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Abstract

during quantization. In most practical schemes, simpler error measures are used. Typically, either MSE or
WMSE measures are used on the LPC coefficients, the
reflection coefficients, the log area ratios, the arcsine
coefficients, or the LSP frequencies. Very little theoretical work has been done on quantifying the effect of u s
ing these error measures on the overall performance of
the resulting vector quantizers, and most work on these
schemes is based primarily on heuristic arguments and
experimental results [2, 31. The overall performance
of these different schemes thus far has only been determined by experimentally testing the schemes [ 5 ] , which
gives little information on how to improve the schemes
and on how far any particular scheme is from the optimal scheme.
This paper presents a theoretical framework for evaluating the performance, in terms of one distortion measure, of a high rate vector quantizer which has been
trained by minimizing a different distortion measure.
It is shown that a high rate VQ trained by minimizing
a quadratically weighted error measure will converge to
a VQ trained by minimizing the original measure, if the
quadratic weighting matrix is the “sensitivity matrix,”
which is t,he second term of the Taylor series expansion
of the original measure. The results presented can be
used to determine the performance of MSE and WMSE
trained vector quantizers, and to determine the optimal
set of WMSE weightings. The theory is then applied
to the problem of quantizing LPC coefficients in speech
coding systems.

For the quantization of the lanear predictave coding
(LPC) parameters in speech coding systems, the Log
Spectral Distortion ( L S D ) measure is often cited as the
performance measure most correlated with speech quali t y . However, most practical quantization schemes use
simpler error measures, such as mean squared error
(MSE) or weighted mean squared error (WMSE) measures between the quantizzd and unquantized LPC coefficients, reflection coefficients, arcsine coeficients, log
area ratios, or line spectral pair frequencies (LSPs .
This paper develops analytical expressions for t e
performance of high rate vector quantization (VQ)
schemes which are trained b y minimizing suboptimal
distortion measures, and applies these results t o the
problem of quantizing the LPC parameters. I n particular, the theory is developed t o evaluate the performance, a s measured by one dzstortion measure, of a
vector quantizer which has been trained b y minimizing
a different distortion measure. Using this analysis, the
performance, in LSD, of vector quantizers trained b y
minimizing MSE and WMSE measures is theoretically
evaluated.

R

Introduction
Quantization of random vectors has received much
attention in recent years due to the ability of vector quantizers to achieve performance superior to that
achieved by scalar quantizers [l].In particular, in many
speech coding systems vector quantizers are used to
quantize the coefficients of the linear prediction filter
(e.g. [2,3]). Previous work has shown that the Log
Spectral Distortion measure is well correlated with the
resulting speech quality, and this measure is often used
in the LPC-VQ literature as the measure of distortion
for performance evaluation [4,5]. However, the LSD
measure is not used for training and quantization in
most practical schemes due to the lack of a closed form
expression for the generalized centroid, which is needed
in most VQ training algorithms, and due to the high
complexity required in evaluating the LSD measure

High Rate Vector Quantization
The theoretical performance, as measured by simple
distortion measures, of high rate vector quantizers for
a random source with a given density function has been
investigated by several previous authors [ 6 , 7 ] . In this
paper, the work in [6,7] is extended in two ways so that
it may be used to evaluate the performance of suboptimal LPC-VQ schemes. First, the results are extended
to a broader class of error measures which may be functions of the absolute location of the input vector, such
as the LSD measure. Second, the work is extended to
give the high rate performance, measured by distortion
measure d l , of a vector quantizer which was trained by
minimizing a different distortion measure, dz .
Let z be an n dimensional random vector in 12” with
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probability density function f ( z ) = f(z1, t 2 , ..., xn).. A
B bit vector quantizer is composed of a quantization
function Q ( z ) which maps z to a codevector 1: in a
codebook of 2B codevectors, X = (51,..., 228). Let
S, be defined by

-1
v z E si
-(z - 5 , ) T D ( 5 i > ( X - %a),
2
D ( z ) is denoted here as the “sensitivity matrix.”
The diagonal elements of the sensitivity matrix are
related to the sensitivity of the individual vector elements to quantization error, and the off-diagonal elements are related to the interactions which occur when
multiple vector elements are quantized simultaneously.
In general, the sensitivity matrix is not diagonal, and
a weighted sum of the squared errors of the individual vector elements will not approach the original error
measure.
Substituting this result into equation 3,
d(z,ai)

Si = { z ~ Q ( z=
) Zi},
i.e. Si is the set of all points quantized to &, or
the “Voronoi region” for Si. The goal of a quantization scheme is to minimize the expected distortion introduced by quantization, as measured by some error
measure E defined by

Ed(Q) = fz(d(z,Q ( z ) ) ) .

(1)

Here, E denotes the expectation operator and d ( z , y) is
a distortion function with continuous derivatives. Although many traditional norm based memures are not
differentiable at z = y, many popular squared error
(or 2-norm-squared, as opposed t o 2-norm) based measures are continuously differentiable everywhere.
Equation 1 can be expressed as

Ed(Q) =

d ( z , &(z))f(z)dz.

M

If the volume of the Voronoi region Si is denoted
by vol(Si), then the probability of a vector 2 falling in
that Voronoi region is

(2)

Pi = Prob(z E Si)

Since &(z) = 5;; Vx E Si, equation 2 can be
rewritten as

/

x Z€S.

2

-2)+o(11x-2113), (4)

where D ( 5 ) is an n by n dimensional matrix with
j , kth element defined by

As B gets large, the density of points in X near any
particular vector z becomes large [6,7]. Hence ~ ~ z gets small V z E Si,so

x’Mzdz>

zTMzdx,
L€T(M,”*I(S.
))

where T M , \-) 2s the “M-shaped”hyper-ellipsoidal region wit volume V defined b y

I,

-+

In this paper, M denotes an approximation for which
the limiting approximation error is zero as the rate of
the quantizer approaches infinity. M denotes a strict
approximation which may have a non-zero approximation error as the rate of the quantizer approaches infinity.
Performing a Taylor series expansion of d ( z , 2)
about z = 5, holding the second vector in d ( z , % )
constant, and noting that the constant and first order terms in the expansion are zero for distortion measures [&lo], results in

1

(5)

The following lemma allows for simplification of the
above expression.
Lemma 1
For a n y bounded set S,, M > 0,

Previous authors [6,7] have noted that as B gets
large the volume of the Voronoi regions gets small, and
f ( x ) f(2,); V z E S;, if f ( x ) is sufficiently smooth.
Hence,

d ( z , S ) = -(z -5)TD(.)(z

f(Zi)vol(Si),

and thus

T(M,V)={zl(&)

l/n

xTMzil

and where IC, as the volume of t h e n-dzmenszonal
un at sphere.
The proof of this Lemma exactly follows the proof
of Lemma 5.3.1 given in [ll]. By using M = D(5&),
Lemma 1 states that the distortion incurred by quantizing all points in S, to 2, is greater than the distortion incurred when Si is replaced by the “D(5i)shaped” hyper-ellipsoid having the volume of S,. Although Lemma l takes the form of a lower bound, it
can also be viewed as an approximation to the distortion incurred by quantizing the points in S, to 2 , , if S,
takes the optimal, lattice shape. Although the hyperellipsoids cannot be formed into a lattice as required by
the quantizer, the shapes of the Voronoi regions will approach the relative dimensions of the hyper-ellipsoidal
regions [9]. This approximation to the shape of the
regions is a strict approximation. In [12], the
5 ; ~Voronoi
~
error in this approximation was investigated for spaces
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up to dimension 10, and shown t o be below 4 percent
for dimensions under 5.
Continuing, the optimal Voronoi regions will have
the approximate shapes of T ( D ( % i )vol(Si))
,
and thus

minimizing another distortion measure d l ( z , Q(z)).d2
can be viewed as the distortion measure of relevance,
and dl can be viewed as the distortion measure used in
training and quantization due to ease of implementation. Here, Ql(z) is the quantization mapping resulting from training a vector quantizer by minimizing d l .
The expression for the distortion incurred in the resulting quantization, as measured by d2, using the previous steps, can be shown to be

(6)

In [8,9], is was shown that

l/n
n
V2
x T M x d x = V(TIMI)
.
LET(M,v)
n + 2 K,

Substituting this result into equation 6 gives
where D z ( 2 ) is the sensitivity matrix with respect to
the distortion measure d2. The function D 1 ( x ) is similarly defined for d l . Using the fact that the approximate Voronoi region shape Si defined by Q ~ ( zis) given
by T(Di(gt),v o l ( S ) ) ,

This sum can be approximated by an integral, as motivated in [6]. Let g B ( x ) = 1/(2B~01(si))and let x ( x )
be the limiting value of gB(Z) as B -+ 00. X(z) has
unit integral, and is the limiting density of quantization
vectors in X near x . For large B , wol(Si) M
--t

h,

J

xTD2(z,)sds x

I

srD)z(c,);r.ds

Z € T ( D i ( Z . ) , I d ( S , ))

S+f,€S,

P; 2 f ( % ; ) v o l ( ~ ; ) ,and
The result shown in [8,9] was used to proceed to the
final line in the above expression. Substituting this
result into equation 9 and using the approximation for
f ( x ) used in equation 5 results in
Eda(Qi)

The function A(z) which minimizes the above approximation, subject t o the unit integral constraint,
can be found using standard Lagrange multiplier techniques, or using Holder's inequality [8,9,11]. By substituting the optimal X(z) into equation 7, the minimum
error, achieved using the optimal quantizer, can be approximated as

]',tr (D,'(s;)D~(z;)>
2(n 2)

c

+

X.EX3

Approximating the sum as an integral as before
yields
2-2B/n K ; 2 / n

Edz(Q1)

X
+

(k

)

2)

(n+2)/n

(ID(z)l1 1 n f ( r ) ) n l ( n + 2 ) d z

. (8)
where A 1 ( z ) is the optimal codevector density function
found by minimizing dl(z, Q(z)) in training. Substituting in the expression for X,(z)results in the following final approximation:

In summary, training a high rate vector quantizer by minimizing a distortion measure d ( z , Q(z)),
results in quantization points with an optimal
density, Voronoi region shapes approximated by
T ( D ( s )(,2 B A o p t ( r ) ) - 1 ) , and an expected distortion
approximated (in lower bound) by equation 8. For
squared Euclidean distance, D ( x ) = 2 1 and the above
equations are equal to the expressions given in [6].

2 - 2 B l n K -21"
n
Eda(Q1)

J,

Suboptimal Distortion Measures

2(n

+ 2)

x

(ID1( W " f ( 4n)I ( n t 2 ) tr ( D ; ~ ( Z ) D ? cis
(~))

(S, (ID1( ~ ) l l l ~ f ( r ) ) " d' r(: ]~ ~ ~ )

This section derives expressions for the performance
of a high rate vector quantizer, as measured by distortion measure d z ( ~ , Q ( z ) )which
,
has been trained by

If D l ( z ) = D ~ ( z the
) , above expression is equal to the
result given in equation 8.
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Practical Implications
At high rates, the results of the previous sections
show that only the second order terms in the Taylor
series expansion of the distortion measure are relevant.
Thus, if a high rate vector quantizer is trained by minimizing the expected value of the quadratic distortion
measure

L S D ( a ,6)=

/r

--x

(ln(lA(w)12) - ln(lA(w)12))2dw.

Here /3 = ( l l ~ / l n ( 1 0 ) ) 2A(w)
,
= l-Cy=laiejWiland
A ( w ) = 1a 1 P .
The commtation and DroDerties of the sensitivity
matrices fo; LPC coefficienii, reflection coefficients,
LAR parametcrs, arcsine parameters, and LSP frequencies are discussed in other related work [&lo]. In
these works, closed form expressions, involving no integration, are given for the sensitivity matrices of all
of the above mentioned parameter set,s, allowing for
efficient computation of the optimal weightings in realtime on current, DSP chips.
Some interesting results from [8-101 are:
0 For the LI’C coefficients, the sensitivity matrix is
proportional to the autocorrelation matrix R A ,familiar in linear prediction theory. Hence, at high
rate, the LSD measure approaches the standard
LPC prediction error measure.
0 For reflection coefficients, LAR parameters, and
arcsine parameters, the sensitivity matrix has
smaller relative off-diagonal elements than R A ,
showing that diagonal approximations for the sensitivity matrix in the reflection coefficient domain
are better than in the LPC domain. However, offdiagonal components still exist. For arcsine and
LAR parameters, there is a smaller spread in the
diagonal dements of the sensitivity matrix (i.e.
the scalar sensitivities of the parameters), compared to those of the reflection coefficients.
For the LSP frequencies, the sensrtzvity matrix zs
exactly dzagonal, meaning that at high rate, the
LSD measure is equivalent to a WMSE measure in
the LSP frequencies! This is true only of the LSP
frequencies and thus gives theoretical justification
for using WMSE measures of LSP frequencies for
VQ of LPC parameters. This implies that training a high rate VQ using the sensitivity weighted
WMSE-LSP measure will produce optimal results.

E;=,

the high rate codevector density, the Voronoi region shapes, and the performance will approach
that achieved by a vector quantizer which has been
trained by minimizing the “true” distortion measure,
d ( z ,Q(z)). There are several advantages to be gained
by using d rather than d in training and quantizing.
First, it is easy to compute the centroid of a quadratic
measure such as in equation 10, whereas it may be impossible to compute the centroid of the original error
measure. This allows the quantizer to be built using
the generalized Lloyd or LBG algorithms. Without the
existence of an expression for the centroid of a region,
constructing a quantizer becomes difficult or impossible. Second, the complexity incurred in computing the
distortion measure for each codevector in X during
quantization may be much less for the quadratic distortion measure than for the true distortion measure.
To quantize using the quadratic measure, the matrix
D ( z ) must be computed only once per input vector.
For some applications, computing the full quadratic
distortion for each vector in X during quantization
may still be too complex, and the use of simple MSE or
WMSE distortion measures may be desirable. In [8,9 ,
the theoretical expressions presented above were eva uated for simple MSE and WMSE meamres, using
the substitutions D M S E ( S=
) 2 1 and D w ~ s ~ ( ;=e )
2 d i a g ( w l ( z ) ,..., w,(z)) for D l ( z ) , respectively. Using Lagrange multiplier and calculus of variations techniques, it can be shown that the optimal weightings for
a WMSE measure are the diagonal elements of the sensitivity matrix, i.e. w,(z) = (D2(2)Ir,$.

1
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High Rate LPC Quantization

Theory vs. Experiment

To apply the results from the previous sections to
the problem of LPC quantization, the sensitivity matrices must be determined for the various different LPC
parameter representations. In the previous sections,
d2 was the distortion measure of interest. For LPC
quantization, d2 is the LSD measure, and the sensitivity matrices with respect to the LSD measure must be
computed.
Denote the set of filter taps corrwponding to a vth
order LPC filter by the vector

In this section, experimental results are given and
compared with the theoretical results from the previous
sections. T’he LPC coefficients were determined from
8kHz sampled speech using the procedure in the TIA
IS-96 standard [13]. A database of over 160,000 frames
of speech was used for VQ training. This database was
taken from a larger database of speech, and the silence
between the spoken speech was removed using an adaptive algorithm Approximately half of the database was
recorded with a flat spectral recording response, and
the other half of the database was I R S filtered. For
testing, a separate 20,000 frames of speech was used.
To compare the theoretical predictions with experimental results. a split-VQ (or partitioned-VQ) scheme
was investigated, for pragmatic reasons explained in
[8,9]. The split-VQ scheme tested here divided the
LSP vectors into 3 subvectors, with the first subvector containing the 3 lowest LSPs, the second subvector

a

= [ q u z . . .a,] T .

Most systems for compressing telephone bandwidth
speech use a linear prediction filter of 10th order, i.e.
zi = 10. Note that the “O-th” tap, normally constrained
to be equal to one in LPC literature, is not included
in this vector. The LSD in dB2 incurred by quantizing
the vector a to a vector a is given by
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containing the 3 middle LSPs, and the final subvector
containing the 4 highest LSPs. Separate vector quantizers were then constructed for each subvector. For
the overall VQ, an equal number of bits was allocated
for each subvector.
A theoretical approximation to the overall high rate
VQ performance can be found by summing the theoretical approximations for the 3 subvector quantizers,
since the LSD is a weighted sum of the errors in the
individual LSP parameters at high rate. To evaluate
the theoretical approximations, the density functions
of the subvectors must be estimated. For each subvector, a multi-dimensional histogram approach with
non-uniform bin sizes was computed from the training
set [8,9]. The non-uniform bin size was used to prevent a ((slope overload” effect at the histogram bins
corresponding to the tails of the distribution, while
maintaining sufficient resolution in the histogram bins
corresponding to LSP subvectors where the sensitivity
matrix function changes most rapidly (i.e. where LSP
frequencies are close to each other). Because the sensitivity matrix for each subvector is not a function solely
of the LSP frequencies in the subvector, the average of
the sensitivity matrices in each histogram bin was used
to estimate the expected sensitivity matrix in that bin.
Numerical integration over the density functions of the
equations in the previous sections was then used to obtain approximate theoretical performances.

I

‘
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Figure 1: Theoretical and Experimental Performance
of MSE and WMSE based LSP VQs
used, as opposed to the LSD averaged over only the
lower 3/4 of the frequency range used in some previous
work (e.g. [a]). Finally, the LSD was computed as the
average the dB2 values for each frame, rather than as
the average of the dB values.
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