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Abstract

II. Review

In this paper, we use a neural network method for
obtaining a stochastic Cramer-Rao boundr on estimates,
given only the training data. lke Cramer-Rao boundr can
be used (1) to help determine when neural net training
shouM be stopped, (2) CO re-order the network inputs
according to their contributions to the bounds, and (3) to
eliminate less useful inputs. Ihe convergence of the
modelling procedure is shown. Ekamples are provided to
illustrate the method.

Let (%,e,,) p = 1, 2, ..., N, represent the training
set for a MLP. Here, xp represents the pth example of the
random input vector x and 8, represents the pth example of
the random parameter vector 8. Our ultimate goal is to
design an MLP whch almost optimally estimates 8 from x.
In a previous paper [I], we motivated minimum mean
square estimation via the MLP by showing that the training
error for the MLP is minimized when the MLP outputs
equal E[8 I x]. This quantity, which is denoted by e,,,
is
the minimum mean-square estimate of 8.
In MAP estimation [3], rather than estimating
E[Blx] directly, one tries to maximize the conditional
density pslr evaluated at x equal to the observation x. The
MAP and MMS estimates are equivalent when pelxhas its
[3]. Note that pelrcan be expanded as
maximum at 6-

I. Introduction
In previous papers [1,2], it has been shown that
the multilayer perceptron (MLP) approximates the
minimum mean-square estimator ("se) [3], and that the
MLP's training error is bounded by the Cramer-Rao MAP
bound for the random parameter case, which is also called
the stochastic Cramer-Rao bound. The bounds can also be
used to help determine when neural net training should be
stopped. The calculation of Cramer-Rao bounds for a
given training data set requires a statistical signal model of
the inputs as functions of the desired outputs. The lack of
such signal models in most cases has prevented the
widespread application of estimation theory, and
specifically Cramer-Rao bounds, to neural networks.
In this paper, we propose a method for obtaining
a statistical signal model, given only a set of training data.
The convergence of the modelling procedure is shown. A
method is proposed for re-ordering the sequence of input
features according to their contributions to the Cramer-Rao
MAP bounds. Examples are provided to illustrate the
method.

The denominator of equation (1) can be ignored as it is a
constant that depends only on the observation. For
computational convenience we take the log of both sides of
equation (1) to yield the log-likelihood function (LLF)

A-

= Am

+ A*

(2)

where Am = Pn(pelx(flI x)), Am = Pn@,,,(x I e), and A*
= Pn@,(e)). Equation (2) is maximized when

which is referred to as the MAP equation. The superscripts
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MLE and AP respectively stand for maximum likelihood

Ep(4

estimation and a-priori.
Elements of the Fisher information matrix [3]
(FIM), JoM* are defined as
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The model is determined from the noisy data by setting the

In order to calculate the log-likelihood functions
and the Cramer-Rao lower bounds on the variance of the
parameter estimates, a statistical model of the input vector
x is required. This model consists of a deterministic
expression for the signal vector s in terms of the parameter
vector e, the joint probability density of the additive noise
vector n.
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Using the facts that

III. Signal modelling from data

as;

--

Tp(k),
E[np(n)nq(n)l = U: 6b-d
8%
the mean-square of the noise term e, is evaluated as

The problem of estimating a signal model from
data has arisen and been partially solved many times in the
past. In each case, Severe constraints are placed on the
model and data in order to make the problem solvable [461. Given the training patterns we want to find the signal
component model and noise pdf. We make the following
assumptions.
(Al) The exact signal model is xp

N" N.

E[e#il = '7

N,

q-I
2

+a

The signal model above can be rewritten as xp

~rnp(n)n~(n)l~p(~)~~k)
P

=

= s,
where x, is
the noisy input vector, of dimension N, for the pth
pattern, S, is the desired output vector of dimension
M for the pth pattern, sp denotes the noiseless signal
component of the input vector xp, and a denotes the
noise component of dimension the input vector xp.
(A2) The elements e,&) of Bp are statisticallyindependent.
(A3) The noise vector n has independent elements with a
jointly Gaussian pdf.
(A4) An expression exists for the signal component s, in
terms of the M given parameters.
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where &(k) is the average energy of the kth basis
function. Note that the mean-square error goes to zero in
the limit as the number of training vectors increases.
Given a model s,' for the signal component, we
model the mean vector and covariance matrices of the
noise component as

=

+ dPwhere sp' and n,,' denote approximations to sp

and q,respectively. The calculation of sp' and n,' are
described separately.
Assume that the nth element of the approximate
model sp' are well approximated as

IV. Optimal subsetting of inputs

1.

Elements of the FIM are numerically calculated as
where Q denotes the coefficient of TpQ in the
approximation to s(n), and where T p Q is the kth basis
function calculated from the desired pth output vector e,,.
T,(k) can represent a multinomial function of parameter
vector 8 in a functional link network, or a hidden unit
output in a MLP. The error between x,(n) and its model is
measured as
913

number of parameters to be estimated. Now, the (k+ 1)th
re-ordered input is that whose addition to our set causes
the largest decrease in O(k+ 1).

V. Experimental Results
As a first example, we generated a signal Z(n)
with the signal model

N,

( 1 s i, j s

1 sk s

N,)

--n

)

an) = A r

where b(i,j) denotes an element of the inverse matrix C,,
d(i,j) denotes an element of the matrix C'=-', N denotes
the number of inputs and N& denotes the number of
outputs. However, it is often desirable to find a good
subset of the elements of x to process. This not only
reduces the number of multiplications necessary for
calculating the parameter vector 8 but also reduces the time
necessary for training the MLP. Our general approach is
to find out which feature reduces the Cramer-Rao bounds
the most, when it is added to the feature subset.
For simplicity, let's assume that C', in equation
(5) is a diagonal matrix. This is a good assumption when
the elements of x correspond to transform coefficients.
Also assume that we want to enlarge our set of inputs from
k to @+ 1) elements. The MAP FIM element for (k+ 1)
input features can be written as

b ( k + l ) as (k+l)

dei

The difference between the MAP FIM elements for the
cases of k and (k + 1) coefficients is

-Jgmf(k)

J,-(k+l)

which is easily calculated and stored ahead of time.
For the one parameter case, the inputs are easily
optimally ordered. We simply add elements to our set
which cause the largest decrease in the MAP bound, using
the FIM changes generated by equation (6). When we have
multiple parameters, it is necessary to define an objective
function to help in the re-ordering process. We have
chosen to use the weighted sum
M

wi-Em(k,i)

O(k)

+

n(n)

(7)

where n(n) was zero-mean Gaussian white noise with a
standard derivation o f . 1. The time variable n varied from
0 to 127. The random parameters A and T had uniform
probability densities whch extend from 1 to 2 and 10 to 20
respectively. The frequency w had a value of .2 radian.
First, we calculated the Cramer-Rao MAP bounds
on the variance of the A estimate for DFT feature data and
optimally ordered DFT features. In the function O(k),
w , = . l (for amplitude A) and w,=.9. The optimal
sequence of the row numbers for the DFT transformation
matrix is 5,7,2,3,1,6,4,8. We used the original and reordered DFT transformation matrices to generate training
data sets with 5,OOO pattems each. Next we found MLP
signal models From the training data and calculated the
Cramer-Rao MAP bounds of the original feature sequence
and the optimal feature sequence. For comparison, we
found the same bounds using knowledge of the exact signal
model. Using the training data, we also trained MLP
estimators having topologies of the form M-20-10-2. In
other words, there were M input transform coefficients
where M varies between 2 and 8. The networks had 20
units in the first hidden layer and 10 units in the second
hidden layer. The bounds and MLP testing error for A are
shown in Fig. 1. The bounds and MLP testing error for 7
are shown in Fig. 2.
The total bound, which is the sum of the bound
for estimates of A and 7 , is shown in Fig.3. Comparing
the three figures, we can see that the bounds for the
estimate of 7 contribute much more to the total bound than
does that of A.
As a second example, we use a set of remote
sensing data with 16 inputs, 3 outputs and 10,OOO pattems.
We calculated the optimal feature sequence and its total
MAP bound (sum of the 3 bounds), along with MAP
bounds for the original feature sequence. We also trained
MLP estimators for each subset of features and obtained
the corresponding testing errors. The network topology
used here is M-20-7-3,
where M is the number of input
features used. From the following table, we see that the
bounds of the optimally ordered features are less than the
bounds of the naturally ordered features for this set. Also,
the MLP testing error is always greater than the sum of the
bounds, as is to be expected.

+L.
d(k+l,k+l)
B
] + b(i&

ae,
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~
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where B&,i) is the MAP bound on the ith parameter for
the case of k inputs, wi is a positive weight, and M is the
914

VI. Conclusions
In this paper, we have developed a method for
bounding the training error of MLP estimators, given
training data but no statistical signal model. A method for
finding the required signal model from the data has been
presented and analyzed for convergence. The bounds have
been calculated for two examples. In one example, the
bounds were close to those found when the signal model is
known beforehand. In the second example, the bounds
provided a lower limit to MLP testing error.
More work remains before the methods presented
here become easy to apply. For example, the topology of
the MLPs was only guessed at in our simulations. A
technique for estimating MLP topologies from training data
would s p e d up the modelling, bounding and estimator
design processes.
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Figure 1. Bound and MLP Training MSE for A
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MAP Bound of

Original
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Sequence

Original Feature
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MAP Bound
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Sequence

Neural
Network
Testing

M.S.E.

I

.530456

I

16

I

.005014l

I

9

.0050141

S28107

Table Total of MAP bounds and neural net training error for a remote sensing problem
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