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A Combined Analog-Digital Differential Analyzer
HAROLD K. SKRAMSTADt

problem be scaled so that the maximum value of all
dependent variables will not exceed unity. Let each
of the two dependent variables x and Y consist of a
digital part and an analog part, denoted by the subscripts D and A, respectively. Thus, we have:

INTRODUCTION

HE ELECTRONIC analog computer, although
very useful in solving many problems, and particularly useful in solving dynamic problems
described by differential equations, suffers from limitations of accuracy and dynamic range. The digital
x = XD + XA
(2)
differential analyzer, although capable of providing
Y = YD + YA
(3)
any required degree of accuracy or dynamic range,
1 t
is slow in operation and subject to possible instability
Y = YOD + YOA + T
(XD + xA)dt
(4)
of solution due to quantization and the use of finite
o
difference calculus in integration. By combining
Let us assume time to be divided into discrete equal
analog and digital techniques, it is possible to comintervals of duration I1t, and that the digital parts of
bine the analog advantages of high speed and conx and Y can change only at times which are integral
tinuous representation of variables with the digital
multiples of I1t. We may then write for the value of
capability of high precision and large dynamic range.
Y at a time t somewhere in the nth interval:
Dependent variables in such a combined system
are represented by two quantities, a digital number, Y = YOD + YOA
representing the more significant part, and an elec1 {; (xD),l1t + (XD)n t t - (n -l)l1t} + xAdt (5)
+T
trical voltage representing the less significant part.
o
As in the electronic analog computer, the independent
variable is always time. Let us consider what form where (XD)i is the value of XD during the ilk interval
some of the required computer components, such as I1t. Fig. 1 shows a curve of x as an arbitrary function
integrators and multipliers, would take in such a of t. The area under this curve from t = 0 to any
arbitrary t would equal yT in equation (5), assuming
combined system.
that the first two terms (YOD and YOA) on the right
INTEGRATOR
of equation (5) are zero. The first term in the brackAssume we wish to obtain the following:
eted expression, represented by area 1, is the integral
of the digital part of x up to the time (n - 1)l1t.
1
The
second term in the bracket expression, repre(1)
Y = Yo + T
xdt
sented by area 2, is the integral of the digital part
of x between (n - 1)l1t and t. The third term, reprewhere x and yare functions of the time, and T is sented by area 3, is the integral of the analog part
the "time constant" of the integration. As in the of x from t = 0 to t.
digital differential analyzer, it is necessary that the
Fig. 2 is a block diagram of an integrator unit. It
contains an input digital register XD, a digital register
R, two digital-to-analog converters, a conventional
AREIA 3~
analog integrator, a special resettable analog inte,/
~~
an analog summer, and a comparator unit.
grator,
p{ A~
I----The
register
YD shown on the far right of the figure is
t;. I~ ~
/ARI::A 2
/
the input register of the next component to which this
unit might be connected in solving a problem. E is the
~~
analog reference voltage supplied to the digital-to'On
analog converters, and 'X is the digital equivalent of the
reference voltage E, chosen for any given problem so
.1
'°1 X,02
as to provide the desired compromise between speed
of solution and precision, but subject to the limitation
that / dx/dt /max should not exceed a/l1t. The number
(n-I),
o 61 261 361
nAI
of digits required in the XD and R registers will deFig. I-Diagram of integration method.
pend upon the minimum value of a for which provision is to be made; the minimum value of a will be
one in the least significant digit of the XD register.
t National Bureau of Standards, Washington, D. C.
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to ilt / a, as can be seen from the following. Assume
that from time 0 up to a time t during the nth interval ilt, the comparator has caused N subtractions
of unity from the R register, and the addition of
N to the YD register. The contents of the R register at
this time is:
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n-1

Li=l (XD).

R =
Va-IVI tV2tv3)

(10)

- N

and the value of YD is given by

=EYA
--.c

RESETTABLE
ANALOG INTEGRATOR
TIME CONSTANTzAt

= YOD

YD

+ Na

(11)

Substituting equations (6), (7), (8) and (10) into (9)
and solving for YA, we obtain:

ANALOG VOLTAGE
FROM OTHER UNITS

n-1

Y A = a i~ (X D) i - N a

Fig. 2-Integrator unit.

+ ~t (X D) n

{t - (n - 1)ilq
t

At the beginning of each ilt period, the values XD
and R are sampled and converted to analog voltages
which are held constant during the period, unaffected
by future changes in XD or R which occur during the
period. The value of XD is then algebraically added
to the R register. The voltage VI, which represents
that portion of the prior summation of (XD)i ilt which
is of analog magnitude is given during the nth interval
iltby:
(6)
The voltage V 2, which provides integration of the
current XD value within the nth interval ilt, and which
is reset to zero at the end of this interval, is given by:

+ YOA + ilt
~ fXAdt

(12)

Adding equations (11) and (12), we have
Y

= YD

+ YA

+ :t [X=:(XD)

= YOD
i

+ YOA

lit + (XD). {t - (n -1)lIt}

!

+

xAdt ] (13)

Equation (13) is seen to be identical to equation (5)
if T = ilt/a.
AOO Xo TO A
EACH INCREMENT

_~:<:!~~R~~~r:!.T~_

CLOCK
PERIOD M

CLOCK
PERIOD At

INY-O-- ;

FROM OTHER UNITS

I

(7)

L

The voltage V 3 , which results from the purely analog
integration of the continuously varying analog part
of x, is given by:

V3 = -EYOA - ~
a

ilt

J

EYA
a

= V = -(VI

lFPER
THRESHOLD
VOlJAGE

LOWER
THRESHOLD
VOLTAGE

t

EXAdt
a

(8)

o

These three voltages are added in the analog summer
to give voltage V. The analog part of the output of the
integrator is equal to:

-

E

+V +V
2

3)

:,:<:!,!C..R~~E~!:S__
FROM OTHER UNITS

:

CLOCK
PERIODAt

Fig. 3-Multiplier unit.

(9)

If, at any time during a period ilt, the voltage V at
the output of the analog summer exceeds a predetermined upper threshold, this is sensed by the comparator and, during the next ilt interval immediately
following the addition of XD to R, unity is subtracted
from the R register and the number a is added to
the input register of the following unit (YD in Fig. 2).
Conversely, if the voltage V falls below a predetermined lower threshold, unity is added to the R register
and the number a is subtracted from the input register
of the following unit.
The time constant T of this integrator unit is equal

MULTIPLIER

Let us now investigate the form taken by a combined analog-digital multiplier. Suppose we wish to
obtain the product z = xy. Assuming, as before, that
each variable consists of a digital part and an analog
part, we have:

= XDYD + XAYD + XDYA + x~ YA (14)
where the subscripts D and A signify the digital and
analog parts, respectively. Assume, as before, that
time is divided into equal intervals of duration ilt,
and that the digital parts XD and YD can change only
ZD

+ ZA

From the collection of the Computer History Museum (www.computerhistory.org)

1959 PROCEEDINGS OF THE EASTERN JOINT COMPUTER CONFERENCE

96

at times which are integral multiples of flt. Fig. 3 is
a block diagram of a multiplier unit. It has three
digital registers for XD, YD, and R, three digital-toanalog converters, an analog summer, an analog multiplier, and a comparator unit. As before, E is the analog reference voltage and a is the digital value of the
reference voltage E, chosen for any given problem so
as to provide the desired compromise between speed
of solution arid precision, subject to the condition that
nei ther I dx / dt Imax nor I dy / dt Imax should exceed a / flt.
At the beginning of each period flt, the values of
XD, YD, and R are sampled and converted to voltages
which are held constant during the period. If, during
the period, XD receives an increment (or decrement)
a from another unit, YD is added to (or subtracted
from) R; and if YD receives an increment (or decrement) a from another unit, XD is added to (or subtracted from) R. If both XD and YD change during flt,
the additions to R must either be done serially, using
the new XD or YD obtained after each addition to R,
for the next addition to R, or some other system must
be used to obtain a true digital product XDYD. The
quantity XDYD can contain twice as many digits as
XD or YD; the more significant part will be of digital
magnitude, and appear in ZD, the input register of the
following unit; and the less significant part will be of
analog magnitude, and remain in the R register. The
reference voltage E is applied to the digital-to-analog
converter connected to register R, producing an output voltage V 1 = ER; the input voltage yAE / a is
applied to the converter connected to the register XD
producing-an output voltage V 2 = EXDYA/a, and the
input voltage EXA/ a is applied to the converter connected to register YD producing an output voltage
V3 = EYDXA/ a. An analog multiplier is connected to
the two analog inputs EYA/ a and EXA/ a. Its output,
attenuated by a, produces a voltage V 4 = EXAYA/a.
An analog summer sums the voltages Vb V 2, V 3, and
V 4 to produce a voltage V equal to - EZA/ a.

During the next flt after the voltage V exceeds (or
falls below) predetermined threshold voltages, unity
is subtracted from (or added to) the R register and
the number a is added to (or subtracted from) the
input register of the following unit (ZD in Fig. 3).
It should be noted that for small values of a the
analog multiplier may be omitted, producing a maximum error of a. For values of a less than the resolution of the analog components, say .001 or less, this
error is negligible.
If one of the factors to be multiplied is a constant,
the equipment required is simplified, since only one
digital register needs to be capable of accepting increments, and the R register receives additions from
only one other register. If the factor is a purely digital quantity, one of the digital-to-analog converters
and the analog multiplier may be omitted.
SUMMING

Summing may most easily be done by permitting
each integrator or multiplier unit to accept digital
increments and analog voltages from several units.
For example, in the integrator of Fig. 2, if the ± a
increments from a number of other units are connected to its x D register, and if the sum of the increments put out by these units is N a during any period,
the increment in XD would equal N a. The analog outputs from the other units would each be connected
to an input summing resistor in the analog integrator.
In the case of the multiplier unit, if the ± a increments from a number of other units are connected
to its x register, and if the sum of the increments put
out by these units is N a, YD would be summed into
the R register N times. The analog outputs from the
other units would be connected to inputs of an analog
summer whose output would form the analog input
xAE / a to the multiplier.
SOLUTION OF SIMPLE DIFFERENTIAL EQUATIONS

r----------------

I
I

----------------,

I

I
I

I

I

I
IL

I

___ _

_ _ _ _ ...JI

Examples of the operation of this proposed combined system can be seen from following in detail how
some simple differential equations would be solved.
Let us consider first the differential equation
x = -x

v
RESETTABLE
ANALOG
INTEGRATOR

(15)

Fig. 4 shows a block diagrarrl of how a single integrator unit with output fed back into its input
would solve this equation. The voltages Vl, V 2 , V 3 ,
and V are those defined in equations (6) to (9).
Differentiating equations (6) to (9), we obtain,
since V l = 0
.

EXD
flt

V =ANALOG
INVERTER

Fig. 4-Integrator used,to solve:

:i:

=

-x.

.

V3

(16)

From the interconnections of Fig. 4, the following
expression must hold:

From the collection of the Computer History Museum (www.computerhistory.org)

97

Skramstad: Combined Analog-Digital Differential Analyzer
.

a

Va =-V

(17)

~t

r-----------------------

1
1

1

I

1

V will then be given by the following differential
equation:

I

L

(18)

Subject to the initial conditions that at t = 0,
= XOD, and - V = EXOA/ a the differential equation will have the following solution:

XD

RESETTABLE

ANAlOG

INTEGRATOR

V

= EXD _ E(XOD

a

+ XOA) e - Xi

t

(19)
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=

-x'
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Fig. 6 shows a block diagram of how two integrator
units would be interconnected to solve these equations. The voltages V h V 2, Va, V are those defined
by equations (6) to (9), and occur in the integrator
containing x; the primed voltages are those which
occur in the integrator containing x'. Differentiating

~

~

Fig. 6-Two integrators interconnected
td solve:
= x, X = -x'.

Another example of the operation of the proposed
combined system is the solution of the following pair
of simple differential equations:

.......... ............. .......... ......... ........ ......... ......... ......... T
1----

""-r-...

'""'"

2

f--
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I
I

ANALOG
INTEGRATOR

-v'

and x will be given by
x =

ANALOG
SUMMER

RESETTABLE
ANALDG
INTEGRATOR

ANALDG

SUMMER

-

equations (6) to (9), we have, since V l

""-

"'xo+x;:::

=

V'l = 0:
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Fig. 5-Time history of solution of

x=

-x.

Fig. 5 shows in detail the quantities that would
appear in the XD and R registers, the voltages VI, V 2 ,
Va, and V as functions of the time, using the following parameters:
E = 100 volts
XOD =

0.5

a
XOA

= 0.1

~t

xDE

The threshold values on V for initiating decrements
to the XD register and subtracting one from the R
register are plus and minus 50 volts. In this example,
since a = 0.1, the precision obtained in solving this
equation should be 10 times that which would be
obtained in solving this on a purely analog computer
with analog components of equivalent precision to
those of the combined system.

(24)

From the interconnections of Fig. 6, the following
expressions are seen to hold:

V· a

=

+ ~ta V'

(25)

V'a

=

-!::.. V

(26)

= 0.1 sec

= 0

V'a

~t

The quantities V and V' therefore will be given by
the following differential equations:

v

= xDE ~t

~ V'

(27)

~t

(28)

Subject to the condition that at t = 0,

From the collection of the Computer History Museum (www.computerhistory.org)

XD

=

XOD,

1959 PROCEEDINGS OF THE EASTERN JOINT COMPUTER CONFERENCE

98

= X'OD' V = x'oAE/a, - V' = xOAE/a; these
differential equations will have the following solution:

·X'D

V=

E,
- X D

-

a

E(

+;
V'

E

= - XD a
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')
at
+ -E(,
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~
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- (XOD
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+

XOA)

+

XOD

+.2

). at
XOA SIn ~t

+.1

at

-.1

~

-.2

a
E

V'

-.3
-.4
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+ E~ V

at
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(X ,OD

' ~t
at
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+
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X OA
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Fig. 7-Time history of solution of

x'

= x, ~ = -x'.

Fig. 7 shows in detail the voltages which would
appear as a function of the time when solving the
above equation, using the following values of the
various parameters:
E

=

XOD =

As in the previous example, the threshold values
on V and V' for initiating positive or negative increments to the X'D or the XD register, are plus and minus
50 volts, respectively. Fig. 8 shows the results of
combining the digital and analog portions. The
stepped curves are the digital part only; the smooth
curves are the sum of the digital and analog parts. As
in the first example, the precision attained should be
10 times that which would be obtained solving these
equations on an analog computer with analog components of precision equivalent to those used in the
combined system.

-

~-L-1---Vz !

t
Fig. 8-Plot of x and x' as functions of time.

-

X' = X'D

VJ

(30)

and the quantities X and x' will be given by the following expressions:
X = XD -

\

0

cos -

E(,
' ) • at
+:;
X OD + X OA SIn ~t

L \1

(29)

100 volts
0.5

a =
XOA

0.1

=0

~t =

x' OD

=

0.1 sec
0

X' OA =

0

N ow a few words on the characteristics needed in
t he hardware to realize the above components. For
a maximum speed-precision product to be obtained,
the value of At should be as small as possible consistent with hardware limitations. The smaller ~t is
made, however, the greater the bandwidth required
in the operational amplifiers, since the analog voltages must be capable of a full scale voltage excursion
E during the time ~t. The digital-to-analog converters
should be capable of holding their output values
constant during each period of ~t and equal to its
value at the beginning of the period, and then rapidly
changing to its new value at the beginning of the
next period. In the case of the integrator, the necessary additions of XD to R, subtractions of ± 1 from
R, and incrementing the input registers of following
units and, in the case of the multiplier, the additions
of XD and YD to R, subtractions of ± 1 from R, and
incrementing the input registers of following units
must all be completed within the period At. In the
integrator unit, the resettable analog integrator
might well consist of two analog integrators with
switching between them so that each is used to integrate during alternate ~t periods while the other is
being reset.
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DISCUSSION AND CONCLUSIONS

There are a number of problems associated with
this combined system that have not yet been investigated. One of these, which this computer has in
common with both analog and digital differential
analyzers, is that of proper scaling so as to prevent
overflowing of the digital registers or saturation of
the analog integrators. Another is the choice of the
threshold voltages for the comparator units. It is
possible that the best value for both upper and lower
threshold voltages should be zero - requiring a positive or negative digital increment to be sent to the
next unit each ~t, depending upon the sign of the
voltage V. The problem of scaling and choice of
thresholds are interrelated. and it should be possible
to exercise some control over the overloading of
analog integrators by proper choice of the threshold
voltages.
The number of digits to be carried in the digital
registers depends, of course, on the minimum value
of a for which provision is to be made. In general,
the R registers should contain one more binary digit
than the other registers to prevent overflow under
conditions where a large XD of the same sign as R is
added to R.
For any particular problem, the value of a to be
chosen depends upon the particular compromise
between precision and speed of solution desired. As a
simple illustration, consider integration of the function x = A sin wt, and assume ~t equals .001 second,
a = .001, and A is 1. Since the maximum time rate
of change of this function Aw should not exceed a/ ~t,
the highest frequency representable at full-scale amplitude would be w = a/ A~t = 1 radian per second,
and the precision (assuming an analog resolution of
.001) would be one part in one million. If we chose
a = .1, the highest frequency representable at full
scale amplitude would be 100 radians per second, and
the precision would be one part in ten thousand.
The combined analog-digital differential analyzer
of the type described shows promise of overcoming
some of the limitations of present designs of differential analyzers which use purely analog or purely digital techniques. Also if analog components of sufficient
bandwidth are available, the precision-speed product
of this combined system should be greater than that
possible with a parallel digital differential analyzer
having equal length digital registers and equal iteration rate, by a factor dependent upon the resolution
of the analog components - perhaps a factor of one
thousand.
The greatest usefulness of the proposed system is
believed to be on problems where the precision required is of the order of 10 to 100 times that obtainable by analog methods, yet requiring the real-time
speed of analog methods. In this case, integrators and
multipliers of the combined system would contain

99

short digital registers and only moderate requirements would be put on the speed of switching circuits and the bandwidth of the analog components.
Work is under way at the National Bureau of
Standards to construct breadboards of two integrator
and two multiplier units, each capable of receiving
inputs from two other units. The digital registers
and digital-to-analog converters are being constructed from transistorized digital building block
packages developed at NBS, and the analog components from commercially available wide band
amplifiers. These units are planned to have 7 bit plus
sign input registers, 8 bit plus sign "R" registers, an
analog reference voltage of 10 volts, and operating
with a ~t of one millisecond.
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DISCUSSION

M. Rubinoff: I note there is no analog to digital conversion in the
drawings. Is this true for the entire system?
Dr. Skramstad: This is true of the entire system. At no time do we
have to convert an analog voltage to a digital quantity. Going from
digital to analog is the easy way.to go.
Mr. Rubinoff: I believe you said something about - I hope I am
quoting you correctly - this system has 10 times the precision of an
analog computer. What does this mean, 10 times as many digits?
How does this compare with the DDA with greater precision?
Dr. Skramstad: The factor 10 applies only to the example shown; the
actual factor depends upon the value chosen for a. In the example
given, assume that 100 volts could be divided to a resolution of a
part in a thousand, say, so that you might say that a tenth of a volt
would represent, in a way, the least significant digit. Now in the
examples I showed, the analog voltages would go through this 100
volts 10 times as the variable goes from zero up to unity. The effective
resolution would thus be a part in 10,000.
D. Cohen (Airborne [nst. Lab.): Does the comparator have to be
more accurate than in the pure analog computer to achieve the 10
times resolution?
Dr. Skramstad: The comparator does not have to be precise; it only
detects that a theshold voltage has been exceeded sometime during
the interval.
Mr. Labin (AERO, France): Would the cooperation of a digital block
to the differential analyzer allow treatment of non-linear equations,
at least approximately?
Dr. Skramstad: I think it would. I have not had time to go into what
various non-linear components would be like in this system. I believe
non-linear components could be devised that would work with the
system.
N. Nesenoff (Republic Aviation): Could you indicate the percentage
of equipment saved by the combined analog-digital system when
compared to the equipment required by a purely digital system of
equal accuracy?
Dr. Skramstad: This would be a hard one to put a figure on. I think
the big advantage here is that you still have what you might call
real time speed capability for real time simulation of physical systems. As you all know, analog computers a.re very useful in real time

From the collection of the Computer History Museum (www.computerhistory.org)

100

1959 PROCEEDINGS OF THE EASTERN JOINT COMPUTER CONFERENCE

simulation of dynamic missile systems and aircraft systems, but often
there are a number of variables that have to be carried to higher
precision than the analog is capable. This system would allow you to
carry those variables in the combined systems where additional
precision is required.

tion of physical systems where the precision of the analog computer is
not quite great enough, and thus by the addition of short digital
registers and digital components to an analog system, it would be
able to handle these cases.

Mr. N eseno:ff: Did you ever build a computer of this type?

E.M.Ginsberg(BurroughsCorp.):Pleasecommentontheaccumblation
and propagation of errors due to tolerances in the two systems and
incurred by overlapping at different precision points.

Dr. Skramstad: No, this is just an idea. We are in the process of building up a breadboard to tryout the idea. We are planning a device
carrying 7 bits plus sign in the X register, 8 bits plus sign in the R
register, and voltage of 10 volts. I hope to be able to report how this
works at a later date.

Dr. Skramstad: Any errors due to drift in amplifiers in the analog
portion can affect only the precision of the analog part, and these
errors would be decreased in the overall solution by the factor Alpha.

F. Verzuh (MIT): Comment on the solution of general integration:
W = I/ K f udv where v = time using your device. (Chairman: I
think he is getting back to the fact that digital differential analysers
will work with any variable whereas the analog computer insists that
the independent variable in the integration is time.)
Dr. Skramstad: This is the limitation of this system, just as it is a
limitation of the electronic analog computer. You have to devise the
program in such a way as to associate time as the end variable.
Mr. Rubinoff: So it loses the advance that the digital has?
Dr. Skramstad: That is right. The multiplying device, however, is
working only in dependent variables. For problems not involving
integration, you are free of this limitation.
D. A. Bourne (IBM): Please summarize what you consider the most
important advantages of a hybrid computer.
Dr. Skramstad: Well, I think I just mentioned that in the answer to
another question. I think the greatest usefulness would be in simula-

Mr. Ginsberg: Please comment on any effect in slew time with this
system as compared to a DDA.
Mr. Rubino:ff: Slew time is the rate at which numbers can be changed
in the differential analyzer, which limits the simple DDA.
Dr. Skramstad: I think some of the same techniques used in DDA
would apply directly to thif3 computer. I would think it would be a
similar problem to that of the DDA.

K. Enslein (Brooks Research): How about the possibility of two
different Deltas, one coarse and one fine?
Dr. Skramstad: This is something I haven't considered as yet. It
might be worth looking into.

M. Tayyabkhan (Union Carbide): Would the use of floating point
arithmetic in the digital registers solve some of the scaling problems
of analog computers?
Dr. Skramstad: Well, now there is a possibility here. Again. this has
not been investigated so that I cannot give a definite answer to that
one.
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