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Abstract This paper studies the ability of the exponentially weighted RLS algorithm to track a doppler
shifted BPSK communications signal. This as modeled as a chirped A R l process in gaussian white noise.
Expressions for the optimum Wiener filter, noise misadjustment, and lay misadjustment are shown. It is
shown that as i n the chirped sinzlsoid case the error
can be written i n terms of the forgetting rate p = l - X
of the RLS algoriihm; the noise misadjustment is of
the order /3 and lag misadjustment of order l/,B2.
However, as the bandwidth of the signal increases the
relative lay misadjustment is shown t o decrease.
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Introduction
Adaptive filters have been extensively studied in

a variety of stationary environments. Some applica-

tions include adaptive equalization, channel estimation, adaptive line enhancement, and interference suppression, all of which rely on the analysis of the underlying adaptive estimation algorithms in the stationary
environment [l]. However in nonstationary input situations few cases have been analyzed. One method used
by previous authors to analyze algorithm performance
in the nonstationary environment (LMS [2], RLS [3])
was to model the optimum weights as a first order
Markov process. This approach, however, lacks the
physical insights into the causes and influences of the
nonstationarity parameters on algorithm performance.
Inroads into the analysis of the effects of znput nonstationarity on algorithm performance were pioneered
in [4,5], using a deterministic chirp input. This allows
the design of the filter to be directly determined by
the signal parameters.
*Thiswork was supportedby the NSF I/UC Research Center
on Ultra High Speed Integrated Circuits and Systems (ICAS)
at the University of California, San Diego, The Office of Naval
Research and the National Science Foundation under grant
#ECD89-16669.

The case of the chirp is of particular importance in
the mobile communication environment where a linear
shift in frequency can be used as a first order model
for the doppler effect. This work extends the previous studies for the chirped tone t o the more general
chirped signal. The importance of having a nonzero
bandwidth signal is that it more closely resembles a
communications signal, since a zero bandwidth signal
is delermanistic and contains no information. In this
paper the correspondence between the stationary signal and chirped signal results of RLS adaptive filter
are shown to be related by a chirp matrix and a signal
direction vector. As previously shown in the deterministic chirp analysis the adaptive filter tracks the
input signal, with a lag component which increases as
the adaptation parameter ,t?is decreased. In addition
this analysis will show that the lag misadjustment decreases as a function of signal bandwidth. At the output, the power consist of a component which depends
only on the parameters of the stationary signal and a
lag component which is a function of the chirp rate $.
The properties of the lag component are derived as a
function of the MA signal parameters. The analytical
results obtained for the AR1 signal model are shown
via simulation to describe the tracking performance of
the RLS filter for a BPSK input signal.
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Consider a moving average (MA) model of a stationary baseband communications signal
1.

I=-00

where {U,} is a white noise process with variance U; =
1. The covariance matrix of this stationary signal is
given by
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where R = E[S*ST]/P8is the covariance matrix normalized by the signal power (Pb).
The signal vector is
given by Sk = [ S k - l , . . . , S k - M I T . The elements of R
are given by ( R ) , j = v i - , where

where

V = [I + pR @ ( D D H ) ] ,

(11)

E

and p =
is the input signal to noise ratio (SNR).
For the deterministic chirp result, the stationary signal being chirped is a constant DC signal. Thus setting the elements of the normalized correlation matrix
(R)i,j= 1 gives the chirped result in [ 4 ] .
Similarly, the cross correlation vector (@) for the
one-step forward predictor is given by

m

(3)
I=O

is the normalized autocorrelation function of the stationary MA signal.
To model the signal in a nonstationary mobile communication environment the signal spectrum may be
frequency offset and shifted with time, by multiplying
each term by a time dependent frequency shift and
chirp term to give

= E[xk%;]= PaVk(f@ I>),

(12)

where r = [ T I , 7-2,. . ., T M + ~ (the
] ~ second column of
R) is the normalized one-step cross correlation vector
of the stationary process. Similarly the deterministic
chirp result is obtained when F = [ I , . . . , 1IT.

t

I=-rx,
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where R = eJwshifts the center frequency of the spectrum and Q = e'+ linearly shifts the center frequency
with time. This simplifies to the deterministic chirp [4]
when the stationary signal is a constant DC signal (ie:
ak = 1 , and 211 = S I ) , and (4) reduces to

The optimum Wiener weights are found by solving
the Wiener-Hopf equations using the definitions of
and gi defined in Section 2, to give

(5)
The signal correlation

E [ S ; S ~ - ~=]

Fortunately these Wiener weights can be related to
those of the stationary signal [S]

$iis
T,

(i22-m\E-mk)Qm2/'.

(6)
where W O is the Wiener weight vector when the signal
is stationary.

By defining a new operator @ to indicate element by
element multiplication, the input signal correlation can
be written in matrix notation as

a$

= E[s;F;]
= P,R@(VkDDHV*k),
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(7)

k
i=l

V = d i a g ( q , g 2 ,... , V)
(8)
D = [aq-m,Q 2 Q - 2 = / 2 , , . . , p f \ l r - M " / 2 ] T .

where x k =
tion using

+ nk.

(9)

= P,VkDV'k

. .,x

k - ~ and
] ~

the cross correla-

1-1

although in more computationally efficient forms. Finally, the Wiener-Hopf equation is solved to find the
optimum weights

where { n k } is a white noise process with power P,,.
Using @I
from above, the input autocovariance matrix
can be written as

+;

[zk-l,.

k

At the receiver, the signal is given by

= Sk

RLS Filter

The RLS algorithm solves for the optimum filter
weights using an exponentially weighted estimate of
the input auto-- and cross-correlation. The algorithm
estimates the autocorrelation using

where s k = [ s c - ~ ,. . . s h - ~ is] the
~
input signal vector
and R is the correlation matrix of the stationary MA
process with elements given by (R)i,j = ~ i - j . The matrix V is the chirp malrix and D is the signal direction
given by

xk

Wiener Filter

(10)
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where the filter is recursively updated using
W k

=Wk-1

+ e(k)R:%;

I

(18)

and e ( k ) is the output error, given by

e ( k ) = zk - j i Z W k - 1 .

4.1

(19)

Filter Misadjustment

It is shown in [6] that under the "slow-adaptation"
( P M << 2) and "slow-variation" ( M $ << p) assumptions, Rr is quasi-deterministic. This greatly simplifies the analysis, allowing R k to be moved outside of
the expectations.
Using the approximations on Rk and A, the noise
misadjustment can be shown to be

P

M i + , = 5 M t 0>

Figure 1: Filter transfer function over t,ime for a
chirped AR1 process.

(20)

where /3 = 1 - A. This is the same form as for stationary signals.
The mean lag filter is shown to be
1

Ak = --Vk+'A(W0

@ D).

101
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a = 0.999

(21)

P
= (I - V*).The mean lag misadjustment

where A
can be written in terms of the stationary process components ( W O , V )t o give

Mt+l =

IC
-$2

P2

where
IE

= ( A W ~ ) ~ W ( A W ~ ) / $ ~M, $ << p

(23)

is the "normalized lag misadjustment"' for a chirped
process. Figure 1 plots the filter transfer function at
two different times for an AR1 process. It can be
seen that as p decreases the mean lag component of
the filter increases. Figure 3 shows the normalised
lag misadjustment for an AR1 process. It can be seen
that as the bandwidth increases the lag misadjustment
decreases.

Optimal Adaptation Constant pOpt
The adaptation parameter p can now be optimized to
4.2

reduce the filter misadjustment. The total misadjustment is given by

'The term 7+h2 is isolated since, for small 7+h the matrix
proportional to 7+h.

A

is

Figure 2: Normalised lag misadjustment IC,,,~=/P~
vs.
SNR for various AR1 correlation values (a)and M +
00.

Solving for the minimum with respect to j j , the optimum adaptation constant is found to be

(Z) );(
1 /3

bop*

=

1/3

.

(25)

The parameters of the stationary process are contained in the ratio ( I E / [ ~ ) ~and
/ ~ this
,
ratio is the only
quantity which needs to be recalculated when a different signal is chirped. Note that P,t increases with
the chirp rate +, in order to put more emphasis on the
current data. For an ARl process, it is seen in Figure
3 that the signal dependent parameter reac:hea a maximum when the filter length M is increased. Note that
for a deterministic chirp cr = 1, Popg increases without bound as the filter length M increases, while for
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Table 1: Simulation Parameters
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Figure 3: The signal dependent parameter ( K / < ~ ) ' / ~
of Popt versus the filter length (M) at SNR = OdB for
an AR1 process.
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Q > 0 the parameter reaches a limit. Figure 4 plots
this maximum for various input SNR.
The minimum misadjustment is

When p = popl,the mean lag misadjustment is 1/2 of
the noise misadjustment. Thus for a given chirp rate,
if p = bopt(4)then the total misadjustment will only
increase by a factor of 3/2 from the stationary cases
when the signal is chirped at rate $.

5

(28)

e/&

2The eo used for normalization in the plots was measured
using the stationary input sequence and the optimum Wiener
filter computed from the data sequence. This is used instead of
the theoretical (0' to smooth the variations caused by the short
runlengths used prevent the spectrum from wrapping around.
3The theoretical noise misadjustment used in Figure 5 and
Figure 6 is taken from [3] which is more accurate for large values
of p.

Several simulations have been performed using the
chirped AR1 process

= QR8-1/'@ksk-1 + u k .

+ $k'/2).

~~~

Performance

sk

cos(wk

for both stationary ($ = 0) and chirped versions
($ = $ 0 ) . The BPSK is demodulated using an I and Q
channel to give the real and imaginary parts. The AR1
process models the BPSK signal when a = 1 - 1/T.
An RLS filter was applied to both sequences and the
misadjustment ratio was calculated using
, where'
= Ele(k)l'. Simulations were performed with combinations of parameters shown in Table 1. As all results were qualitatively similar, the case ( M = 10, p =
2, a = 0 . 9 , =
~ 0 . 2 II,~ =~ 5 * lOe4?r) is used to illustrate the results. The weights were initialized to the
optimum weights and the simulation was performed
for 10,000 iterations.
Figure 5 and Figure 6 plot the misadjustment of
the RLS filter for the BPSK signal and its AR1 model,
averaged over 10 runs.3 For the BPSK signal the minimum recovery error, minimum estimation error and
output recovery SNR are q2 = 1.3613,(0 = 2.3613,
and po = 1.4619. The AR1 model gives q2 = 1.3594,
( 0 = 2.3594, and po = 1.4713. The main difference
is that Popt is slightly larger for the BPSK process.
This is because the BPSK correlation falls off linearly,
whereas the AR1 decreases exponentially. This results
in an increased normalized lag ( K ) for the BPSK (see
Eq. 23). Thus the AR1 model generally provides a
very good estimate of filter performance for the BPSK
signal.
The symbols on the plots denote the simulation results, the vertical bars are the f a error bars, and the
solid lines are the theoretical results. The effect of
the adaptation parameter (p) on the misadjustment
is seen from the two main regions on the plots:

<

J

0.-

i b k / T

(27)
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Figure 6: Misadjustment ratio ( < / E o ) vs. adaptation
constant /3 for a chirped BPSK signal.

Figure 5: Misadjustment ratio ( [ / E o ) vs. adaptation
constant (p) for a chirped AR1 process.
When P 2 P,t, the filter tracks the chirped signal. Here the lag is negligible and the error output
is dominated by the noise misadjustment (Figure
5,Figure 6).

bandwidth increases. Simulations were performed to
demonstrate the validity of the analysis for both the
chirped hR1 and chirped BPSK signals. For /3 = Popt,
the lag rnisadjustment is shown to be half the noise
misadjustment, hence it is possible to optimize the filter for a maximum chirp rate and have approximately
the samc performance when the signal is chirped at a
equal or slower rate.

When P < Pop*, the filter is unable to track the
input changes and the output error caused by the
lag misadjustment is evident in Figure 5 and Figure 6.
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