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Abstract
This paper presents a technique that combines
Prony's original approach together with the high resolution eigenstructure based methods t o estimate resonant modes f r o m scattered noisy data. The problem is equivalent to obtaining best rational approzimalions that fit the actual measurements in a least square
sense.
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Figure 1: A Linear Time-Invariant (LTI) System
the system output can be used to describe the underlying system in a satisfactory manner.
A rational system, as the name implies, possesses a
transfer function that is the ratio of two polynomials.
In the discrete case, such a system can be compactly
described in the z-domain using its transfer function
H ( r ) given by'

Introduction

The problem of identifying a linear time-invariant
(LTI) systems from measurements of their output responses to a known input excitation, such as a white
noise source or an impulse function, is of fundamental importance in many areas in engineering. Such
an identification naturally allows one to predict the
system outputs and their resonant modes, and, as a
result, this problem has considerable impact in many
areas.
Physical systems such as above may not be always
linear or time-invariant. Nevertheless, over a reasonable time-interval, the outputs can be assumed to be
generated by an LTI system, and for an accurate description over a long period it may be enough to update the system parameters adaptively. Moreover, the
LTI system under consideration may not possess a
rational transfer function. In that case it becomes
necessary to model such systems with reasonable accuracy through a finite-order stable recursive model
that is optimal in some fashion. Hence, within this
approach, physical systems can be parametrized accurately through a finite-order recursive model, provided
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where a i , i = 1 --t p , and b,, j = 0 --t q represent the
system parameters. Such systems are known as AutoRegressive Moving-Average (ARMA) models with
denominator degree equal to p and numerator degree
equal to q , or in short, as ARMA(p,p) systems. It is
not difficult to grasp their physical meaning. When
driven by an input w ( n ) ,to generate the output ~ ( n ) ,
as shown in Fig. 1, we have
P

(1

k=l

k=O

'We have used the variable z, rather than the usual 2-l , for
the delay operator. In this representation,a stable function has
all its poles outside the unit circle (121 > 1). Minimum phase
systems have all their poles and zeros outside the unit circle,
and stable nonminimum phase systems have no restrictions on
their zeros. The use of the variable z translates all stability
arguments to be carried out in the compact region 1.1 5 1.

'This research was supported by the Office of Naval Research
under contract N00014-89-5-1512 P-5 and the Army Research
Office under contract DAAH04-93-02-0010.
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where z;', zcl, . . . z i ' represent the poles of the
system2 Notice that (see footnote 1) for analyticity
of H ( z ) in Izl c 1, the poles must be outside the unit
circle, or ,
< 1, k = 1 4p . Thus, using (3), (7)
gives

Thus, the present value of the output z(n) depends
regressively upon its previous p sample values as well
as the running (moving) average generated from ( q + l )
past samples of the input zu(n).
Clearly, if the system is analytic in IzI < 1, it can
be represented by a one-sided Taylor series expansion
given by
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k=O

Here, { h r } r = odenotes the impulse response sequence
that determines the intrinsic characteristics about the
system. This sequence can be observed when the s y s
tem is excited by an impulse function b ( n ) . If the
input process is a wide-sense stationary white noise
process .U(.) with power spectral density Sw(8)= U',
then the power spectral density of the output process
r ( n ) is given by

-

otherwise

-

From (S), given a finite set of the impulse response,
the identification problem reduces to evaluating c ) ,
zk, k = 1
y . Notice that Zk, k = 1
p appear in
(8) in a nonlinear manner, and hence direct evaluation
of these quantities are in general difficult. Moreover,
exact modeling is valid only when the orignal system
happens to be representable as a linear combination of
p exponential modes, i.e., the orignal system is rational. If the impulse response sequence originated from
a nonrational system, to obtain a rational approximation such as above, a measure of 'goodness of fit' must
be assumed, so that the unknown parameters can be
selected in a systematic fashion by finding the 'best'
approximation. Various techniques have been developed to solve this problem such as those based on the
Singular Value Decomposition (SVD), the maximum
likelihood (MI,),the polynomial method and the matrix pencil technique [2, 31.

k=-m

(4)
where

represents the kth autocorrelation term of the widesense stationary output process t ( n ) . If the system
is exited by a white noise process w ( n ) , the output
correlation P k can be expressed in terms of the system
impulse response h k as

As is well known, Prony has recognized this problem and ingeniously developed an alternate approach
where the nonlinearity in (8) is turned into a linear
problem by exploiting the finite order of a rational system [4]. To see this approach, it is best to make use
of (1) and (3) to derive a set of equalities that can be
used to obtain the desired linear equations. Towards
this, equating (1) and (3), and comparing coefficients
of like powers, we get

i=O

If autocorrelations alone are used in identification
problems, then as is well known, systems can be identified only upto their minimum phase equivalent parts
[l]. Since a good majority of physical systems are
not minimum phase, the above minimum phase factor corresponding to the original system hardly gives
the exact phase characteristics of the system. To overcome this difficulty, instead of using only the output
autocorrelations T k , we may need to use additional information such as the first-order or higher-order moments or their combinations. In the next section, we
address this problem using partial information regarding the impulse response sequence.
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0,

and

0 = aoh,+p+alhr+p-l+azhr+p-z+~.~+aphr,

Rational System Modeling

T

2 0.
(10)

Notice that (LO) represents an infinite set of linear
equations in the unknown quantities 0 1 , a2, . . 'a,,, and
the first p equations there can be used t o evaluate

A rational system H ( r ) such as in (1) can be alternatively represented as

-

n

*tk, k = 1
p does not have to be distinct. For simplicity,
we will only consider the distinct root situation in this paper.

(7)
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and consequently if k 2 p , rows/columns beyond the
pth row/cohmn in Hk and Ck are linearly dependent
on their previous rows/columns. Thus, together with
(15), it follows that
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Equation (17) shows the rich structure present in a rational system, and it forms the necessary and sufficient
conditions for an infinite sequence {hk}F& to represent the impulse response sequence of a rational system. In principle, the rank condition (17) can be used
to determine the model order p of the rational system,
and then Prony’s approach can be successfully applied
to evaluate the system parameters as described before.

h2p-1

3

-

,

Noisy Data Case

The sitluation is however not so ideal if the impulse
response data h,, n >_ 0 is corrupted by noise. In that
case, the rank conditions in (17) are no longer true,
and it will be difficult to determine the model order
using thatJ approach. Since measured data is always
noisy, we may model the observed data as
~ ( n=) h,

+~

P

( n =)

CQZ;
+ ~ ( n, )

(18)

k=l
-

zP-l
1

.g-‘

.. .

zP-l
P-1

zp-l
P

- - CP

-

where ~ ( nrepresents
)
additive noise that corrupts the
impulse response. In this case, the problem is statistical, and the principle of maximum likelihood (ML)
may be used to evaluate the unknown nonrandom parameters c k , t k , k = l --+ p in (18). The M L approach
first computes the joint probability density function of
the observations, and then evaluates the log-likelihood
function. In principle, the optimal values of the unknowns correspond to the peaks of this function, and
they can be estimated by a search procedure. However
for any reasonable value of p, this nonlinear search is
quite tedious, and alternate suboptimal methods must
be developed to obtain good solutions to this problem.
Towards this, once again we can make use of the
Hankel matrix Hk defined in (14). Suppose ho --+ hzn
are available, and let H = H, represent the symmetric
Hankelmatrixofsize ( n + l ) x ( n + l ) a s i n (14). Since,
H is real and symmetric, we also have H = H’, where
-T
H* = H represents the complex conjugate transpose
of H . To incorporate the structure of h k in (a), define

hp-i

Then from ( l l ) , Hp is singular and Hp-l and C, are
nonsigular. In fact,
rank Hp = rank Hp-l = rankCp = p .

(15)

Moreover, from the Prony equation in (10)
hp+r

= - (alhp+r-l

+

Unhp+k-2

4-. . .

+

aphr)

I

r>O
(16)

818

other. Finally using (30) and (31), we get that the set
of linearly independent vectors

and

C = diag[cl,czl.-.,~p]l

(20)

where diag [.] represents a diagonal matrix. Then using (19)-(20), a direct computation shows that

and

{el, e21 " ' e p }

{Vl, V 2 , " ' V p }

span the same subspace of dimension p .

H = ZCZT

(21)

= H*, we also have

and with the help of H

As a results,

k=l

or
A

+

+

E = [el, ezl

Notice that H is of size ( n 1) x ( n 1) and rank
p . Hence, n 1 - p eigenvalues of H are zeros. Since
H is symmetric, the corresponding eigenvectors are
linearly independent and can be chosen to be orthogonal. Let e l , e 2 , .e,+1 represent the eigenvectors
and XI, Xz, ...X,+1
represent the eigenvalues of H .
By rearrangement, we can always write

+

a

where

D;k

.ep]= [ v l 1v2,

k2pS1.

(23)

(25)

Using (22) and (25), this gives
--*

n+ 1.

(26)

2

*
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'Zi

] .

(27)

E1

Then from (19)

- pE2 = Z1D - pZ1BD = Z1 (I - pB) D ,

and using (28) in (26), we get

i=l-pl

(38)

or the desired eignevalues are given by
,u;=zi - 1

vfet=O,

(37)

From (36)-(37), the generalized eigenvalues of El with
respect to E2 are given by

Let
21,

(36)

A

B = diag[rl,zz,..-,+].

IC = p + 1

vi = [ 1, z i ,

A
=
Z2D = ZlBD

where Z1 abd Z2 represent two n x n matrices generated from the first and last n rows of Z respectively,
with Z is as given in (19). Further

and

Z*ek = 0 ,

(34)

Equation (34) can be used to determine the desired
unknowns r l , z2, . . .r,. For example, let El and E2
represent the first and last n rows of E respectively.
Then
A
El = Z1D
(35)
E2

k=p+l-n+l.

(33)

A

E=ZD.

Thus

Hek=O,

+vP]D

= d i k . Thus,

-

&EO,

a .

k=p+l-nS1,

(29)

i.e., the p linearly independent vectors v1,v2,...,vp1
in (27) are orthogonal to the eigenvectors
{e,+l,ep+Z,. . .,e,+l} associated with the zero eigenvalue of H . Thus

From (24)-(25), we also have
{el, ez, ' . - e pI
} {ep+l,ep+z, . - . e , + i } ,

(31)

since the eigenvectors associated with distinct eigenvalues of a symmetric matrix are orthogonal to each

(39)

From (38), since the eigenvalue of E1 - XE2 and
(E;E2)-'E;E1 - pI are the same, for example, the
later form can be used to determine the desired pole
locations z f l , a = 1 + n , in (39).
Notice that the above procedure contains a double
eigendecomposition procedure, and has been observed
to work well in presence of noise. Of course, in the absence of noise, this prcedure is unnecessary, since the
simpler Prony 's original approach will guarantee the
true solutions. However, unlike Prony's approach that
determines the denominator coefficients ak , k = 1 -+ p
in ( l l ) , the present approach directly determines the
pole locations z;', k = 1 + p , from the data through
a double eigendecomposition method. Since,
'k
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, i=l-+p.

-1 - e ( ' J k + j W k )

-

I

(40)
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= 0.001, ~2 = 45O, 173 = 0.003, ~3 = 80°,
= 0.002, w4 = 130°, 175 = 0.003 and w5 = 135O. In
both cases, lOdB SNR is maintained by adding noise
as in (18) (see Figs 2(a), 2(c)). A sliding window of
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(a) Noisy Data (1OdB)

width equal to 100 data samples generates the noisy
data that is processed using the method described in
Section 111, and the estimated resonant frequencies W k ,
L = 1 , 2 , . . are plotted in Figs 2(b), 2(d), against the
window location. The sliding window is sequentially
moved to the right in increments of ten data samples.
From Figs 2(b), 2(d) it is clear that the new method
performs quite well in estimating the resonant frequencies of LTI systems from noisy impulse response data.
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Conclusions

This paper presents a new approach t o resonant
mode extraction by combining Prony’s original approach together with the high resolution eigenstructure based methods. The rationality of the original
system exhibits certain rank invariant Hankel structures, and in the noisy case this is exploited in a least
square sense to extract the best possible resonant frequencies of the underlying system.
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(d) Resonant Frequenaes

Figure 2: Resonant Frequency extraction of LTI systems from noisy output data
where Uk > 0 represents the damping factor and W k
the resonant frequency, using (40) in (18) it follows
that the unknown parameters Uk and w k appear in the
observed data in the form of an FM signal in noise, and
hence their direct determination from the observed
data must be superior to Prony’s coefficient determination method which only performs like an AM signal
in noise. The noisy data is used in H = H, directly,
and the above double eigendecomposition procedure
is performed to obtain estimates for the pole locations
i;’, ZZ’, . . . T i 1 . Notice that determination of the
model order p has to be done using statistical procedures on the set of eigenvalues of H , since no clear
cut separation as in (24)-(26) will be available in the
case of noisy data. The lowest eigenvalues of H may
be grouped together t o represent small perturbations
of the zero eigenvalue of H I and this procedure can be
used to obtain a good estimate for the model order p .
Since H uses all available data, the two eigendecompositions will smooth out the effect of noise. Once &
are obtained in this manner, the residues t k can be
estimated using the least square solution on the whole
data set as in (13) by making use of (271 1) rows
there.
Figs 2.(a)-(b) show results of simulation for a degree
six system with poles located at e ( “ k * J w k ) , k = 1 + 3
with ul = 0.002, w1 = 40’, ~ 7 2= 0.006, w2 = 60°,
u3 = 0.005 and w3 = 110’.
Similarly Figs 2.(c)(d) represent a tenth degree system with poles a t
duk*jwk), k = 1
5 with u1 = 0.0015, w1 = 30°,
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