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Abstract

robotic device can be taken into account without changing the
basic structure of the system. In order to circumvent the need to
explicitly compute the depth map of the target, adaptive control
techniques are proposed. In other words, the adaptive control
algorithms compensate for the partially unknown inverse
perspective transformation. Experimental resulk are presented
to show the strengths and the weaknesses of the proposed
approach.

Using active monocular Vision for 3-D visual control tasks is difficult
since the translational and the rotational degreesof freedom are strongly
coupled. This paper addresses several issues in 3-Dvisual control and
presents adaptive control schemes for the the problem of robotic visual
servoing (eye-inhand configuration) around a static rigid target. The
objective is to move the image projectionsof several feature points of the
static rigid target to some desired image positions. The inverse perspective transformation is assumed partially unknown. The adaptive controllers compensate for the servoing errors, the partially unknown
camera parameters, and the computational delays which are introduced
by the time-consumingvision algorithms. We present a stability analysis
along with a study of the conditions that the feature points must satisfy
in order for the problem to be solvable. Finally, several experimental
results are presented to verify the validity and the efficacy of the
proposed algorithms.

The organization of this paper is as follows: Section 2 describes
some previous efforts for the solution of the problem. The
mathematical formulation of the 3-D visual Sewoing problem is
described in Section 3. Section 4 gives an outline of the vision
techniques (optical flow) used for the estimation of the positions of the features' image projections. The control and estimation strategies are discussed in Section 5. The experimental
results are presented in Section 6. Finally, in Section 7, the
paper is summarized.

1. Introduction

2. Previous Work

Vision sensors (e.g.,CCD cameras) have revolutionized the area
of sensor-based robotics by introducing flexibility in conventional robotic systems. The recent introduction of inexpensive
and fast real-time image processing systems allows for the
efficient integration of the visual sensory information in the
feedback loop of a robotic system. Even though, the robotic
visual control area has drastically expanded in the recent years,
its main focus has remained the 2-D visual tracking by using
the information of static cameras. One of the biggest challenges
left is the extension of robotic visual control to 3-D tasks.

The problem of robotic visual servoing around a static target
has been addressed by various researchers [3,2,4,5]. Weiss et
al. [3] have used a model reference adaptive control scheme in
order to solve the problem. Their scheme has been verified by
several simulations. Chaumette et al. [2,4] have proposed a
method that combines a pre-computed Jacobian (from the target frame to the camera frame) with a simple adaptive control
law. Four features are tracked by using simple line scanning
techniques. The objective of their research is to make the robotcamera system reach a certain pose with respect to the static
target. Hashimoto et al. [5]have presented a neural network
based approach to the problem. The neural network learns the
inverse perspective transformation after several trials while
four feature points are used. The approach has been tested by
running several simulations. The next section presents a mathematical model of the 3-D visual servoing problem around a
static target.

In this paper, we apply the controlled actiw vision framework
(introducedin [l]) to the problem of servoing and repositioning
around a static target. This problem can be defined as "move
the manipulator (the camera being mounted on the endeffector) such that the image projections of selected feature
points of the target reach some desired image positions." Contrary to previous research efforts [2], we assume only partial
knowledge of the inverse perspective transformation. In order
to achieve the objective of robotic visual servoing, computer
vision techniques for the detection of motion are combined
with appropriate control strategies. The result is the computation of the actuating signal for driving the manipulator. The
problem is formulated from the systems theory point of view.
An advantage of this approach is that the dynamics of the

3. Modeling of the Visual Servoing Problem
We assume a pinhole camera model with a frame R, attached to
it. Consider a static target with a feature located at a point P
with coordinates (X,, Y, ,Z,) in R,.The projection of this point on
the image plane is the point p with image coordinates ( x , y )
given by:
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where f is the focal length of the camem and sI ,s are the
Y
dimensions ("/pixel)
of the camera's pixels. In addition, it is
assumed that 2, > > J and that the camera moves in a static
environment with a translational velocity T=(Tx ,T ,TJ' and
with an angular velocity R = ( R , , R ,R,)' with resiect to the
camera frame R,. The optical flow eq'uations are [61:

(14)

y (k+ 1) = y ( k ) + T q - d + 1 vc(k)+ v2 (k)

(15)

where v1 (k) and v2(k) are zero-mean, mutually uncorrelated,
stationary random variables with variances o12and ,a
: respectively. The above equations can be written in the state-space
form as:
X, (k + 1) = A, (k)~ , . ( k )+B, (k- d + 1) U (k- d + 1) + H,(k) V, (k)
(16)
where A, (k)= H, (k)= I,, x, (k) E
The matrix B, (k) o @ is:
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v are also known as the optical flow measurements.
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In order to keep the notation simple and without any loss of
generality, in the mathematical analysis that follows, we use
only the relations described by (4)-(5). Consider now a neighborhood S, of p in the image plane. Assume that the optical
flow of the point p at time kT is ( u ( k r ) , v ( k T ) )where Tis the
time between two consecutive frames. It can be shown that at
time k T, the optical flow is:
U (k T ) = U
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where wr(k)=(w,(k),w2(k))' is a white noise vector
(w, (k) N(0,W))and C,= I,. The measurement vector is computed using the SSD algorithm which is described in Section 4.

-

One feature point is not enough for the calculation of the
control input vector u(k) due to the fact that the number of
outputs is less than the number of inputs. Thus,we are obliged
to consider more points in our model. To make the number of
inputs equal to the number of outputs, we should consider
three feature points which are not collinear. The reason for the
noncollinearity will be investigated in section 5. Having more
than three feature points will result in a larger number of
outputs than inputs. Without additional constraints
(knowledge of the 3-Dmodel of the target, etc.), it will be
impossible to control the system so that all the outputs can
track arbitrary desired values in the steady-state. In our approach, the robot-camera system is not required to take a
certain pose with respect to the static rigid target. The only
objective is to move a certain number of features to some
desired positions on the image plane. Additional objectives
such as a predefined pose require at least four feature points
[2]. In our formulation the depth parameter of each one of the
feature points is estimated on-lie by an adaptive estimator,
and therefore, the relative position of the object with respect to
the robot-camera system can be computed.

(6)

v (k r ) = v (k r )
(7)
where uc (k T ) and vc(k T ) are the components of the optical flow
induced at the time instant k T by the servoing motion of the
camera. Without any loss of generality, equations (6) and (7)
will be used with k instead of kT. Fipations (6) and (7) do not
include any computational delays that are associated with the
computation and the realization of the servoing motion of the
camera. If we include these delays in the model, equations (6)
and (7)will be transformed to:

where d is the delay factor (d E ( 1 ,2, . . .
vious analysis, U, (k) and vc (k) are given by:

0

e,

2s

2s

[

= .I

p,u(k) E R6, and v, (k) E @.

The vector x,(k)=(x(k) ,y(k))'
is the state vector,
U (k)= (T,(k),rY(k),T, (k),R, (k),R~(k),R, (
k)' is the control input vector, and vF (k) = ( v , (k) ,vz (k)' is the white noise vector.
The measurement vector yF (k)= (k),y , (k)' for this feature is
given by:

assume s I = s y = f =1, equations (2)-(3)become:
U=[

+

x (k+ 1) = x (k) T q - d + uc ( k ) v1 (k)

1). From the pre-

The state-space model for three feature points can be written as:
x (k + 1) = A (k)~ ( k+)B (k- d + 1) U (k- d + 1) +H( k ) (k)
~
(18)

If we substitute ~ ( kand
) v(k) in (8) and (9)
x(k+ l)-x(k)
expressions U (k)=
and v ( k ) =

where A(k)=H(k)=I, x ( k )
B ( k ) E R6I6is;
T

equations (8) and (9) can be written as:
x ( k + l ) =x(k)+Tq-d+luc(k)

(12)

y (k+ 1) = y (k) + Tq-d+ I vc(k).

(1 3)

B(k)

Further, if we model the inaccuracies of the model (neglected
accelerations, inaccurate robot control) as white noise, (12) and
(13) become:
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E
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The matrix

i=k-l
i=k-1
v(k)=(v,~'~(k),V2~'~(k),vl~z~(k),vz~~~(k),v1~3~(k),v2~3~(k))~
is
v ( j ) , u m i ~ = L ~ / p J .(24)
the new white noise vector. The new measurement vector
y(k)=(~,(')(k),y,(')(k),~,(~)(k),y~(~)(k),y,(~)(k),y~(~)(k))~
for
in terms of accuracy and
three features is given by:
computational complexity proved to be the last one. The con(19)
y (k)= c x (k)+ w (k)
tinuous computation of the displacement vectors helps us to
where
w~k)=(w,(')(k),~~(~)(k),
~ , ( ~ ) ( ~k )~ , ( ~ ) ~( ,k( )~ ,) ( k ) , continuously update the coordinates of the image projections of
the feature points.
wz(3)( k ) f is the new white noise vector (w(k) N(0,W)) and

-

C = I,. More feature points can be integrated in our model by
augmenting the block matrix B (k) and the measurement, state,
and white noise vectors.

The next step in our algorithm involves the use of these
measurements in the visual servoing process. These measurements should be transformed into cartesian control commands
for the robotic system.

We can combine equations (18)-(19) into a MIMO (Multi-Input
Multifitput) ARX (AutoRegressive with auxiliary input)
model. This model consists of six MISO (Multi-Input SingleOutput) ARX models. In addition, the model's equation i
s

A (k)(1 -q-') y (k)=B (k-d) u (k-d) + n (k)

5. Control, Estimation, and Stability
The control objective is to move the manipulator in such a way
that the projections of the selected features on the image plane
move to some desired positions. This section presents the control strategies that realize this motion, the estimation scheme
used to estimate the unknownparameters of the model, and the
stability analysis of the proposed visual servoing algorithms.

(20)

where n(k) is the white noise vector. The new white noise
vector n(k) corresponds to the measurement noise, modeling
errors, and noise introduced by inaccurate robot control. In the
next section, we will examine the way we obtain the position of
the features' projections on the image plane.

Since the depth information is not directly available, adaptive
control techniques can be used for visually selvoing around a
static object. Adaptive control techniques are used for the
recovery of the components of the translational and rotational
velocity vectors T (k) and R (k), respectively. These adaptive
control techniques are based on the estimated and not the
actual values of the system's parameters. This approach is
often called certainty equivalence aduptiw control[8]. A large
number of algorithms can be generated, depending on the
choice of a parameter estimation scheme and the control law.
The rest of the section will be devoted to the detailed description of the control and estimation schemes.

4. Update of the Features' Image Projections
The continuous extraction of the positions of the features'
projections on the image plane is based on optical flow techniques ( U and v are the optical flow components). For accuracy
reasons, we use a modified version of the matching based
technique[7] also known as the Sum-of-Squared Differences
(SSD)optical flow.For every point pA=(xA,yA)' in image A, we
want to find the point ps = (xA + U , yA+ vf to which the point pA
moves in image B. It is assumed that the intensity values in the
neighborhood L of pa remain almost constant over time, that
the point ps is within an area S of pA, and that velocities are
normalized by the time period T to get the displacements. Thus,
for the point pA the SSD estimator selects the displacement
d = (U, vf that minimizes the SSD measure:
e(

PA,d) =

c

m,nE

.

[IA(x, + m yA +n)-Is(xA + m + U . y, + n + v)I2

5.1. Design of the Controller
The control objective is to move the features' projections on the
image plane to some desired positions. The repositioning of the
projections is realized by an appropriate motion of the camera.
A simple control law can be derived by the minimization of a
cost function that includes the control signal
J(k+ 4 [y (k+ 4-i(k+ 4l'Q[y (k+ 4- y'(k+ 61+ u'(4 L U W .
(22)

(21)

-

N

where U ,v E S, N is an area around the pixel we are interested
in, and IA,I, are the intensity functions in images A and B
respectively. Variations of the previous technique are used in
our experiments. In the first variation, image A is the first
image (k=O) acquired by the camera while image B is the
current image (k # 0). Thus, for the point pA the SSD estimator
~
minimizes the SSD
selects the displacement d = (U, v ) that
measure:
e(

pA, d) =

c

m,nE

(/A(XA

+ m ,yA+ n) - IB(X, +m +U + JU ,yA+ n + + JY))*
Y

The vector y*(k) represents the desired positions of the projections of the three features on the image plane. In our experiments, the vector y'(k) is known a priori and is constant over
time. By weighting the control signal, we place some emphasis
on the minimization of the control signal in addition to the
minimization of the servoing error. The response of the system
is slower than having L = O but the control input signal is
bounded and feasible. This is in agreement with the structural
and operational characteristics of the robotic system and the
vision algorithm. A robotic system cannot track signals that
command large changes in the features' image projections
during the sampling interval T. In addition, the optical flow
algorithm cannot detect displacements larger than 15 pixels per
sampling interval T. The control law which is derived from the
minimization of the cost function (25)is:

(22)

N

where su and sv are the sums of the all the previously
measured displacements. They are defined as:
j=k-1

j=k-1
u(j), w =

su=

j=1

C

v(j).

(23)

j=1

( B = - [B'W Q B (4+ W'Br (BQ ( [y(M - f ( k + d ) l

This variation of the SSD technique is sensitive to large rotations and changes in the lighting. Another variation of the SSD
is the one that updates image A every p images. This SSD
measure is similar to the one previously mentioned (Fq. (22))
except that su and sv are defined as:

md- 1

+

B(k-m)u(k-m)).
m=l
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The design parameters in this control law are the elements of
the matrices Q and L. If the matrix B (k) is full rank then the
matrix @‘(k)QB(k)+L] is invertible. On the other hand, the
matrix B(k) is singular when the three feature points are collinear [9).Therefore, in order for the matrix B (k) to be nonsingular, the three feature points should not satisfy the following
equalities:
f 2,qk)

* Z?)(&)

or

L

-z y (k)

Each angle

(27)
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(k)- x,’“ (k)
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If we substitute the coordinates of the features points with the
coordinates of their projections, the previous equations will
become:
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for every feature point implies that
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Moreover, equation (31) can be simplified as:
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In the second case (the axis of the cylinder is parallel to the X
axis of the camera frame), the fact that the three feature points
and the origin of the camera frame 0 belong to the same
cylinder can be described as:
[@ (I) w)’ + 11 Z,(’) (&)

=

(k))’

+ 11 z,”

(k) = 10, m (k))’

+ 11 Z,m

(k)

7,.

(34)

Moreover, equation (31) can again be simplified to equation
(33).A proof that the above conditions make B (k) singular can
be found in [ll]and [lo]. It should be mentioned that a similar
analysis has been performed in [9].In particular, only the f i t
two conditions have been reported without any proof.

Figure 1: Definition of the angle b(” (figure taken from [lo]).
CBI

S
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1‘

the three feature points belong to the same line (a case that was
examined earlier). Two particular cases of the previous conditions are shown in Fig. 2 and 3. In the first case (the axis of the
cylinder is parallel to the Y axis of the camera frame), the hct
that the three feature points and the origin of the camera frame
0 belong to the same cylinder can be described as:
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(4- 2,‘’’(k)y ‘‘I (4 = 2.“
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8

- tm(p03

and is defined as shown in Fig. 1. Moreover, S ( J 1denotes the
signed magnitude of the vector OO(J3.If fl(”=O for every
feature point, then y,= f -. This fact implies that the three
feature points and the origin of the camera frame 0 belong to
the same line. If b ( J l = gor 0 = O(J’ for every feature point, then

z?) (k)

r,O (k) - rp (k) x,”
r,@)
(k) - r;)
= x,”

5 3 3 )

rm(p(1)) rm(ep+

(k) = x,” (k)- x;) (k) = z,” ( B -);z

i/ z.”’ (k)

m(’)
-=---=

U,@) (k) - r;) (k) x , ~(k)
) - x;) (&I );2 (&)

r,” (k) - Y;)

((1) E ((1). (2), (3)]). A mathematical proof of the fact that the
previous conditions make B (k) singular can be found in [ll].
Moreover, B (k)becomes singular if the three feature points and
the origin of the camera frame 0 belong to the same cylinder
and the following condition is satisfied [lo]:

f&ll

By selecting L and Q, one can place more or less emphasis on
the control input and the servoing error. There is no standard
procedure for the selection of the elements of these matrices.
More details about the selection of the gains can be found in
[ll]. If we want to include the noise of our model and the
inaccuracy of the B(k) matrix in our control law, the control
objective (U)will become:

Figure 2 The axis of the cylinder is parallel to the Y axis of the
camera frame.

J (k +

4= E( [y (k + 4- y* (k+ 4l‘Q[y (k+ 4- Y*(k+ 41

+ U* (k)L U (k)I Fk)
(35)
where the symbol E(X) denotes the expected value of the
random variable X and Fkis the sigma algebra generated by the
past measurements and the past control inputs up to time k.
The new control law is:
Figure 3: The axis of the cylinder is parallel to the X axis of the
camera frame.

U

(k)= - [Br (k) Q B (k) +L]-’ B‘(&) Q ( [ y ( k ) - y* (k+ dl

d1

+

B(k-m)u(k-m))
(36)
m=l
where B(k) is the estimated value of the matrix B(k). The
matrix B(k) is dependent on the estimated values of the fea-

In addition, B (&) becomes singular if Zil) (k)= Z):’ (k)= Z,”) (k)
and at least one of the feature points has a projection on the
image
plane
with
coordinates
.(I’ (k)= y ( ” (k)= 0
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The estimation equations are (the superscript ‘-‘ denotes the
predicted value of a variable while the superscript ’+’ denotes
its updated value) [12]:

tures’ depth .?!J] (k) (((I]B (( 1) ,( 2 ) ,(3)]) and the coordinates
of the features‘ image projections. In particular, the matrix B (k)
is defied as follows:
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5.2. Estimation Techniques
The estimation of the feature’s depth ZiJ’ (k) with respect to the
camera frame can be done in multiple ways. In this section, we
present some of these algorithms. Let’s define the inverje of the
depth Z,(J)(k)as <!j)(k). Then, the equations (16)-(17) of each
feature point can be rewritten as (niJ’(k) - N ( 0 , N(I’(k)):
(k- 1) y?) (k- 1) + 6,’’) (k- d)8,‘” (k- d)T ( k - d )

yF(J)(k)= A);

(41)

+ p ( J ) ( k ) =([- p ( ” ( k ) ) - ’ + h ’ ( k - d ) (N(J)(&))-’h(k-d)r’

(42)

k‘(k) = +p( A(k)h‘(k- d)(N( J ) @))-I

(43)

+B,(J)(k-d)R(k-d)+n,(’)(k)

(371

where B,,(J) (k) and BF$J)(k) are given by:
-10

x(J’(k)

0 -1

y(J’(k)

=-c

(k)

,(J)

--c,(J)(k)h (k-a]

’

(k)+ k (k)[A yp(1)(k)

(44)

where s ( J ) ( k )is a covariance scalar which corresponds to the
white noise that characterizes the transition between the states.
The depth related parameter < J J ) ( k )is a time-varying variable
since the camera translates along its optical axis and rotates
along the X and Y axis. The estimation scheme of equations
( ~ O ) - ( U ) can compensate for the time-varying nature of <!J’(k)
because it is designed under the assumption that the estimated
variable undergoes a random change. One problem is to keep
the covariance scalar p ( J ) ( k )finite. Solutions for this type of
problem can be found in [SI. In addition, we implement some
other estimation techniques which deal with time-varying
parameters Ill]. Matthies et al. [13]proposed the use of a more
accurate form for the state update of <,(J)(k).This form is based
on an e y t i o n which provides the change in the feature’s
depth Z,(J (k) between two time instances given the feature’s
image coordinates and the camera motion. This equation can be
written as (computational delays are included):

yl”(k)
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-p ( J ) (k)= +p( J ) (k- 1) +s (1’ (k- 1)
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where BiJ’ (k) is given by:
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- p ( k ) = + p ( k - 1)
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x (” (k- d) 1z,’”(k- 4)
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(k- 4-R, (k- d)
(45)
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By inverting the terms of the previous equation (&), the followx ( J ) ( k ) y( J ) ( k )
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ing equation is derived:
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By defining u,(J)(k) and u!J)(k) as u,(J)(k)=B,,’J](k)T(k) and
U,! J ) (k)= BFiJI(k) R (k), respectively, equation (37) is transformed into:
yF ( A (k)= A
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(k - 1)y,(d(k

- 1) + 6 !’)(k- d)

+ U,‘’) (k- + n:J’
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(39)

(0) is given and

p (1’ (0)= E( [<!J) (0)- ! J ) (o)]’)is a positive scalar p,,. The term
p ( J ’ ( 0 ) can be interpreted as a measure of the confidence that
we have in the initial estimate <!J)(O). Accurate knowledge of
the scalar < , ( J ) (k) corresponds to a small covariance scalar po. In
our examples, N ( J ) ( k ) is a constant predefined matrix. In
addition, for simplicity in notation, h(k) is used instead of
U,( ’J

‘J’ ( k - d,- R, (.I- 4x ( * ( k - &) -1)

(k - 4

.

(47)

In addition, equation (41)should be modified to incorporate the
new equation for the updates of states. In the experiments, the
improvement in the accuracy of the estimated values from the
use of the complex form (47) is minimal. Thus, the majority of
the experiments are performed by using the estimation q u a tions (40)-(44). These equations require the estimation of one
parameter per feature-point and therefore, the real-time implementation of the estimation scheme is feasible. In addition,
we implement an estimation scheme that computes two
parameters per feature point. This scheme is a variation of the
previous estimation scheme and separately estimates the depth
related parameter <!J](k) in the X and Y directions on the
image plane. In theory, this formulation can handle the estimation of the depth related parameters with more accuracy. The
subscript i denotes the X or Y direction. The estimation equations for each feature point are:

The vectors A y,(J] ( k ) and u , ( J ) ( k - d)are known every instant of
time, while the scalar <!J)(k) is continuously estimated. It is
assumed that an initial estimate

(46)

*i:J)(k - 1) I { 1 - T [T,( k - d, + t y n ( k - 1)

+ { R, ( k - d)y

A y F ( J () k ) = y F ( J (k)-yF(J’
)
(k- 1)- u!J’ ( k - d)
The new form of the equation (38) is:
(k-

.

‘[,(*(k-l)

A last transformation of equation (38) is done by using the
vector A y,(J) (k) which is defined as:

A yF(J’( k ) = < ! J )

6;f) (k- 1)

-

(k- d)Y (’) (k- d) R, (k- d)x (” (k- 4)-1)

If the values <,(J)(k)are substituted by their estimates, equation
(46)will be transformed into:

(k- 4

(k).

1-T[Tc(k-d)6;”(k-l)

(k)

(k).
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-< J”

(k) =

+iJ”
( k - 1) i = 1 ,2

p,‘”(k)-*p,‘”(k-

(4)

~)+S;J’(~-I) i - 1 . 2

*tih(k) =-i
i”(k) + IC, (k) [Ay,

- -4 i”(4h, (k- 41

(50)

(52)

proposed algorithms. We investigate the conditions under
which the servoing error (e (k)= y (k)-y’ (k)) asymptotically
goes to zero while the system input vector U (k) and the system
output vector y ( k ) remain bounded. In 1980, Goodwin et al.
[15] dealt with the stability analysis of adaptive algorithms for
discrete-time deterministic time-invariant MIMO systems.
Using Goodwin‘s work as a base, we present an outline of the
stability analysis for our discrete-time stochastic nonlinear
slowly the-varying MIMO system. In this analysis, the 2-norm
of a matrix r, often called the spectral norm, is used. This norm
is defined as follows:

(54)

Q B (k)+ L r l BT(k) Q .
(SS)
The servoing error goes asymptotically to zero if the following
condition holds:

DIU
-

> DIU b e n f , (k) = T, ( k ) T ( k ) ,B

(56)

The previous condition can be rewritten as:

+ Mr (k)B r(k) B (k)M (k)) < 1 .

(57)

IIT (k) U,

if

II T (9n, > D”_

then

< (M

i/

I1T (k)I, > DIU

rim

f

if

IR, (k)I >

R-,

then

R;(k) = RI,sign( R, (k))

else

R: (k) = R, (k)

(64)

if

IR, (9I >

R-,

r/wn

R;(k) = R-,

sign( R, (k))

CISC

R; (k) = R, (k)

(65)

if

I R, (k)I >

Rmu

then

<

sign( R, (k)) else

R;(&) = R, (k)

(66)

(58)

-

Therefore, the matrix B (k)M (k)+ M T ( k )B ‘(k) M T ( k )B ‘(k)
B (k)M (k) should be strictly positive definite. In the case that
L = 0, the following condition must hold:

B(k)B-‘(k)+(Br(k))-’Br(k)-(Br(k))-’Br(k)B(k)B-’(k)

> 0.

= r, (k)

(k) = T, ( k )

(k) =,.R

(k)

(61)

else

(k) = T, (k)

(62)

else

(k) = TZ(k)

(63)

<
~ ~ ( l r ) l <~
DIY

DIU

This modification is necessary since the manipulator cannot
track high speeds successfully. Due to the fact that this
modification has an effect on the estimation scheme we are
using, we must use the modified components of the translational and rotational velocity vectors for the computation of
the past input signals 11/13 (k) and $13 (k). Thus, instead of using
the u/J)(k) and u!j3 (k) signals in the estimation process, we use
the signals L#) (k) and U ~ J )(k)which are given by:

After some simple matrix computations, the previous condition
is transformed to:
Adn(B (k)M (k)+ Mr(k) B r(k) - Mr(k) B ‘(k) B (A) M(k)) > 0.

f, (k) =

if

M (k) = $(k)

- B (k)M (k)- Mr (k)B ‘(k)

(60)

5.4. ImplementationIssues and Robot Controllers

where M (k) is defined as:

A-(16

.

In the experiments, we are forced to bound the input signals in
order to avoid saturation of the actuators. Thus, after the computation
of
the
translational
velocity
vector
T (k)= (Tx(k),Ty(k), Tz(k)‘
and the rotational velocity vector
R (k)= (R, (k),R~(k),R, (k))’, both are normalized using the following procedure. Let us assume that the maximum translational speed in 3-Dwhich can be achieved by the robot is Dand the Euclidean norm of the vector T(k) is IIT(k)II, In
addition, the maximum permissible rotational speed of the
effector in X, Y, and Z (camera frame) is R,-. Then, the vectors
T (k) and R (k)are transformed to T‘ (k)and R’ (k), respectively,
with the following components:

We define the maximum eigenvalue of the matrix r as LnW (r)
while the minimum eigenvalue of the matrix r is defined as
.,L (r). For a deterministic version of our model (white noise
is ignored) and for a system delay d = 1, the error equation is
(y’ (k) is known II priori and is constant over time):

111, - B (4M (k)ll2 < 1 .

-

( k + 1 d-m)

More complex stability proofs can be created by using discrete
Lyapunov functions and the properties of the estimation
scheme. In this way, we can guarantee stability of the adaptive
control algorithms under weaker and more reahtic conditions.
However, the proof of the stability of MIMO adaptive control
schemes by using Lyapunov functions is a difficult task and an
open research problem. The proper selection of initial and
target feature points as well as the selection of L, along with the
careful design of the estimation scheme tan guafantee conas
tinuous nonsingularity of the matrix B‘(k)QB(k)+L
described in the experimental section of this paper.

5.3. Stability Analysis
In this section a partial stability analysis is presented for the

(k)M (k)] e (k)

U

The M(k) is again given byA(%).For L=O, M(k) is equal to
B-’(k). This implies that if B(k) asymptotically goes to B(k),
then the servoing error asymptotically goes to zero.ThisAcanbe
concluded from the error equation (60). In order for B(k) to
converge to B (k)[8],the input signal U (k)should be Persistently
Exciting (PE). Goodwin[B] proposed several methods for
generating persistently exciting input signals.

(51)
i = 1 ,2

B(k+ 1 - d - m ) ]

-1

where Ay#)(k) and hi(@ denote the X or Y components of the
vectors A y F ( J ) ( k )and h(k), respectively. In practice, the experimental results from the implementation of this estimation
scheme prove to be comparable with the results of the first
estimation scheme. Some researchers [14] have proposed the
use of an adaptive scheme that estimates all the elements of the
block matrix B(k) on-line. This approach is computationally
expensive and not necessary.

e (k+ 1) = [16-B

-4M ( k + 1 - d)] e (k) + B (it+ 1 - d)M(k+ 1 - d)

[ B ( k + 1 -d-m)-

i = l ,2

(”(k)

E (k+ I

md- 1

(49)

+p,‘”(k)=[ ~ - p l ‘ ” ( k ) ) ) - ’ + h , ( k - d ) [n,‘”(k))-’hl(k-d)J’ i = 1 , 2
r,(k)=*p,’”(k)h,(k-d) [n,(”(k))-’

e ( k + I) =[I,-

(59)

In continuous time, the condi9on becomes simpler. Chaumette
states (4) that the matrix B (t)B-l (t) should be positive definite.
For d > 1, the error equation is more complex than the case of
unit delay because previous control input vectors are included.
The new error equation is given by:

After the computation ofthe translational velocity vector T’ (k)
and the rotational velocity vector R’(k) with respect to the
camera frame R,a we transform them to the end-effector frame
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Re with the use of the transformation 'TS.The transformed
signals are fed to the robot controller. We experimented with
two Cartesian robot control schemes: a Cartesian PD scheme
with gravity compensation and a Cartesian computed torque
scheme. The next section describes the experimental results of
the implementation of our algorithms on the CMU DD Arm I1
robotic system.

due to image noise and strict constraints on the rotational
motion of the manipulator-camera system.

6. Experiments

Tablel: Initial and estimated values of the parameters for
visual servoing when a PD with gravity compensation Cartesian robot controller is used.

p(k) i:w p o

The theory was verified by performing a number of experiments on the CMU DD Arm I1 (Direct-Drive Arm 11) robotic
system. A detailed description of the hardware configuration of
CMU DD Arm I1 is given in [6]. The camera is mounted on the
end-effector. The real images are 492x510 and are quantized to
256 gray levels. The focal length of the camera is 7.5mm and
the objects are static (the initial depth of the objects' center of
mass with respect to the camera frame 2, is varying from 500
mm to 1000 mm). The camera's pixel dimensions are: sx=0.01278
"/pixel
and s d.00986 "/pixel.
The maximum permissible translationai velocity of the end-effector is 10 an/sec, and
each one of the components (roll, pitch, yaw) of the endeffectofs rotational velocity must not exceed 0.05rad/sec.

P(3Q

0.4175

0.4175

0.4175

0.1

0.1

0.1

Estimated

0.7876

0.8298

0.77l5

0.0010

0.0011

0.0011

7. Conclusions
The problem of robotic visual servoing (eye-in-hand configuration) around a static target is addressed in this paper. The
specific problem can be stated as "find the motion of the
manipulator that will cause the image projections of certain
feature points of the rigid static target to move to some desired
image positions." The solution of this problem has numerous
applications. Visual control can enhance the performance of
industrial robots in assembly lines; improve the alignment of
the object with the camera in automatic inspection systems;
improve the automatic assembly of electronic devices (surface
mount technology); make possible autonomous satellite docking and recovery; and finally, it can improve the effiaency of
outdoor navigation techniques. This paper proposes an adaptive control scheme for an adequate solution. We claim that we
should address the problem by combining vision and control
techniques. The method followed includes a mathematical
formulation of the problem, followed by the introduction of
adaptive control schemes for the case of inaccurate knowledge
of some of the system's parameters (relative depth, noise
model). Next, a stability analysis and an establishment of the
minimum number of required feature points are performed.
Finally, the implementation of the algorithms an our experimental testbed, the CMU DD Arm I1 robotic system, is
presented. The real-time experiments show the feasibiity and
efficiency of our algorithms. Issues for future research include
the introduction of the manipulator's mechanical constraints in
the whole formulation, the explicit incorporation of the robot
dynamics in the algorithms, the use of other features such as
edges for measuring the servoing errors, the introduction and
use of "snakes" for contour servoing, and the use of the 3-D
target model in the servoing scheme.

Our objective is to move the manipulator so that the image
proj-ectionsof features of the object move to desired positions in
the mage. The objects used in the servoing examples are books,
pencils, items with distinct features (Fig. 4). The user, by using
the mouse, proposes to the system some of the object's features.
Then, the system evaluates on-line the quality of the features
based on the confidence measures described in [6]. The same
operation can be done automatically by a computer process that
runs once for approximately 2 to 3 secs, depending cm the size
of the interest operators which are used. The three (minimum
number of required features for full motion of the manipulator)
best features are selected and used for the robotic visual servoing task. The size of the windows is 10x10. The experimental
results are presented in Fig. 5-7. The gains for the controllers
and L=diag(0.025,0.025,0.25,2x16,2x16,
are Q=I,
2 x 1 6 ) . &Thedelay factor d is 2. The computation of the
[ B T ( k )Q B (k)+ LT' matrix is done on a Heurikon 68030 board.
We use two different techniques for its computation. The first
technique performs a Singular Value Decomposition (SVD) of
the 6x6 matrix based on a routine given by Forsythe [16]. Thii
routine uses techniques such as the Householder reduction to
bidiagonal form and diagonalization by the QR method. The
computation of the inverse is based on the results of the SVD
routine. The computational time for the first technique is 30
ms. The secoFd t e c p q u e is based on the partition of the
matrix K (k)= BT(k)Q B (k)+ L into four submatrices [9] [8).In
thii way, we can derive two new forms for K-'(k) which
require only the inversion of two 3x3 matrices. By using the
previous forms, we are able to reduce the computational time
of the 6x6 matrix inversion to 10 ms. Thus, the total computation time (image processing and control calculations) is approximately 200 ms. The inversion of the two 3x3 submatrices
is done based on the assumption that the submatrices are
invertible. Thus, the singularity of the submatrices should be
checked every period T. The initial and the estimated values of
the coefficients of the A M models are given in the Table 1. In
the experimental results (Fig. 5-3,
we check the efficiency of
the various proposed estimation and control schemes. The experimental results present a small steady-state error which is
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Figure 4 The initialand final imagrs of the target.
IR r

Figure? Srrvoing errors for +hethird feature Q in the example (PD with gravity
compensation c a r b i a n robot controller). The drpth relaid parameter
<,B (k)of each featurepoint is estimated by taking into consideration both
the measurements in the X and Y directions.

Pipure 5: Servoing errors for & first feature (A) in the example (PD with gravity
mmpmsation cartesian rubot controoller). The depth r e l a d p a ~ ~ ~ m k r
<,a (k)of ea& feature point is estimated by taking into consideration both
the measurements in theX and Y directions.
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