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ABSTRACT

source (time varying dipole orientations/amplitudes)
are integrated out, yielding a mar inal density function that depends only on the o%served data and
dipole locations. In contrast t o the performance of the
MAP technique for uncertain head model parameters,
the marginal cost function introduced here is shown to
outperform maximum likelihood/least squares methods in low SNR and other stressful circumstances; for
instance, when dipoles are located deeply in the head,
and/or the number of sensors/snapshots is restricted.
In addition, the use of proper priors for the secondary
parameters leads t o a model selection criterion based
on the Bayesian evidence for each considered model.

A Bayesian framework i s utilized to derive a new
EEG dipole localization method. Dipole orientation/amplitude parameters are integrated out of the
full observation probability density function, yielding a
proper marginal. The derived cost function essentially
reduces to the condensed conditional m a t i m u m likelihood for a large number of electrodes, relative t o the
number of sources. In addition, the reduction of nuisance parameters by marginalization leads naturally
to a model selection/source number detection scheme
based on the concept of Bayesian evidence. Simulation
r e s d t s are included t o show the superior estimation
characteristics of the proposed method over maximum
likelihood in low SNR, small spatial/temporal sample
situations, and to provide a preliminary comparison of
the proposed detection technique t o AIC and MDL.
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INTRODUCTION

Forward Model and Notation

Assume an array of M sensors, receiving information from P dipole sources. Denote the gain matrix that describes the transfer function from dipole
source locations to the external sensors as G . Different head models for EEG are incorporated into the
forward model by specification of G. The general forward model for EEG is

Current dipole localization from EEG (Electroencephalogram) data is an increasingly popular approach for extracting functional brain information
from scalp electrode data. However, the estimation
of dipole locations (primary parameters of interest)
depends also on a number of secondary, or nuisance
parameters. These nuisance parameters may be associated with each dipole source (such as dipole orientation and amplitude) or with the physical head model
(electrode gains/locations, and tissue layer thicknesses
and conductivities). In previous work we have presented the MAP approach for the joint estimation
of location and uncertain secondary parameters associated with the head model [l]. The results of
these studies indicate that stochastic variations in the
radii/conductivity arameters of a 4-sphere model of
the human head ([ay) result in significant dipole source
location estimation error primarily in higher SNR regions (this corresponds most often to cortical sources
near the electrodes).
In this paper, a Bayesian marginalization approach
is used to derive a new dipole localization cost function, where secondary parameters associated with the

-

f ( t ) = G(L)q(t)+

( t ) , for t = 1,..., NI

(1)

+

where f ( t ) represents the ( M x 1) array observation
at the time instant t ,
( t ) is the vector of sensor
measurement noise, G ( L ) is the ( M x 3 P ) gain matrix corresponding to the ( P x 3) matrix L of stacked
row vectors L,, where each row defines a 3-d dipole
location:
-t

L =
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where it is assumed that p(Q, U I Ip)
= p(Q I I P ) p ( u ) .
Because the vectors q ( l ) , ..., q ( N ) are free to vary
over positive and negative values, the standard noninformative prior for Q is simply a constant [6],[7l,[8],[9].
However, as noted in [10],[7], using an improper prior
(that is, a prior that doesn t integrate to a finite value)
invariably leads to erroneous model selection within
the Bayesian evidence framework (to be discussed in
more detail in the following section).
To remedy this situation we choose the normalizable prior

and

(2)
represents the (3P x 1) composite dipole moment
vector due to P current dipoles,

(7)

(3)

under the assumption that the prior dipole orientation/amplitude variance hyperparameter, y, satisfies
72 >> d.
Performing the integration indicated in equation
(6) with respect to the orientation parameters, Q , and
making use of the above assumption results in

The sensor noise is assumed spatially and tempcr
rally white, with covariance

E { ; (tj ZT ( t ) } = $1.
2.2
ML Localization
Denote the collection of N data “snapshots” by
matrix F .
The dipole orientaare treated as deterministic parameters, thus our formulation is analogous to the conditionaZML model [3],[4].Under the assumption of temporally and spatially white Gaussian noise, the negative log likelihood is
-1% P(F I L , nT(l), ...,q T ( N ) ,U2) =

MN
---log
2

~ n E
+ l o g u2
2

1 ”
+3

If

(9)

( t j - Gq(t) l2 .

t.~
=l

(4)
It is well known that this function can be concentrated
with respect to a2 and q T ( l ) , ...,qT( N ) by replacing
these values with their ML estimates [4], resulting in
the con dens ed cost function :
VML(L)

= tr {Pk(,]FFTI,

To remove the scale parameters, U and y, by integration we use the Jeffrey’s priors [9]

(5)

where tr { . } represents the matrix trace operator,
P&,, = I M - G ( L ) G ~ ( Lis) the projection matrix that
projects onto the subspace orthogonal to the column
space of G ( L ) , and t denotes the pseudoinverse. The
dipole Iocation estimates obtained by minimizing 5)
over the 3P dimensional ran e space of L are a s 0
known as “regional dipoles”

[SI.
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Note that these are not proper priors; however, the
end result for model selection is not affected because
the dimensionality of the integration is the same for
each model class. That is, each model has a single hyperparameter and a single additive noise variance parameter, regardless of the number of assumed
sources (in contrast, to integrate out the linear orientation/amplitude parameters in (6) means integrating
over Q E R3pxN).
The following marginal results after integrating
p ( F , 6,-y I L , I p ) with respect to U and y:

I

Bayesian Marginal Approach for Localization

Let Ip denote the prior assumptions for the model
parameterized by p dipoles. In addition, let Q denote the collection of multiple dipole moment vectors,
q(l), ..., q ( N ) . The marginal density function of interest for dipole localization is p ( F I L , I p ) =

L,o

P ( F I L , Q , U ,I p ) p ( Q 1U I I P F Q du,

(6)
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After taking the negative-logarithm of ( 1 1 ) we arrive
at the Bayesian cost function

I G ~ IG
(12)
+ ( M - 3p) log (tr { P ~ F F ~ } )
+3p log (tr { ( G + ) ~ G + F F ~ } ) .

w B ( ~=
) log

Note that for M >> 3p the second term in (12) dominates, and thus LB M LML only for a large number
of sensors relative t o the number of sources.

4

Bayesian Model Selection
The posterior probability for model Ipis given by

Localization Example

5.1

For both localization examples the additive noise
standard deviation was held constant at 0.4,uV. In figure 3, overall RMS error for the ML and Bayesian
estimators is plotted as a function of Lz for dipoles
at L1 = [ 3 0 L z ] cm, and L2 = [ -3 0 L z ] cm, where
the location coordinates are given with respect to a
sphere with the origin at the center, and outer radius
= 8.8cm. The Bayesian estimator exhibits lower RMS
error at all location depths of the dipole pair.
Figure 4 is a plot of RMS error for a fixed-location
dipole pair at L1 = [ 3 0 4.5 ] cm, and L2 = [ -3 0 4.5 ]
cm, as N was allowed t o vary from N = 20 to
N = 100. In this case the Bayesian estimator exhibits superior performance for N < 80. Note that
the Bayesian, RMS error is relatively constant across
different values of N .

5.2
where p ( F I Ip) is the Bayesian “evidence” for Ip
[10],[11]. Assuming no prior preference of one proposed model over another, the “optimal” model is chosen as the one that maximizes

P(F I IP) = J L P V I L , IP)P(L I IP) dL*

(14)

Note that maximizing the Bayesian evidence is equivalent to minimizing the Stochastic Complexity of the
data F , relative to a model class [12].
The integral in (14) cannot be evaluated in an analytic closed-form because standard EEG models express an observation as nonlinear functions of L . Assuming a diffuse multivariate Gaussian normal prior
for L , and using the second order Taylor series approximation for -log p ( F I L , I p )the
, following approximation can be derived [13]:

+

L 1 , and z 2 were held fixed at N = 50, L1 = [ 3 0 4 ]
cm, and L:, = [ -3 0 4 cm, respectively. Thus, the
correct number of dip0 es was P = 2. The empirical
probabilities of detection for the AIC, MDL ([14],[15]),
and Bayesian methods were computed as a function of
the noise standard deviation, and are displayed in figure 5.
It must be noted that these results are for the binary hypothesis P = 1, or P = 2. The evidence
for P > 2 could not be tested for a large number of Monte Carlo trials because of the difficulty
in getting stable (over-parameterized) estimates for
L . However, preliminary results for a linear antenna
array/narrowband source scenario suggest that the
Bayesian evidence technique is also resistant to overestimation [16]. Model selection is a more complicated
and subtle issue in dipole localization because there is
no rigorous concept of a “true” number of generating
sources. It is for this very reason that we are investigating the Bayesian framework for model selection.

1

6
where I 2~ I denotes the determinant of the Hessian
matrix of -log p ( F I L , Ip),evaluated a t LB. The notation 11 . II$ represents the square of the FYobenius
norm.

5

Examples

To illustrate the effectiveness of the proposed
Bayesian techniques, a two dipole source scenario was
simulated with the 4-sphere model of the human head
[Z]. The simulated electrode configuration is the standard 10-20 pattern, providing M = 21 EEG channels.
Each dipole was allowed to “rotate” freely over N = 50
time samples. The three scalar time series (each corresponding to a Cartesian coordinate) for source 1 are
given in figure 1, and those for source 2 in figure 2.
All simulation results are based on 100 Monte Carlo
trials.

Model Order Example

In this subsection we present some preliminary results for the Bayesian evidence approximation given
by equations (15) and (11). For this simulation, N ,

Summary

We have demonstrated the effectiveness of a
Bayesian marginalization approach for combined EEG
dipole source localization and model selection. Source
estimation results via computer simulation show that
the proposed localization scheme outperforms ML
in low SNR, small spatial/temporal sample circumstances. Simulation studies also suggest that the
Bayesian evidence technique for source number estimation will prove valuable under the same conditions.
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Figure 3: Combined RMS error for dipoles 1 and 2 as
a function of Lz, where L1= [ 3 0 Lz] cm, and L 2 =
[ -3 0 Lz] cm.
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Figure 2: Rotating Dipole 2
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Figure 4: Combined RMS error for dipoles 1 and 2 as
a function of N. Source Lzcations were held fixed with
L1= [ 3 0 4.51 cm, and L2= [ -3 0 4.51 cm.
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