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Abstract

where D ( T , ) denotes the total distance on the edges
of the Steiner tree generated by [7] and D ( T o p t )denotes the total distance on the edges of the optimal
Steiner tree. [6] presents an approximation algorithm
with the same time bound, but with D(T,)/D(T,,t)
5 2(1 - 1/L) where L is the number of leaves in the
optimal Steiner tree. The time bound of [6] has been
further improved by [5] to O(lEl+ (Vllog1VI).

The Steiner tree problem is to find a tree in a connected undirected distance graph G = (V, E , d ) which
V. The minimum Steiner tree
spans a given set S
for G and S is a tree which spans S with a minimum
total distance on its edges. I n this paper we consider
a special case of the Steiner tree problem in graphs.
For this problem we assume that the underlying graph
G does not have any direct edge between the vertices
iii S 5 V . The problem is t o find a tree in G which
spaiis the vertices in S and uses minimum number of
vertices in V - S.
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The bound 2(1 - 1/L) has been known to researchers in the field for a number of years as the best
worst-case ratio. It is not known whether there is an
approximation algorithm with worst-case better than
2 ( 1 - l / L ) ; in fact, it is widely speculated that no better worst-case bound for the Steiner tree problem can
be achieved in polynomial time.

Introduction

In this paper we consider a special case of the
Steiner tree problem in graphs. For this problem we
assume that the underlying graph G does not have
any direct edge between the vertices in S C_ V. The
problem is to find a tree in G which spans the vertices in S and uses minimum number of vertices in
V - S . Here, we present and analyse an efficient
approximation algorithm. The underlaying theme of
this approximation algorithm is the use of the shortest
paths between vertices in the graph. The approximation algorithm has a worst case time complexity of
O(lSl(lEl IVlk7lVI)), where IS11 IEl and IVI represent the number of Steiner vertices, the number of
edges, and the number of vertices in a given graph G
respectively.

The Steiner tree problem is to find a tree in a connected undirected distance graph G = (V, E , d ) which
spans a given set S C V . The minimum Steiner tree
for G and S is a tree which spans S with a minimum
total distance on its edges. The Steiner tree problem
has a wide variety of practical applications such as
communication networks, layout design of printed circuit board. the wire routing in physical VLSI design,
and distribution and transportation networks.
I t has been shown that finding a minimum Steiner
t r w for a n y given G and S is NP-complete [4]. In fact
eveii when distance functions are restricted to a particular class, the problem is still NP-complete [3]. This
iiieans that it is unlikely that an efficient algorithm can
be found to compute the minimumsteiner tree for any
given G and S . Thus approximation algorithms were
studied [7, 6, 8, 51. [7] presents an O(ISI(V21)approximation algorithm for finding a Steiner tree in a given
G and S . Moreover. it has been shown that
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The remainder of this paper is organized as follows:
In the second section we present some basic definitions. The approximation algorithm is given in section 3. The worst case time analysis of the algorithm
is given in section 4. The final section provides some
concluding remarks.
204
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Basic Definitions

In a connected undirected graph G = ( V , E , d )
where V is a set of vertices, E is a set of pairs of vertices called edges and d is a distance function which
m a p s E into the set of non negative numbers, let
S V be a set of Steiner vertices. A path from a
vertex U, to a vertex vy in G is a sequence of vertices
e,r U,,u j , ..., utrvY such that { U,, vi }, { vi, v j }, ...., {
ut , vy } are edges in E ; when U, = vy then the path is
called a loop. A simple path is a sequence of adjacent
edges { U,, vi }, { vi, vl }, ...., { u t , U,, } in which all
the vertices U,, U;,v j , ..., ut, vy are distinct. The length
of a path in G is the sum of the distances of its edges.
Among all the different paths between a pair of vertices, say U, and v y , a path with minimum length is
called a shortest path.
A connected subgraph of G is a tree if the removal of
any edge in the subgraph causes it to be disconnected.
We shall denote D ( T ) t o be the total distance on the
edges of the tree T . Let P A T H ( W , v ) denote a path
whose length is minimum among all shortest paths
froin vertices in W to vertex v where W C_ V and
v E
- IV.

c

Steiner vertices which are directly connected (through
an edge) to this path to the subgraph GI.
Case 2: Among all these non-Steiner vertices find
the one which is directly connected (through an edge)
to the maximum number of Steiner vertices. Add such
a non-Steiner vertex and all the Steiner vertices directly connected to it to the subgraph GI.
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Theorem 1: The running time of the algorithm is
proportional to IS((lE1 IVJloglVI).
Proof. Clearly the worst case time complexity of
this algorithm is dominated by the computation of
the shortest paths between all pairs of distinct Steiner
vertices and the vertices in V - S . This can be done
using Dijkstra’s shortest algorithm [l, 23. Hence the
running time of the algorithm is in the worst case
ISl(lEl + IVI~O~IVO.
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The Approximation Algorithm

In the following we give an algorithm for finding a
Steiner tree in a connected graph G.
Intializat ion:
Initially, we start with a subgraph GI = (V1,El)
where VI = 0 and E1 = 0. Also, initially, among
all the vertices in V - S we choose the one which is
directly connected to the maximum number of vertices
i n S.We add these vertices to VI and the edge between
t liwn to El.
Milin Loop:
Repeat the following steps until all the Steiner vertices are included in GI.
Find all the non-Steiner vertices which are directly
connected (through an edge) to the most recent nonSteiner vertex added to the subgraph GI. Now we
consider the following two cases. If none of these
non-Steiner vertices are directly connected (through
an edge) to one or more Steiner vertices then go to
case 1, otherwise go to case 2.
Case 1: Find a vertex vi in S - VI such that
PrlTH(V1,. u t ) has the minimum length (the length
of a path here is the number of edges on that path).
Add all the vertices on this path and their corresponding edges to the subgraph G I . Also, add all the
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Summary and Conclusions

In this article we have presented an approximation
algorithm for a special case of the Steiner tree problem
in graphs. For this problem we assume that the underlying graph G does not have any direct edge between
the vertices in S V.
The problem we address here is to find a tree in
G which spans the vertices in S and uses minimum
number of vertices in V - S . It remains to be seen
how well this algorithm performs in comparison with
an optimal Steiner tree. An interesting open question
is to decide whether or not there exists a constant C
such that the worst-case error ratio of the algorithm
is less than or equal to C.
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