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Abstract
In this paper, a biorthogonal-lik sequence (BLS?
theory and its application to the generalized Gabor
expansion (equivalently, the generalized short-time
Fourier transfordfilterbank summation) are presented.
A pair of BLSs are defined to be two sequences
satisjjGng a biorthogonal-like condition (BLC). We show
that two collections in a Hilbert space generated by a
pair of B U S in the joint time-frequency domain are
complete, and either can be used as an analysis jilter,
and the other as a synthesis filter, for a generalized
Gabor expansion of discrete-time signals. An efficient
algorithm for computation of B U S is addressed in
detail, and examples are presented to illustrate our
results.

for some scalars C,. Equation (1.2) is called the Gabor
expansion, g(k) is called a synthesis filter, and )g{,
is
a collection of synthesis sequences. The scalars C, are
called the Gabor coefficients and are usually obtained
via a collection of sequences generated by translating
and modulating another single sequence y(k) such that
c, = < f ymn> = f (k)y*,(k)
(1.3)
1

k

where the sign < ., . > denotes the inner product and is
defined as above. y(k) is called an analysis filter and ( y
},
is a collection of analysis sequences. We therefore
have
f(k) =
< f , y,>g,(k)
(1.4)
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It is not difficult to show that
f(k) =
c<f,g,>y,(k)

Equations (1.4) and (1.5) are called the generalized
Gabor expansion is an extention of the Gabor expansion
proposed by Gabor ([l]). The g(k) and y(k) are a pair of
analysis and synthesis filters and defined as a pair of
biorthogonal-like sequences (BLSs) (definition will be
given in the next section).
There are several theories about the relationship
If {gm} is a frame, then (y
between {g,} and y(.),
m} is the dual frame, and stability of the Gabor
expansion is guaranteed. The computation of dual
frames for discrete-time signals was presented in [2] that
is based on the Gabor expansion for continuous-time
signals ([3], [4]).We know that frame and dual frame
pairs are in the subclass of the class of all analysis and
synthesis pairs. In other words, )g,{
and {ym} are not
necessarily a frame and dual frame pair.
we can also obtain the dual
Knowing {g,}
sequence]y,(
via the " biorthogonal condition", that
is, via a set of linear equations, if all sequences are
defined to be periodic ( [ 5 ] , [6]). The definition of the
biorthogonal function in [6] is not traditional, although
it led to a method for the Gabor expansion and signal
representation. The key idea is to imitate the discrete
windowed Fourier transform since all sequences were

Given a discrete-time sequence g(k), with k E 2 the
set of integers, and g E 12(Z) the space of magnitude
square-summable complex sequences, we construct a
collection of joint time-frequency sequences {g,}
defined as
g,(k) = e'- g(k - nN)
(1.1)
wbere M and N are positive integers with M 2 N, and m
and n are integers such that 0 5 m IM-1 and n E Z.
From the STFT point of view, the collection (gmn) is
obtained by translating and modulating a window g(k),
and from the filterbank point of view, the collection
{g,} corresponds to a set of uniform bandpass filters.
Our framework will be based on the completeness of the
collection }g,[
in 12(Z).
For any discrete-time signal jtk) E 12(2),we expect
to represent the signal in terms of the collection g
(,},
namely,
f (k) =
C,g,(k)
(1.2)
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I. Introduction
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assumed to be periodtcally extendible with the same
period.

II.

Biorthogonal-Like Sequences
generalized Gabor Expansion

([3]); when M = N, the critical-sampling case, both
{g,}
and {ym) satisfying Eq42.2) are unique and
bases for p(Z); and when N > M, the undersampling
case, both {gm} and {ym} satisfying Eq42.2) are non
unique and incomplete.
Remark (b) shows that in order for Eq.(2.2) to be
well-defined, it is necessary to require that # 5 1 since
there may exist sequences g(k) and y(k) satisfying
Eq(2.2) only when
I 1. Hence, we focus our
attention on the case # I 1 when we study BLSs
satisfying Eq.(2.2). It is well-known that in order for a
signal to be represented in terms of {gm} and ,}y{,
it
is necessary to require that # 2 1. Hence, we focus our
attention on the case
L 1 when we study signal
representation. In this paper, we do not study {g,)
and
{y,)
with # 2 1 directly, but indirectly via the BLC
(Eqi2.2)) and {gm} and )y,{
# 5 1, i. e., we study

and

Let g(k) E 12(Z) be a sequence, and let M and N be
two positive integers, then we rewrite the sequence
defined in Eq41.1) with M 2 N such that

*

iw

g,&)
= e
g(k -nN)
(2.1)
where 0 I m I M-1 and n E Z. The integer M is called
the frequency modulation parameter and the integer N is
the time translation parameter. The collection {g,) are
joint time-frequency versions of g(k) and is a basis for
the Gabor expansion if the integers M and N satisfy
certain conditions. We know that if g
}{,
is complete, it
is necessary that N I
1.
Suppose g(k) is a low-pass filter, then it is clear that
{g,) is a bandpass filter for futed m and n. Hence, the
analysis of )g{,
can be done in terms of a filterbank
structure. The filterbank structure was addressed in
detail in [7]. In this paper, on the one hand, we study the
properties of (g,}, such as completeness, by means of
nonharmonic analysis. On the other hand, the filter
design is not implemented in the ftequency domain
since the generalized Gabor expansion usually
emphasizes the representation of a signal. For example,
suppose g(k) is not a lowpass filter, but is an optimal
choice for representing some signal, then bandpass filter
design techniques, summarized in [28], may not be
better for an application of this kind. Moreover, the
disjoint filterbank structure is not allowed in the
generalized Gabor expansion since some finite energy
sequences cannot be represented in terms of such
filterbanks (141, [IS]).
Definition: Let g(k) and y(k) E 12(Z) be two sequences,
and g
){,
and {y,} be defined by Eq. (2.1). We say g
and y are a pair of bionhogonal-like sequences @ U s ) if
< gmtd,ymvqa.
> = #6(m'-mtu) 6(n'-n") (2.2)
such that
5 1, where U', U", v', and v" are integers,
and < , > indicates the inner product in the Hilbert
space. Eq. (2.2) is called the biorthogonal-like condition
(BLC) for discrete-time signals.
Remarks: (a) The BLC (Eq.(2.2)) is the traditional
biorthogonal condition when M = N; and in the case M
# N, if we scale ye) by the factor N/M, then it is still the
traditional biorthogonal condition. (6) When N < M, the
oversampling case, there does not exist any sequences
g(k) and y(k) E i2(Z) satisfying Eq.(2.2) since both
)g,{
and ),y{
are linearly dependent collections

BLSs.
The main point in the BLS theory is that a signal in
p(Z) can be represented in terms of {g,)
and ),y{
with
2 1 if and only if {g,}
and),y{
with
<1
are biorthogonal, i.e., satisfy Eq.(2.2). For example, if
{g,} and {ym,) are biorthogonal when # = 1/2, then
[ 8,) and {ym 1 with # = 2 form a pair of analysis and
synthesis sequences for the Gabor expansion. R = # is
defined to be the oversampling rate.
To be consistent, we modify the BLC. Switch M and
N in Eq.(2.1), then a new, but equivalent, collection is
created by

z

#

$"")(k) =
g(k - uM)
(2.3)
where U and v are integers. Hence, the BLC Eq.(2.2) can
be rewritten as
< g(u'v'), $f'v"i > = fi6(u~-u~t)
6(v'-vt*)
(2.4)
where U',
U", and v" are integers. Eq.(2.4) is
equivalent to Eq.(2.2), but
5 1 is now our case of
interest.
Theorem 1: Let sequences y(k) and g(k) belong to P(Z)
and satisfy the BLC, Eq. (2.4), with # 5 1, the pair
{gm) and {ym} with
C 1 defined in Eq. (2.1), and
let Ak) E 12(2)be an arbitrary sequence to be analyzed,
then
(1) Ak) =
<f,,g > y,(k)
(2.5)
VI,

E

cm a
( 2 ) m)= c c <f
m n

7

ym > g,(k)

(2.6)

The converse is also true: if Eqs.(2.5) and (2.6) hold,
then sequences y and g must be a pair of BLSs
satisfying Eq.Q.4).
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Remarks: Collections (g("')} and {F)}
satisfying
Eq.(2.4) with
S 1 do not imply {g("')} and {$""I}
is
complete although they are biortbogonal. The {g("'))
and {F)}
with # I 1 are actually always incomplete.
This theorem, however, shows that the corresponding
{g,}
and {ym} with
I 1 are complete, and
representations Eq.(2.5) and (2.6) hold though hey are
not biortbogonal when I 1.
Theorem 2: Let function g&) and
be in p(Z), and
(g("')} and {p)}
generated by Eq.(2.3) for discretetime sequences, then the following conditions are
equivalent:
(a) {gm} is a frame;
(b) < g(''v'),f"'"'? > =
(u'-u")S (v'-v") (2.7)

will be studied in the next section, i.e., we will present a
general algorithm for the computation of the BLSs.

8

8

e)

(c) c g , y(uy)> = *&U) 6(v)

xi

(4 < y, g'u" > = &xu) 6(v)
(e)
g(k - iN)y*(k - iN -uM)

(2.8)

(2.9)
= S(u)/M(2.10)

U', U", i E 2,and v, v', v" E [O, 1, ..., N-11.
Theorem 3: Given h(k) a sequence with length Q. and
let {h,} a collection defined by ha)and Eq. (2.1) with
M 2. Q. Suppose H&) =
Ih&-nN)I2 > 0 for all k,

where U,

E,

III.Computation of BLSs
From section 11, we showed that any signal sequence
jlk) E P(z) can be expressed in terms of two cokctions
of BLSs. Given a collection of sequences, we can
compute a collection of B U S via the BLC (Eq.(2.6)). In
order to numerically compute the BLS y(k), suppose the
length of a given sequence g(k) is finite, say Q1, i.e.,
g(k) is a FIR filter, and the length of the BLS y&) is a
finite QZ' It is reasonable to seek FIR analysis and
synthesis filters since the expansion always has
numerical stability, and the sequence to be analyzed is
completely detennined by its expansion coefficients.
Based on this assumption, we will numerically compute
a BLS y(k) via Eq.(2.10) that is equivalent to the BLC
Eq. (2.4). Notice that we do not set any other constraints
beyond those given above. The length of the analyzed
sequence is arbitrary and independent of the other
parameters.
To simplify the discussion, we rewrite EZq(2.10):

and

g(k) = h(k)/G(k)

g&

(2.11)

- nN)y*(k - nN - uM) = $6

(U)

n

0 I k IN-1
(3.1)
Consider the range of U. It is not difficult to see that
when U is an integer that does nut satisfy

,/-

where G(k)=
then:
(1) The collection of sequences { g, } defmed by
Eqs.(2.1) and (3.6) is biorthogonal-like with itself, that
is:

-LvJ

susL
v
J
(3.2)
then Eq.(3.1) is automatically satisfied for all choices of
g(k) and r(k). Hence, we see that Eq.(3.1) stands for a
finite number of linear equations. The important issue
we must address fmt is how M choose the length Qzfor
a given length Q1 such that the number of variables are
greater than or equal to the number of equations. The set
of equations in Eq43.1) is under-determined.
Theorem 4: Let k, = L Y J , J = rqw(R-i)l, and
L = L(k,M/@-l)J + N, where R = MIN, rn1 indicates
the smallest integer greater than or equal to n, and LnJ
indicates the largest integer less than or equal to n.
Suppose 4 2 is an integer number between J and L such
km
that Qz = k,N for some integer k3 satisfying M-N 2
k3 5 1 +
then Q2 exists and satisfies

Q- 1

g(k)g("d(k)* = #6 (u)~(v) (2.12)
16)

where {g("")}is a collection of sequences defined by Eqs.
(2.11) and (2.3);
(2) The)g,(
constitutes an orthonormal basis for
P(z), that is:
(k) = 6 (m'-m")S(n'-n") (2.13)
g(k
,)g
k

if M = N = Q ; a n d
(3) If M > N, the collection {g,}
is linearly
dependent.
This theorem shows that the collection {g,}
constructed above can never be an orthogonal basis for
p(2) since the sequences are always linearly dependent;
but the collection is complete in 12(Z), and any sequence
flk) E Z2(Z) can be expressed in terms of {g,}.
If the
frequency modulation parameter M is less than Q,
which is the length of the window sequence g(kh the
above theorem is not valid and we have not found a
closed-form solution for y(k). The more general solution

A,

{LvJ

nl =
+ L v ] + l } N = Qz
(3.3)
Let Q3 be any integer number such that Q3 r L,
then Q3 exists and satisfies
n2={LwJ+L%J+l)N
IQ3
(3.4)
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Observe Eqs43.3) and (3.4),the number on the left
side of the equations stands for the number of equations
contained in Eq.(3.12), and the number on the right side
of the equations stands for the number of variables
contained in Eq.(3.1). Hence, this theorem is useful in
the sense that we can find not only a length QZfar y(k)
such that Eq43.3) is achieved and the number of
equations and unknown variables are equal, but also a
length Q3 for y(k) such that the inequality (3.4)is
satisfied and the number of equations is less than the
number of variables.
We can now derive matrix algorithms based on
Theorem 4 to compute the BLS. Note that to properly
use Eq. (3.3) in Theorem 4,we assume the remainder of
(Q,-I)/M is not less than N-1. If this is not satisfied, wc
can only use Eq. (3.4) in Theorem 4, and from the
formulae expressing J and L, we see that if R = 1 (N =
M, i.e., critical-sampling), the above Q2 does not exist.
This means that the above method is not applicable in
the critical-sampling case, which we will consider
separately later. So we assume the sampling rate R =
M/N is greater than 1.
Let g(k) be real, then it is clear that Eq.(3.1) can be
written in matrix form:
Hy = = 1A

always can find K linearly independent equations so that
we still can use Eq. (3.7) to compute y(k) if it exists.
Observe Eq43.1) again, we see that the set of
equations can be partitioned into N disjoint subsets of
equations. Equivalently, Eq43.5) can be partitioned into
N disjoint submatrix equations. Hence, the algorithm is
faster by a factor of N. We can compare our algorithm
with algorithms in [5] and [6]. All algorithms used a
matrix equation in which: (1) there are many zeros in
the coefficient matrix, (2) the dimensions of the matrix
are larger than the length of the given sequence, and (3)
the relationship between the length and existence of
filters were not addressed.
The following are examples on how to use Eqs.(3.6)
and (3.7) to compute y(k) for the case g(k) =
-I(k-b)*

a e la'
for k E (0, 1, 2, ..., 63): (1). Figure 1
shows BLSs with different sampling parameters. From
figure 2, we conclude that the normalized y(k) is more
similar to the given g(k) when we increase M and
decrease N. This conclusion is similar to our previous
work [2] where g(k) and y(k) are a frame and dual
frame, respectively.
Using Theorem 4 we can design a pair of analysis
and synthesis filters such that the reconstruction is
perfect. But we mentioned above that Theorem 4 cannot
be used in the critical-sampling case since, in this case,
integers J and L do not exist. To solve the criticalsampling case. let
G,(z) =
g(k+nN)z-"

(3.5)

where H is a Q, x Q2, or n2 x Q3, real matrix with Q2,
Q3, and nl defined in Theorem 4, y is a Q2x 1 variable
matrix, i.e., y = Iy(O), y(l), y(2), . . ., "((v2 - l)lT, and A
is also a Q2x 1 matrix with N ones and Q2 -1 zeros (A
...,01T ). Next, we separately
= [ 1, 1, ... 1, 0, 0,
discuss the two cases: H is Q2 x Q2 and H is n2 x Q?
. If H is a Q2 x Q, matrix, then it is a square matrix.
Suppose the rank of H is full or Qz, then the solution
to matrix Eq. (3.5) can be written directly from
y = hH1A
(3.6)
since in this case, the inverse of matrix H exists. The
rank of H is usually full if the g(k) # 0 for all k. If the
rank of H is not full (< Q,), there are many solutions if
the matrix A is in the range of H.
If H is a n2 x Q3 matrix, suppose the rank of H is
equal to the number of tows in H, n2, then one solution
of Eq43.5) is
y = +HT(HHT)-~A
(3.7)
which corresponds to the minimum energy solution.
Note that the solutions of Eqs(3.6) and (3.7) are real. It
shows that the BLS y(k) is real if the given sequence
g(k) is real.
The above solutions require that the rank of H is
equal to the number of rows in the equations. If the rank
of H, denoted K, is less than the number of rows, we

n

Tk(z)=

y*(k+nN)z-"

(3.8)

n

Then in the critical-sampling case, the BLC can be
written as
Gk(z-l)rk(z)=
(3.9)
We can see from Eqd3.9) that the BLS y(k) must be an
IIR filter if the g(k) is a FIR filter, and can be obtained
easily from Eq43.9) so that perfect reconstruction is
possible in the critical-sampling case.
To demonstrate the generalized Gabor expansion for
discrete-time signals, we used as example a frequency
hop signal, i.e.,flt) = sin(2.nht), 0 5 t 5 t1,flt) = sin(4.nh
t), 0 It 5 9,At) = sin(6nht), 0 5 t I t3, where h is a
constant. Its time-domain behavior and Gabor
coefficients magnitude are shown in Fig. 3 with the
same analysis and synthesis filters as in the first
example. The Gabor coefficients magnitude plot exhibit
several parallel lines in the JTF domain parallel to the
time axis. The examples demonstrate some advantages

A;
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of the generalized Gabor expansion when compared to
the Fourier transform.
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Fig. 1: Biorthogonal-like function y(k) with length 64 and given g(k) = ae

--$(k-32,S)2

Fig. 2: A frequency hop signal and its Gabor coefficients magnitude.
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