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Abstract

of a polynomial approximation from a coarse sampling
of the data to construct a surface patch. The second phase consists of a refinement to obtain continuity
and finer details. [28] uses this scheme with weighted
splines and [30 implements a like-scheme to solve his
variational pro lem (constraints on p ( z , y) and ~ ( zy),
pp 4212. Another development has been realized recently y [31] and consists of an adaptive network
model which discretizes a thin plate surface model.
The final solution is an irregular lattice where the
node concentration reflects local surface discontinuities. Before giving mathematical aspects, we present
the scheme generally used by cartographers for building multiple resolution terrain maps.

Multiscale Analysis of surfaces allows a hierarchical
representation of their composing features. To represent a surface at a given scale, structures that are insignificant at that scale have to be eliminated. A typical example for this approach is cartography. However, the aims of cartographers reach beyond simply
gradually eliminating the structures; in the majority of
cases, the nature of geomorphological structures which
compose the surface have t o be preserved across all
scales. Thus a global smoothing of the surface is not
suitable t o solve the present problem, since that would
cause inevitably morphological modifications of certain
important structures. In fact, the points t o be preserved across scale variations are to be chosen interactively b y the user. In this paper we present a surface
model which allows us to perform a Multiscale Analysis which takes the importance of local structures into
consideration i.e. structures which are inherent to the
relief morphology. From that discrete model we eztract a context-dependent Multiscale Analysis Operator which can be isotropic or anisotropic and can be
expressed in different forms.

1

1

(1) Choice of sampling points : From a fine sampling of the surface , choice of reference points to
be represented at coarse scales e.g. 1/10000 -+
1/50000. These points are vertices, ridge lines,
stream networks etc ... . They have to represent
relevant information at a given scale. Therefore,
information considered irrelevant at this scale,
has to be discarded, while spatial localisation and
altimetric values of important structures are preserved. These structures result from a complex
visual interpretation which includes an important number of parameters and yields an irregular sampling network in fact, instead of sampled surfaces, cartograp ers uses isolevel curves
representations).

Introduction

This paper is devoted to surface reconstruction
analysis for DEM (Digital Elevation Model) cartography applications, and especially deals with multiscale
analysis of DEM. A surface model is analyzed as a
way to better understand the behaviour of geomorphologic structures in scale-space, and this with the
aim to build automatically terrain maps at different
resolutions.
In the surface reconstruction domain, numerous
works have been published by the researchers of the
computer vision community, like [13, 5 , 3, 30, 311 and
more recently [29, 281.
Most of the approaches use variational formulations
often based on generalized splines models and surface
representation in the form t = f(x, y (see the reThe probview of methods proposed in [27, 11,
lem is then to maximize the surface smoothness in
conjunction with an error minimization between the
model and the data. The discrete optimization is realized iteratively on rectangular grid. Some authors
[29, 281 have shown that these approaches introduce
drawbacks concerning stability and uniqueness of the
solution. Schumaker [27] has proposed to divide the
reconstruction in two phases. The first phase consists

h

(2) Interpolation : Piecewise interpolation with
nodes as chosen in step (1). Bicubic spline in-

terpolation is frequently used.
This application is strongly governed by human
geomorphological interpretation of surfaces. In the
Schumaker’s and Sinha’s strategies, nodes could not
be located where the morpholgy has to be preserved
at a given scale. To avoid these problems nodes can
be put in accordance to detail concentrations with an
adaptive node distribution [31]. But the number of
nodes is given a priori, independently of geomorphological analysis and this scheme leads to an inverse
methodology which is used by cartographers. In order
to realize relevant information extraction, we propose
a two phases approach where the same network with
regular node distribution is used at each phase; this
constitutes an alternative to splines. Our analysis-
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cartography framework , a scale change induces aut&
matically a resolution change. Our definition of scale
and resolution is slightly different. We define a resolution chan e as a subsampling of the image followed
by a smooking (the support of the image at lower
resolutions is smaller than the original one). A scale
change is defined as the smoothing of the image without subsampling. This means that, according to the
Shannon theorem, scale change is a redundant resolution change. The most famous application of the scale
notion is due to Marr and Hildreth [22] who stated
that : A n image is characterized b y its local intensity
variations at each scale. With this principle they have
proposed an image analysis strategy which consists of
the convolution of the image with the laplacian of the
Gaussian, the standard deviation playing the role of a
scale selection. Recently it has been shown that this
type of analysis can be associated with time-scale technics like wavelets (the second derivative of the g a u s
sian is called Marr wavelet) [12. Within the scope
of MRA one can cite the pyrami a1 representations of
[6, 20, 11.
2.2 Multiscale Analysis from Witkin and

reconstruction scheme which allows us to represent a
surface at a given scale is as follows :

Phase 1 : (1) Multiple Scale representation
of the surface, (2) Detection and localization
of surface features
0

Phase 2 : (3) Refinement of the data obtained
at stage (2): Focusing on zones where details are
numerous and redo step (1) and (2) until no new
zone is detected, 4) Reconstruction of the surface from sparse ata obtained in (3).

a

The reconstruction problem is an ill-posed problem [25, 341, therefore our goal is to obtain the “best”
reconstruction in the sense of the criteria given in
stage (2). The purpose of this paper is to propose
a well suited surface model to a regular representation
(stages 1-2) and to an irregular representation (stages
3-4). We will focus upon the ability of this model
to adapt itself to multiple situations invoked in our
scheme, and we give results in the framework of surface reconstruction (other results are given in [9]). To
include this model in a resolution change algorithm,
we will concentrate on its ability to take into account
external knowledge to modify its local behaviour and
to integrate constraints. In section 2 we review multiscale and multiresolution analysis and we give the conditions necessary for well suited scale changes in the
2D case. In section 3 we study a model which leads
to a 1D discrete scaled operator. We give its properties and a definition which characterizes its aptitude
to create scale-space in an isotropic case. In section
4 we give the 2D version of this model. In section 5
we give three filters which are frequency analoguous
to the 1D-isotropic, 2D-isotropic and 2D-anisotropic
scaled operators. In section 6 we study the reconstruction problem applied to DEM. We restrict our study to
the case where some important points are fixed and are
used for the reconstruction. We do not study the subsampling problem (the resolution changes). Finally,
we conclude with the ability of this model to be inserted in a global analysis-reconstruction algorithm.

d

Koenderink
Witkin [32] first proposes a quantitative method
which leads to contour representation in scale-space.
Later Koenderink [16] justified the use of a Gaussian
kernel and demonstrated that it is the only kernel
well suited for MSA. Koenderink gives two definitions
which have to be respected to make a “good” MSA

Definition 2.1 A n y feature present at a coarse scale
is required to possess a cause at a finer scale although
the reverse need not be true.

Definition 2.2 The smoothing is required to be space
invariant.
The first definition prevents the model from generating spurious details when the scale is diminished
(causality principle), while the second leads to an
isotropic and homogeneous smoothing. With some
background in physical mathematics, it can be seen
that these two definitions are verified by a diffusion
equation such as the heat equation. This allows us to
write the equations of the model which leads to MSA
: Let p(z,y) the original image and P ( z , y , t ) the
image at scale t . P ( z ,y, t ) is the solution of the
problem

Multiscale Analysis - Multiresolution Analysis (MSA-MRA) and associated models
2.1 MSA - MRA a review
2

Computer vision community has been interested in
problems of MSA and MRA since David Marr’s works
on edge detection.
Why use MSA in computer vision ? Essentially
to detect macro structures corrupted by noise or non
significant details, at a given scale. But the major
problem is to connect the notion of scale with the regularity degree of a signal or with the density of details
in it. Until now this problem is not well solved, because it is very difficult to characterize details. The
only thing that we can say is that details are high
frequency components, and the best way to reduce
their effect is to make a low pass filtering or more generally a band pass filtering with variable bandwidth.
Here the bandwidth plays the role of a scale. In the

where P 2,y, 0) = &, y) is the initial condition and
is the iffusion coe cient.
In this problem we treat an infinite domain where
the heat spreads out according to a law given by its
solution, which has the following form :

c

6

P(z,y,t)
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= ] jR2F(z-Z,y-i)G(i,i,t)d5di (2)

we discretize the convolution integral (so the Gaussian
kernel) we do not respect the Koenderink’s principles
(this problem is not emphasized in the two previous
papers). In the framework of anisotropic filtering [24]
proves too that properties exhibited in the continuous
case do not hold in the discrete case.
From these condiderations, we will describe, in the
next section, a discrete evolution surface model obtained by mere topological considerations (neighbourhoods). Due to the fact that we have to introduce
conditions in some points, it will be necessary for the
model to take into account particular conditions, such
as particularly boundary conditions. From this model
we obtain an MSA operator which has the same properties that we shall have in the case of discrete heat
kernels with Neumann boundary conditions. We show
that MSA could be mathematically expressed by a
contraction (in the topological sense). At first we
study a 1D model based on a connectionist approach
and described by a well known analog network. Then
we will show that it is easy to extend it in 2D and we
give an example of DEM reconstruction.

with

As we can see, solving equation ( l ) , with initial conditions, leads to the evaluation of a convolution integral
(2) with a Gaussian kernel (with standard deviation
U

=

cm).

We can also write a geometric heat equation] in
which the curvature is explicitly the second member
i.e. the curvature is scaled (see [23]).
According to these considerations, [2] (in 1D) and
[33] (in 2D), have mathematically proved the uniqueness of the solution obtained with a Gaussian kernel
and its ability to verify the two Koenderink’s principles (some precisions about zero-crossings behaviour
of the filtered image can also be found in [33] ).
Now if we consider the problem of a spatially
bounded domain, we can give a new formulation which
includes boundary conditions (but generally, in computer vision problems, we prefer models in which we
do not have to worry about boundary conditions). The
boundary conditions can be formulated in two forms
and lead to two different problems called Neumann
problem and Din’chlet problem ([15, 10, 71) :
0

3

Models based on connectionist approaches are well
known in neural computation, and the natural way
to represent relation between pixels is given in fig
(1). The goal is to obtain “polymorphic” relations
between nodes, directed by the context in which they
are placed. And this to perform local modifications
of pixels interactions. In this way, node interactions

Neumann Problem :
W Z , Y , t ) = P = z ( z , y , t ) + PYY(X,Y,t)

P ( z , y , O ) = &,Y)

(Z,Y)

A discrete model of surface evolution

- MSA operator

E f-2

With R the domain delimited by the image and dR its
boundary.
is the gradient in the direction given
by the normal at the domain.

E

0

rc

Dirichlet Problem :
P t ( z , y , t )= P z z ( z , y , t ) + P Y Y ( T Y , t )

Figure 1: Relation modeling : Each point is connected
with its neighbour b y a device 72.

P ( + , Y , 0) = &,!I)
(2, Y ) E
P(z1Y , 4 = P ( Z , Y )

(ZIY)

E 8Q

can individually be adapted by use of external measures such as, for example, local differential measures
of the surface. To implement this model an analog
network analogy seems to be well adapted. Then each
pixel (node) is connected to its neighbour by a device such as a resistor, if we want linear inter-pixel
relation, or by another device if we want non-linear
inter-pixel relation. Analog networks have been extensively used in many domains such as regularization
theory [25], reflectance modelisation [14 (pp.196-197),
image smoothing and segmentation [18 and for the
simulation of a biological retina [19].

( P ( x , y ) is a bidimensional function which lays down
on the boundary and

P(z, y)

is an initial condition).

The difference between these two schemes is that in
the Dirichlet problem, we impose a boundary function
and in the Neumann problem we impose a condition
on the derivative of the solution on the boundary e.g.
if we put g ( z , y ) = 0 we have a mean (or mass) conservation across the time.
However the studies made in [2] and 331, were realized in continuous space and time. Lin eberg [17] has
studied the discrete case and has proved that the only
manner to implement discrete MSA is to discretize
the diffusion equation. He also demonstrated that if

1

d

3.1

Notations

Let s2 be a set of nodes pi distributed on a line,
we note
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v ( p i ) = {pk E 52, 1 i - k [ = 1) , the neighbourhood of the node pi ;
i n t R = { p i E Q, V ( p i ) c Q}, the interior
of the set Q ;
dR = R - i n t Q , the boundary of Q ;
and to deal with electrical analogy we note

Henceforth we consider & as a discrete function of
the index i and we give a geometrical interpretation
of this model writing (5) in the following form

KloC gives information on the curvature sign, then
a being positive, concave parts (negative curvatures)

a: : The device connected between two nodes
i and j ( a i E IFts );

tend to move downwards and the convex parts (positive curvatures) tend to move upwards when a decreases. It is now clear that a may be understood as a
scale or as a smoothness control parameter, and I?;'
as the MSA operator. The effect induced by this operator is a contraction because it decreases the norm
of all vector it is applied to (see [9]). According to
the previous equations it follows that all the solutions
indexed by the parameter a are staying between the
initial function and its mean.

: The difference of potential between the
node i of the network and a reference;
Ii : The intensity injected in a node . This
intensity appears when we apply a difference
of potential & (network power supply);

a'+'

PI-I

h+l

f

%I

Figure 2: 1D network structure

(

ra E

(1) If CY E IR+ is a scale, then for a2 < a1 the
curvature in each point of the curve described at the
scale CY^ is lower than the curvature of the curve described at the scale a l . (2) The function described at
the lowest scale is the mean of the original one. And
trivially, the function described at the hi hest scale is
the function itself (by equations (7) and (%)). (3)The
mean is preserved across the scales thus constant functions are not modified by scale changes. (4) Due to
the dissipative effect of the model, if the initial condition includes a discontinuity, the scaled solutions will
always be continuous.

(4)
E I R ~
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Finally we can mathematically express the hierarchy obtained using the operator Q a by the following
definition

I

Definition 3.1 Let V be a discrete bounded function
defined on a discrete normed space E where the norm
i s defined b y [I V I[= sup (61 . W e can define a family

1

Yi = 1 +
k € V(Pi)

2

i

of functions belonging to E and indexed by a scale j ,
such as V J = 9, V . If we take the mean as a reference
then the hierarchy i s expressed by : 0 < ... < I[ VJ I[

The resolution of the linear system (4) will give us the
vector V knowing the vector of supply voltages
If we make the assumption : a! = ai = CY =
C o n s t V i , k E i n t ( Q ) , the value of the voltage of a
node is given by

v.

+

).

9 a = r ; 1:

ator
In this study we assume that /3 = 1
The
network equilibrium equation obtained by Kirihhoff's
laws in matrix form (with N the number of nodes i.e.
C a r d 52 = N ) is given by

V=rav
mNXN,v E I R ~ V,

c. is the mean value of

We can now summarize some properties induced
by the MSA operator that we note for convenience

1D model and associated MSA oper-

3.2

-

<(p+l((<
. . . <IIV'I

Some examples of one dimensional MSA can be seen
in [9].

2

Remark 1 : If in (4) we take a =
(At a
time discretization step and A, a space discretization
step), then (4)is the implicit discretization of the heat

(5)
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Equivalent MSA filters

equation with Neumann boundary conditions (see [9]).

5

Remark 2 : We can show ([9]) that the equation
of our model is closely related to a Markov chain because the matrix *o is stochastic i.e. 0 * a ( i , j )
1
! D o ( i , j )= 1 , V ( i , j ) E N x N and a E El+.
Then !De is the transition probability matrix of a
Markov chain. Another stochastic formulation have
been used in 181 in the framework of image restoration and in ([ 11 pp.114).

Here we give the expressions of three filters (1D and
2D isotropic, and 2D anisotropic) derived of the discrete operator ra i.e. considering the generic equation
of the system (4) : (a 2
- K-1 - K+l = a K
ut one can show that the
(this is true only in &(Cl
boundary influence is nedigible).
This recurrent equation leads naturally to a one dimensional linear filter expressed in the frequency domain by

<

,Ej

<

+

i

HQ(v)=

3.3 Upper value of (Y
It is interesting to know the value of a which
leaves the MSA numerically inactive i.e. the function to be smoothened is left unchange when a take
a certain value). To obtain this value we take an entropy measure of the smoothened function. Suppose
that a scale change is made from the normalized initial function V =
, the entropy is given by
II II
Ha = - V; log V; , 2 0 . The upper value of the
parameter a is obtained by a m a s = {a :
1).
It can be shown that for a large class of functions
ama,% 2.0 is obtained; then it is sufficient to take
a €10.. .2.0] to make the MSA.

4

tf

"

&

6

2D model

i+l

where
?i,j)

-

.

5 ; j )is the grey level of the original image, and
is the value of the transformed pixel (i,j ) .

Figure 3: Structure of I':

Constrained scale change
construction problem

-

The re-

Up to now we have considered the case where the
scale parameter is identical in all points of the network. This leads to an isotropic viewpoint. Furthermore the most interesting case is when a is not
identical in all points, more specifically when a is
given by a measure on the function to be studied i.e.
a = p(f(z,y),z,y) . As we can see in the scheme
given in part 1, the goal is to make resolution changes
without altering spatial location and altimetric information of important features. That is, certain points
of the surface have to be fixed when the blurring is in
progress. It is clear that we must choose the measures
in accordance with the applications requested e.g. cartographers are not interested in the same surface measures than geologists who study stream networks. According to the matrix formulation that we use, it is
very easy to consider different kinds of coupling between pixels and particularly assymetrical coupling,
which leads to a modification of the diffusion, according to spatial directions. In this caae, we do not respect the second Koenderink's principle and we adopt
an anisotropic viewpoint. To demonstrate the feasibility of DEM reconstruction, with our model, we suppose that we are in a frame, where structures, like
ridge lines and stream networks contain relevant information. To preserve the morphology of the reconstructed surface, we must adapt the scale parameter
values around points belonging to these structures.
The most natural way to do this is to fix points that
belong to ridge lines and stream networks, and reconstruct the surface using only these points as ''interPOlation" nodes. The reconstruction process is given by
the following scheme.

The extension of the previous model to the 2D case
is straightforward, by considering appropriate neighbourhoods (4, 8 connectivity and so on). Thus in the
case of 4-connectivity and 8-connectivity1we note the
associated operators I", and I?:. These operators are
banded sparse matrices (see fig (3)) and are obtained
from the 2D equation of the model in the isotropic
case. In 4-connectivity the equation is
i+l

a

(Y+2(1 - c o s ( 2 7 r v ) )

(details of calculus are in [9]).
In dimension
2 we obtain by tensorization
H $ ( Y ~ , v ~=)
H"(v1) HQ(v2); and finally the third filter is obtained
by
HT(v1,v2) = H"1(vl)HQ"(v2) with a l . #
a2 . This last filter allows us to favour the vertical
or horizontal directions when a1
a2 and leads to
anisotropic treatments. The two rst filters are lowpass when (Y is small and all-pass when (Y is very
large (the link with (7) and (8) is easy).

6'

xi

b

and l?:

[l] Take 2, the set of all points that belong to ridge
lines or stream networks (assumed to be given by
an external process);

Writing the equation of this model for other kinds
of neighbourhoods is straightforward.
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121 Suppose that two points i and j are not only
connected by one parameter a but by CY; in one

putting a 1 on the diagonal element of the line i
of ra and 0 elsewhere on this line. This naturally
leads to an uncoupled system and this problem can
be solved piecewise. However, discontinuities of the
first derivative appear on frontier points of each subdomain, because the stationnary solution tends to be
linear between two boundary points. One can show
that to eliminate this “drawback” it is necessary to
consider a model governed by a parabolic differential
equation of degree four in space. We cannot develop
this theoretical aspect due to space restrictions.

4

in the reverse direction. If we
direction and by
we return at the original isotropic
put a: =
case and if we put a: # 4 the neighbourhood
effect is not symmetrical and one can influence a
point more or less, according to the value affected
to the corresponding parameter.

4

7 Conclusions
Techniques have been presented for doing scale
changes of surfaces in the restricted case of DEM. The
problem we had to solve was to make a preprocessing
to the resolution change of DEM, constrained by morphological considerations.
We have studied a discrete evolution model (1D and
2D), based on electrical analogy, which conduces to a
discrete multiscale operator. We have first studied the
isotropic behaviour of this operator. Then we have discussed the reconstruction problem, and we have shown
the ability of this model to take constraints upon pixel
or region data into account.
To characterize the geometric transformation induced by this operator, we have shown that curves
and surfaces are contracted relative to their average
value. The contraction level is driven by a scale parameter which identifies the coupling of two pixels.
Mathematically speaking, the multiscale operator reduces the norm of all signals by decreasing its curvature.
We have also shown that scale changes can be expressed in a probabilistic form : The 1D scaled operator is a transition probability matrix associated to a
random Markov chain. And in a frequency form : The
scaled operator is a filter (isotropic or anisotropic).
To test the ability of this operator in the framework
of surface reconstruction, we have given some examples in which we have made the hypothesis that, 2D
primitives, like ridge lines and stream networks contain relevant information and have to be fixed in the
reconstruction process. The results are encouraging
and show the adaptability of this model to various situations. Moreover it can be envisaged a parallel implementation, due to its discrete nature and its structure.

In the extreme case we want a point not to be
influenced by others, but it should itself influence
the others. For a point i , this is implemented
= CY : then the
by putting a: = 00 and
point i remains the same for all values of a ,i.e.
the location and altitude are preserved across the
scales.

4

[31 When all parameters, between points that belong
to V and the other points of the surface, are
initialized, then we solve the linear system I’iV =
(e.g. in 4-connectivity) for different values of
C Y , and we obtain a set of solutions, indexed by
a.
To illustrate the use of this scheme, we give an example of DEM reconstruction. We choose to fix only
ridge lines, stream networks and boundary points, all
the others are left to 0 (no information). Figs (4)(a,b)
show the 3D representation of the original DEM, and
the points that have to be fixed to make the reconstruction. These points are obtained with the algo-

by considering all surface points for the initialization
of the algorithm. Some points are fixed (as in the first
case) and the others are initialized with the original
data. This leads to adopt a less brutal approach than
in the first case where we have considered that no information is equivalent to 0. We can see that valleys
are narrowed and the relief is more accentuated, but
spatial morphology is relatively well conserved despite
the smoothing.
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This type of reconstruction cannot be considered as
the ultimate one for all naturalist frameworks because,
as we have seen, the measure employed to obtain a is
context-dependent and it is very difficult to embed in
it all the naturalist’s knowledges.These examples only
show the feasibility of such approach in a particular
framework. In [9] we give also an example (isotropic
case) with the test data given in [29].
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Figure 4: (a) Original DEM; (b) Ridge line, stream network and boundary points ( 814 points
20% of the
original DEMpoints); ( c ) 2 iterations; (d) 20 iterations; ( e ) 80 iterations; (f) 150 iterations. (we have taken
a = 2 ) . (g) Contour lines of the DEM given in (a); (h) Contour lines of the reconstructed DEM.
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