1] presented an MINLP
(Mixed
Integer
NonLinear
Programming)
model
that
simultaneously solved the design
problem (network lay-out) and the flow
optimization. This model is very
interesting in that sense and seems to be
very promising. However, they could not
guarantee global convergence because of
the non-convex constraints in the model.
The model was solved with a standard
convex MINLP solver implemented in
GAMS and it is thus, quite sensitive to
the initial guesses provided to the
optimization routine. The contribution of
[1] is an excellent starting point in the
quest to find a method guaranteeing
global optimality for the proposed
problem. We wanted also to find a
method that would not require any initial
guesses.
The structure of the water distribution
network problems addressed in this
paper is the same as in the earlier
contributions. A small example is found
in Figure 1.
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Figure 1. An example structure

The water distribution network includes
nodes, n1-n7 in Figure 1 as well as links,
k1-k8. The link has a head node and tail
node, depending on the initial flow
direction, i.e. link k2 has n3 as the head
node and n2 as the tail node (in the
example given in Figure 1). Each node
represents a source or a sink, resulting in
certain requirements on the elevation for
the nodes (as the distribution network is
supplied by gravity).
The paper is organized as follows; first
we describe the non-convex MINLP
model presented in [1] as well as discuss
the problem occurring in the global
optimization. Then we present a new
model that will be convex and provide a
lower bound solution to the original
problem. Afterwards we outline the
global optimization procedure as well as
solve an example problem. Finally, we
discuss our results and give an outline
for further research.
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2. Non-convex Problem Statement
(Model M1)
In order to provide the reader with a full
description, the model by [1] is
presented here in a complete manner.
The problem formulation can be stated
as follows: The pipe layout and
connectivity of the links as well as the
pipe lengths, the demand at each node
(assumed to be constant) and the
minimum head requirement at each node
are given. Then, the optimal flow rates
and directions, heads at each node as
well as the diameter of each pipe
(chosen from a set of predefined
diameters) need to be determined.
The indices, parameters and sets needed
in the non-convex MINLP model
(Model M1) are:

Continuous Variables
Qk pipe flow in link k, positive if the
direction is unchanged (from the original
lay-out) and negative if the flow is
reversed
∆Hk head loss in link k, positive if the
direction is unchanged (from the original
lay-out) and negative if the flow is
reversed
H n head elevation at node n, nonnegative
Given these premises, the model (M1) is
presented as follows:
The objective function that minimizes
the investment costs for the pipelines in
the water distribution network is simply
given by the linear expression
min ∑ Tk ∑ ckmYkm .
k

Indices
k link
l loop
m diameter
n node

(1)

m

Note that the diameters belong to a set of
predefined commercial ones, not letting
the optimization procedure choose a
customized diameter. There is also a
need for some linear constraints (c.f. [1],
for further details). These are

Sets
d commercial diameters
In links k entering node n
On links k leaving node n

∑ Ykm = Z k ,
m

∀k

(2)

Parameters
Tk total length of link k
ckm unit cost per length of link k with the
diameter m
Dn demand at node n

to ensure that at most one diameter is
chosen.

The formulation is based
following key variables:

to ensure that the demand at each
distribution node is met and

on

the

Binary Variables
Ykm 1 if diameter m is present in stream
k; 0 otherwise
Zk 1 if stream k is selected; 0 otherwise

∑ Qk − ∑ Qk = Dn ,

k∈I n

k∈On

∑ ∆H

k

= 0 , ∀l

∀n

(3)

(4)

k∈Loopl

to ensure the difference in altitude has
the right sign according to the flow
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direction. The following constraints will
ensure that the right difference in
elevation will be obtained when there is
a connecting link between the nodes.
∆H k = H i k − H j k + Bk ,

∀k

(5)

∆H kLO ⋅ (1 − Z k ) ≤ Bk ≤ ∆H kUP ⋅ (1 − Z k ) , ∀k (6)

Finally, we need to ensure that the
elevation level for each node is high
enough and that there is no flow if a
connecting link is removed by the
optimization procedure.
∀n

H n ≥ H n ,min ,

QkLO ⋅ Z k ≤ Qk ≤ QkUP ⋅ Z k , ∀k ,

(7)
(8)

QUP
k

where
is a valid upper bound on the
flow in link k. A good upper bound is
found as the total inflow into the
network. A valid lower bound, QkLO , is
then set as - QUP
k .
There is also a set of non-convex
constraints needed in order to establish
the relationship between the altitude, the
flow rates and the pipe diameters and the
fixed pipe lengths. This is given by
Q 
∆H k = 162.5Tk  k 
 C 

1.85

− 4.87
∑ d km Ykm , ∀k (9)
m

where C is the Hazen-Williams
coefficient. The presented model (M1) is
non-convex due the constraints in the
Eq. (9). The most intuitive way to solve
the model to global optimality would be
to work on the Eq. (9) with some global
optimization scheme. One possible way
is to use the global optimization method
by [11] (also found in [12]) for GGPproblems
(Generalized
Geometric
Programming). This method can ensure
global convergence, but it uses variable

transformations
and
approximate
relationships between the transformed
and original variable introducing a quite
large number of binary variables (in each
iteration in the global optimization
procedure). Due to the extent of
variables in the non-convex constraints,
this procedure will only solve extremely
small instances of the problems
according to model M1. There is a need
of a method that can solve small to
medium sized water distribution network
problems to global optimality.
3. Convex Problem Statement (relaxed
LB-model, Model M2)

There are two problems with model M1.
First, the possibility of reverse flows;
second, the non-convex relationship in
Equations (9). Both impose nonconvexity in the model. Removing these
non-convexities requires new additional
binary
variables
and
several
reformulations (in order to get to the
convex M2). First we need some more
variables as follows:
Additional Binary Variables
Ak, 1 if the stream k is reversed; 0
otherwise
Additional Continuous Variables
Qabsk absolute value of the pipe flow
in link k, non-negative
∆Habsk absolute value of the head loss
in link k, non-negative
∆Hapk absolute value of the head loss
in link k raised to the power of 1/1.85,
non-negative
QQabskm absolute value of the flow in
link k for pipe diameter m, non-negative
The objective function remains the same
in M2 as in M1 (linear)
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min ∑ Tk ∑ ckmYkm
k

(10)

m

subject to the following constraints
(these are also similar as in M1)

The absolute value of the ∆Qk variable
needs to be a sum of the following
variables
Qabs k = ∑ QQabskm , ∀k

(27)

m

∑ Ykm = Z k , ∀k

(11)

∑ Qk − ∑ Qk = Dn , ∀n

(12)

∑ ∆H

(13)

And each QQabskm needs to be set to
zero if the pipe diameter is not used by
the following constraints

(14)

QQabskm ≤ MYkm , ∀k , ∀m

m

k∈I n

k∈On
k

= 0 , ∀l

k∈Loopl

∆H k = H i k − H j k + Bk ,

∀k

∆H kLO ⋅ (1 − Z k ) ≤ Bk ≤ ∆H kUP ⋅ (1 − Z k ) ∀k (15)
H n ≥ H n ,min , ∀n

(16)

but with the following additional linear
constraints to model that the flow
direction is correct
Qk ≥ Qabsk − MAk , ∀k
Qk ≤ Qabsk + MAk , ∀k
Qk ≥ −Qabs k − M (1 − Ak ) , ∀k
Qk ≤ −Qabs k + M (1 − Ak ) , ∀k

(17)
(18)
(19)
(20)

These constraints are needed to ensure
that the variable takes negative values if
the stream is reversed (from the initial
flow). The same goes for the following
constraints
∆H k ≥ ∆Habsk − MAk , ∀k
∆H k ≤ ∆Habsk + MAk , ∀k
∆H k ≥ − ∆Habsk − M (1 − Ak ) ∀k
∆H k ≤ − ∆Habsk + M (1 − Ak ) ∀k

(21)
(22)
(23)
(24)

In addition, the flows, Qabsk , and the
variables ∆Habsk need to be set to zero if
the link is removed, i.e.
Qk ≤ MZ k , ∀k
∆H k ≤ MZ k , ∀k

(25)
(26)

(28)

The non-convex constraints in M1, Eq.
(9) is then rewritten and relaxed to a set
of convex constraints according to
1.85

 QQabs km 
162.5Tk 

C


⇒
(162.5 ⋅ Tk )

1 / 1.85

⋅C

−1

− 4.87
d km
≤ ∆Hap1k.85

(29)
− 4.87 /1.85
⋅ d km

⋅ QQabs km

≤ ∆Hapk , ∀k , ∀m

Note that the previous equation is now
linear. However, we need to enforce the
relationship between ∆Hapk and ∆Habsk
as follows:
∆Hap k1.85 ≤ ∆Habs k , ∀k

(30)

,which is now the only non-linear (but
convex) equation in the model. The
model M2 is a convex MINLP-model
that can be solved to global optimum
with a standard MINLP-solver, like
Alpha-ECP [13] or Dicopt [14], [15]
using Outer Approximation [16], for
instance. Model M2 is a relaxed version
of model M1 due to the inequalities in
Eqs (29-30). The relaxation results in a
convex MINLP-model as well as a lower
bound to the original problem according
to M1. However, the lower bound is
probably quite tight, since the relaxation
is performed in the “right” direction, not

5

Proceedings of the 41st Hawaii International Conference on System Sciences - 2008

leaving the relaxed model to result in
very unlikely and poor solutions.
4. The Global Optimization Procedure

Finding the global optimum of the
original non-convex MINLP problem
(M1) requires, in general, more than just
a convex LB (Lower Bound) solution.
But the model M2 can be used in a
global optimization procedure along
with a UB (Upper Bound) solution.
Finding the UB solution is quite simple,
when a LB solution is found from M2.
In fact, given the solution from M2, fix
the design lay-out and flow directions
(i.e. fix all binary variables) according to
the solution by M2 and then solve the
problem M1. This remaining problem
will have only a constant in the objective
function, only continuous variables but
non-convex constraints. However, the
solution of this problem is quite simple,
due to the simplified structure with the
binary variables fixed. In fact, the
remaining problem can also be solved as
a system of non-linear equations given
by Eqs. (3,4,5 and 9) and setting ∆Hk, Qk
and H n as the unknown variables using
the parameters given by the structure of
the LB-solution.
If there is no feasible UB-solution, there
is a need to start iterating. This iteration
can be done, for instance, by putting an
integer cut on the previously tested
combination of binary variables (as in
the Outer approximation algorithm, c.f.
[16]) and resolving M2 along with the
integer cut preventing the same
combination of values of the binary
variables to appear. An integer cut is
given by (c.f. [16])

∑ y i − ∑k y i ≤ B k − 1, k = 1,... K

i∈B k

(31)

i∈N

where Bk={ i | yik = 1}, Nk={ i | yik =
0}, k=1,...K. (Here k presents the
previous iteration result and y all binary
variables).
After the integer cut is added and a new
LB-solution is obtained, the search for
an upper bound solution is performed
and so on. The global optimization
procedure is outlined in Figure 2.

1.
2.
No! Add
Integer cut!
Goto 1!

Solve LB-problem
using M2

Solve UB-problem
using non-linear solver

Did UB find a
feasible solution?
Yes!

3.

A global optimum
is found! Stop!

Figure 2. Global optimization procedure

The convergence of the global
optimization procedure is evident, since
there are a finite number of binary
combinations that can be examined and
cut off by the integer cuts. If only the
UB-procedure is reliable, the global
optimum will eventually be found. It is
not evident that the method will
converge very fast, however. But our
experience with this method is that the
LB-solution will be extremely tight. In
our test example, for instance, we found
that the LB-solution (M2) will give the
global optimal objective value of M1.
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However, the values on the flows and
the difference in elevation (i.e. ∆Hk, Qk
and H n ) may not be accurate because of
the relaxation of the non-convex
constraints. But a possible UB-solution
(given the lay-out from the LB-solution)
is easy to find just with an Excelworksheet using the goal seek function.
In other words the global optimal
solution may be found in the first
iteration (in the global optimization
procedure). Could it be so that the LBmodel will always provide a feasible
(and optimal) structure? This question is
a future track of research, however.
In order to ensure that the global
optimum is always found, the UBprocedure needs to be able to find the
solution to the UB-problem. In our case
example, this was done easily with any
nonlinear solver. We used the solver
implemented in Microsoft Excel. Since
the UB problem is a non-convex NLP
problem, it can be argued that the solver
by Microsoft Excel will not find the
global optimal solution to the UBproblem. However, the UB-problem can
be solved with a global optimization
method, such as the one presented in
[11], [12] and [18]. The method
presented in [11], [12] and [18] tackles
Generalized Geometric Programming
(GGP) problems with continuous and
integer variables. This method will
always find the global optimum to the
UB-problem and thus, if this method
will be used to solve the UB-problem,
the global optimum will be guaranteed
for the water distribution network
problem presented in this paper. Since
the global optimization method has
convergence proof for all GGP
problems, it could be argued that the
original problem formulation by [1]
could be solved directly with the actual

global optimization method, presented
here to solve only the UB-problem.
General global optimization methods
have often slow convergence and the
initial test showed that the even the
small test example in the next section
could not be solved with the problem
formulation by [1] and the method
presented in [11], [12] and [18] in a
decent time (probably not even in
months). The UB-problem is much
smaller than the entire problem (the UBproblem has no integer variables, except
from possible integer cuts), and can be
solved within decent time, and thus the
global optimal solution to the water
distribution network problems can be
found. The UB-procedure is under
further investigation. A more formal
presentation and discussion would be
adequate and interesting, but it is out of
the scope of this paper.
5. Example

In this section, an example of a network
consisting of 7 nodes is given. The
problem is well known and used in [1] as
well as in [8] and [10]. The problem
originates from [2]. Even if the problem
is small, the global optimal solution has
not been established (to the authors’
knowledge). The problem is often used
as a test example for algorithm
development and therefore suitable for
being used here as the example to test
the new global optimization procedure.
In addition several solutions in the
literature are given to approximate
problems with relaxed constraints, and
thus some solutions provided in the
literature may be better than actual
global optimum. A typical constraint that
is often relaxed is the H n ≥ H n, min
constraint, where the head elevation is
often assumed to be less than 30 m
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above the demand elevation. The
minimum flow in a pipe is assumed to be
-1120 m3/h and the maximum flow in a
pipe is assumed to be 1120 m3/h (c.f.
Figure 1).
The problem in [2] includes 7 nodes, 8
links and two loops. It has only one
source node (node 1) of fixed head
altitude of 210 m. The pipe lengths are
all fixed at 1000 m have a coefficient, C,
of 130. The demands and the head
altitude at each node are given in the
Appendix. The head has to be at least 30
m above the ground elevation, however.
The costs for the commercially available
diameters are given in the Appendix as
well as the global optimal solution.
The most recent solution obtained for
this problem by [8] and [10] as well as
[1] had an objective value of 419000.
This solution seems to be a good
solution, but not proven to be globally
optimal. Both [17] and [7] reported
objective values less than 403000, but
with approximate models. There is
obviously not clarity over the best
solution in this example. Therefore we
solved this problem with the new
method presented in this paper to global
optimality for ∆H min =30, 25, 20, 15,
and 10 respectively. The requirements
on the ∆H min parameter are sometimes
relaxed in the literature in order to obtain
better solutions. The solutions for the
different values of the ∆H min parameter
are given in Table 1 (all test runs
terminated in the first iteration in the
global optimization procedure). The LBproblems (model M2) has been solved
with the αECP-method [13], whereas the
UB problems has been solved with the
goal seek function in Microsoft Excel.

Global optimal objective value
30
419000
25
376000
20
336000
15
306000
10
290000
Table 1. Global optimal objective values for
the test examples for different ∆H min
∆ H min

It is worth noticing that for ∆H min = 30
(the basic assumption for the problem)
the actual global optimal solution has an
objective value of 419000 as given by
[8] and [10] as well as [1]. The global
optimal solution is also given in detail in
the Appendix (for ∆H min = 30). It is
worth pointing out that the global
optimum decreases quite rapidly when
the ∆H min parameter is changing. This is
interesting for actual applications in this
field; the designers of the water
distribution networks need to be
motivated to find the smallest possible
∆H min as well as investigate the possible
savings of reducing the ∆H min . Of
course, the designers need to evaluate
the trade-off between the savings in the
piping costs and extra costs for
decreasing ∆H min .
6. Discussion

In this paper, a new global
optimization method has been presented
for the water distribution layout problem
supplied by gravity. The new proposed
method uses a tight LB-model, which
can be solved to global optimality using
standard MINLP-methods (such as the
αECP-method). This LB-solution seems
to be very tight and may provide the
actual global optimal objective value for
the original non-convex problem (model
M1). This is not evident, however, and
therefore
a
global
optimization
procedure is outlined in section 4. The
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authors of this paper have not been
forced to iterate in the global
optimization procedure in order to solve
the example problem. An UB-procedure
is also discussed and used to obtain the
right variable values (for the global
optimum) and verify the solution of the
LB-procedure.
The example solved in this paper is wellknown and a main theme of research in
several contributions. Despite the focus
this specific problem has obtained, no
one has proven a global optimal solution
to the problem. The method proposed in
this paper was used to solve it to global
optimality with several values on the
minimum elevation difference, the
parameter ∆H min . Interestingly, the
global optimal value has been proposed
by several authors (without the
knowledge of it being the global optimal
solution). Other authors that have
presented objective values less than the
global optimal value have used
approximate methods or relaxed the
∆H min =30 constraint. Therefore a
sensitivity study of the ∆H min was made
to show that this parameter affects the
global optimal value significantly.
Further research in this area would be to
investigate whether the LB-solution will
always provide a feasible networkstructure. This would need further
attention and a proof would be required.
Also bigger water distribution networks
would need to be examined.
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Appendix

The data for the problem in [2] is given
in this Appendix. The structure and the
demand of each node are given in the
following figure. Note that the source
demand is negative.

The demand and elevation at each node
is given in the following table
-1120m3/h

100m3/h

100m3/h

n3

k7

k2

n2

Reservoir

n1

k3

Loop 1

3

k1

3

270m /h

120m /h

n5

k8

k4

n4

k5

Loop 2

Node
1
(source)
2
3
4
5
6
7

Demand (m3/h)

Elevation
(m)

-1120.0

210.0

100.0
100.0
120.0
270.0
330.0
200.0

150.0
160.0
155.0
150.0
165.0
160.0

330m3/h

200m3/h

n7

k6

n6

The cost data and the dimension data for
all available commercial pipes are given
in the following table:

The global optimal solution for the
problem is given in the following table
Flow
∆H (m)
(m3/h)
1120.0
6.7
336.9
12.8
683.1
4.8
32.5
14.6
530.6
3.0
200.6
4.9
236.9
6.7
0.6
6.7

Stream
1
2
3
4
5
6
7
8

Diameter
(in)
18
10
16
4
16
10
10
1

10

