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Abstract

dark image areas. Therefore, the enhancement must be
adapted to the local average grey level.
In this paper, we derive a class of quadratic Volterra
filters [l] which are approximately equivalent t o mean
weighted highpass filters. Because they are also computationally very simple, they are well suited for image enhancement. The analysis of these filters is more intuitive
for the one-dimensional case, which we will consider first.

We investigate a class of quadratic Volterra filters,
which can be used as computationally eficient edge detectors. Filters from this class are approzimately equal to
mean-weighted highpass filters, and therefore, they extract
fewer edges f” dark amas, which is a desirable property
for many image enhancement applications. We study the
one-dimensional case first and then generalise the results
to two dimensions. Since the four-dimensional frequency
response yields little insight in the properties of these filters, we also develop a technique for characterizing these
filters in a more intuitive way. Using the observation that
they map sinusoidal inputs to constant outputs, we employ
two-dimensional oriented sinusoids to assess both the frequency characteristics and the degree to which a filter i s
isotropic, i.e., independent of the input orientation.
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The basic structure of one-dimensional discrete-time
quadratic Volterra filters is given by [2]
m

m

where x(n) and y(n) are the input and output sequences,
respectively, and hz(n1,nz) is called the generalized impulse response or, for simplicity, impulse response. Similar to linear FIR filters, which combine individual samples,
Volterra filters work on products of samples. In this sense,
they are a straightforward extensions of the linear case.
We restrict ourselves to second-order filters only, since they
represent a reasonable trade-off between the advantages of
a nonlinear filter and the complexity of design and implementation. The two-dimensional Fourier transform of
hZ(n1, nz) is defined as the frequency response Hz(w1,wn).
Of course, the interpretation of this function is somewhat
different than for linear filters and various approaches have
been published [3]-[5]. This characterization, however, is
not specific enough for our problem, and we wiU follow a
different idea in Section 5. We can easily derive the relationship between input and output spectrum as [3, 61

Introduction

Edge extraction is an important step in many image
processing application. In most cases, linear operators similar t o the Laplacian-of-Gausaian or the Sobel filter are a p
plied to the image. Thresholding this output or detecting
zero-crossings results in a binary image that can be used
in computer vision, image registration, etc. Some applications do not need the b i n h a t i o n step and use the filter
output directly. One particular example for this case is image contrast enhancement called nnsharp masking where
a highpaas filtered version of the original image is added
back to the original image to enhance edges. The goal of
this application is t o improve the perceptual impremiion of
the image and the enhancement has t o take into account
the properties of the human visual system. One important characteristic is described by Weber’s law and it can
roughly be stated that noise is more easily perceivable in
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where X ( w ) and Y ( w )represent the Fourier transforms of
x (n) and y (n), respectively. A one-dimensional secondorder impulse response is symmetric, if hz(n1,nz) =
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Definitions

We need to make some remarks about Theorem 1.
First, we implicitly assume here and in the following that
the input signal's (positive) mean is larger than its variance, which is the case for practically all images and which
can always be achieved by appropriate scaling before processing. Second, we can approximate the mean ps in
Eq. (3) by a local averaging filter, if we assume that the
kernel of the Volterra filter is finite. In this case, only
pixels in a local neighborhood influence the result, and
thus only the local characteristics of the signal play a role
for the computation of the output. Third, the a s s u m p
tion that H z ( w , 0) has highpass properties is not necessary
in general. Even though this is important for edge extraction, any filter for which Eqs. (4) - (6) are true, can
be approximated as a mean-weighted filter. For the most
general case, we can relax the restrictions even further and
drop the symmetry condition in Eq. (5), but then we must
rewrite Eq. (3) as

hl(n2,nl). Since every kernel can be transformed into a
symmetric response, we will always assume a symmetric
kernel. On the other hand, a one-dimensional quadratic
system is symmetric, if samples before and after the current sample are treated equally, i.e., if x(n
no) with
n = O , l , ... has the same influence on the overall result
as z ( n - no).

+

One-Dimensional Filters
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In [7], a simple Volterra filter called "Teager's algorithm" was defined: y(n) = z 2 ( n ) - z ( n - 1)z(n 1).
It has been shown that it can be approximated as a meanweighted highpass filter y(n) p,(2z(n) - z(n - 1) - z(n
I ) ) , where pz represents the local mean of z(n) [8]. However, it was not clear, whether or not these filters would
be optimal in any way or which general class of Volterra
filters they belong to. We can answer the latter question
for one-dimensional filters with the following theorem:

+

=

+

Y ( w )= y * X ( w ) [ H z ( w ,0)

Theorem 1 A one-dimensional second-order Volterra filter can be approximated by a mean-weighted highpass filter,
i.e.,

Y ( w )= 2 p z X ( w ) H z ( w ,O),

We will see, however, that the symmetry condition is
automatically fulfilled for important subclasses of meanweighted highpass filters. Therefore, the only truly necessary conditions axe given in Eqs. (4) and (6), which are
both written as conditions on the kernel. Even though
Eq. (6) appears fairly complicated, we can greatly simplify
it for certain special cases, which we call class I and class
11. In the first class, filters consist of squares of pixels. T h e
following theorem states the approximate behavior of class
I systems.

(3)

if H z ( w , 0) has highpass characteristics and

(5)

and

Sh =

7

hz(k1, k 2 ) [ 2 h 2 ( k l ,kl)

+ HZ(0,w ) ] .

Theorem 2 If hz(k1,kz) = 0 for all kl # k2 and
Ckl h l ( k 1 ,k 2 ) = 0 and H z ( w , 0) has highpass charac-

ck,

+ hz (ka,

k2)]

teristics, then the system can be approximated as a meanweighted h ighpass jilt er.

Proof: Equation (4) holds by assumption and Eq. ( 5 ) is
true, since we have hz(n1, n2) =
hz(k,k)6(ni - k,n 2 k), which leads to Hz(w1,wz) =
h2(k,k)e-JkW1-JkWa
and thus Hz(w,O) =
h2(k, k ) e - l k w = H z ( 0 , w ) .
It remains to show that S h 2 0. In the definition for
S h in Eq. (6) all the sums yield zero because hz(k1, k z ) is
nonzero only for k-1 = kz. Therefore, we obtain Sh = 0
here.
The second family of filters is more important for our
applications. We call them class I1 mean-weighted highpass filters (or, short, class I1 filters) and their meanweighted highpass property is stated in the following theorem.

E,

E,

The proof of Theorem 1 is given in [3]. The basic idea is
to decompose the general expression of quadratic Volterra
filters given in Eq. (1) into the two terms

E,

Theorem 3 If hz(kl,kz) = 0 for all kl # -kz and
hz(k1, kz) = 0 and HZ(w, 0) has highpass characteristics, then the system can be appruzimated as a meonweighted highpass filter.

xklEk,

ki

ka

where i ( n ) = z(n) - p, is the mean-removed version of
z(n). Then, we show under which conditions n ( n ) can be
neglected compared with 911 (n).

Proof: Here, we can again simplify Sh by substituting
k2 = -kl, and with the symmetry condition of hz(n1,nz),
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we obtain
k
k#O

In a similar fashion as in the proof of Theorem 1 , we can
show that
m

H z ( w 1 , w z ) = h 2 ( 0 , 0 ) + 2 ~ h 2 ( k , - k ) c o s ( k w -lk w 2 ) .
k=l

(7)
0
and thus, H z ( 0 , W ) = Hz(w,
0)
The Teager filter is an example for a simple system from
this class. It maps sinusoidal inputs to constant outputs,
and it is straightforward t o show that in fact every class I1
system has this property. Using Eq. (7), we can see that
Hz(w,w ) =
h z ( k , -k) = Hz(O,O),
which is assumed to
be zero, and therefore the output spectrum in Eq. (2) is a
single 6-function at w = 0.

Two-Dimensional Filters
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We now consider the extension of the previous results
to two-dimensional signals for applications in image processing. Since the class I1 filters of Theorem 3 inherently
lead to symmetric systems, we find them very useful for
our case. When processing digital images, it is a wellknown fact that phase distortion can show up very easily.
For linear filters, this means that we desire t o use only
zero-phase or linear-phase filters, which preserve the original phase information. A constant shift that is induced by
linear-phase filters can usually be tolerated.
The fundamental building block of class I1 systems is
z(n - k)z(n k). The overall system consists of a linear combination of several of these terms for different k.
Thus, each term is a product of samples that are equally
far away t o the left and right of the center location n.
We extend this idea t o the two-dimensional case simply
by defining the basic building block of the 2D filter as
z ( n l - k l , n2 - k z ) z ( n l
k l , nz
kz), i.e., it consists of
pixels centered around the current pixel (n1 , nz). For the
impulse response, we obtain the simple property

+

+

hz(nl,nz,ns,n4)

+

# 0 only if
and

n1

= -n3

122

= -n4.

(8)

Analogous t o Theorem 3, we also require that

ki

ka

k3

k4

With the symmetry of the kernel, i.e., h 2 ( n l , n z , n s , n r ) =
h 2 ( n J , n 4 , n I , n 2 ) it
, is also easy to prove that
HZ(WI,W2,0,0)= Hz(O,O,w1,wz).

(10)

Using Eqs. (a), (9) and ( l o ) , we find the corresponding
extension t o Eq. (3) as
Y(w1,wz)

= 2 C L * X ( W l j W 2 ) H 2 ( W 1 , wz,O,O).

(11)

Assuming that Hz(w1,w 2 , 0 , 0 ) has highpass characteristics
in either w1 or w~ direction or in both, we conclude that
the class I1 two-dimensional systems can be approximated
by mean-weighted highpass filters.
We only want to indicate how Eq. ( 1 1 ) can be proved.
The exact mathematical proof follows the same idea as
the proof of Theorem 1 in the appendix of this chapter.
Basically, we use the general reconstruction formula for
two-dimensional quadratic systems similar t o Eq. ( 2 ) and
substitute X ( w 1 , w 2 ) = X ( w 1 , w2) 4 7 r 2 c ( ~ d ( W 1W, Z ) , where
p2 represents the mean of X ( w 1 ,w z ) . Using H z ( O , O , 0,O) =
0, we obtain

+

&(U1

I

w2)

= V(X(w1 3 wz))

+

+ p z X ( w l , w z ) [ H z ( w 1 , w 2 , 0 , 0 ) Hz(O,O, Wl,W2)].(12)

We then show that V { x ( w l ,w 2 ) ) contributes much less to
the overall result and can thus be neglected. Resubstitut)
yields Eq. ( 1 1 ) .
ing X ( w 1 , w ~ finally
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Characterization of Edge Extracting
Filters
Mathematical Description

In this section, we introduce a method of characterizing the isotropical behavior and the dependence of a filter
output on the input frequency. Unlike in the case of linear filters, however, the influence of the input frequencies
on the output spectrum is not obvious, and we cannot
show this dependence in any complete and yet easily interpretable way. Even though the filter is mathematically
completely defined by the frequency response H z ( - ) , a plot
of this function does usually not yield any insight into the
edge extracting capabilities of the system. Essentially, two
factors make the analysis hard t o interpret: the complexity of the system and the complexity of the input signal.
Even for simple quadratic systems, the frequency domain
representation can appear confusing. Above all, we cannot restrict our design to systems for which we have a
simple intuitive explanation. This leaves us with the second source of complexity, the input signal. Of course, we
have complete control over this for design purposes, which
means that we can develop a filter that reacts in a specific way t o a certain input. However, we have to make
sure that the filter’s response t o real-world signal (i.e., arbitrary images) remains predictable. This simplification
allows us to describe the behavior in more intuitive terms
than by using the complete frequency response.
The choice of the input is very much determined by our
design goals. The signal must be such that the system response is meaningful so that we can draw conclusion about
how much we have achieved the desired behavior. To this
end, we choose a single sinusoidal signal as the system input. By varying its frequency, we can roughly estimate
how the systems will respond to more complex input signal with arbitrary frequency content. Even though it will

->T<s

5.2

ad)

We now want to illustrate how to interpret the plots of
directional and frequency dependence. We will call these
graphs isotropy plots, because they indicate to which degree a filter is isotropical. In order t o understand how
these properties determine the system output for images,
we also use an artificial image shown in Fig. 3(a). It is a
ring with added Gaussian noise (uz = 0.01). The image
dimensions are 256 x 256 pixels, and the inner and outer
radii of the ring are 80 and 100 pixels, respectively. Before adding the noise, pixels on the ring have unity value,
outside they are zero. The step edge is almost ideal, thus
containing very high frequencies, which will illustrate the
differences between the filters more clearly than a smooth
transition.
We define the first example system (Filter A) by the
input-output relation

bd
-1

U0
-1

bzo

bo

Figure 1: Parameters a and b determine the orientation
of the input sinusoid. They are interlinked by a2 + b2 = 1.
not be possible to predict quantitatively how a system will
react t o an arbitrary input signal, because we do not take
into consideration any intermodulation frequencies or harmonics, we still can make qualitative assertions. Since we
are interested in edges and texture, and we know that in
these areas the energy is mostly concentrated in the high
frequency range, we approximate the result by studying
the system behavior for high frequency sinusoids.
To incorporate a test for isotropy into our input signal, we use rotated sinusoids with the rotation as a free
paramet er:

z(ni,R Z ) = sin(wo(an1

+bnz)),

Y(a)(nl n2) = z2(.1, .2)
-z(nl, n2 l ) z ( n l , nz
I

+

-%(Tal

+

+

0

(1 - cos(w1 - w g ) ) ( l

2

)

+ boa, wz + 2wob)I.

As expected, the output consists of components with zero
and twice the input frequency. We can, however, easily
show that only the DC component will be nonzero. We
use Eqs. (8) and (9) and obtain

ki

Thus, only the terms with 6 ( w l , w z ) remain in Eq. (14)
and with Y , ( D c ) ( wa~) ,= r2[Hz(woa,wob, - W O Q , -web) Hz(-woa, -wob, wga,wob)], we have
yZ(wi, w z ) = Y,(Dc)(wo,a)C(wi, w z ) .

-U,))

(17)

Figure 2(a) shows the isotropy plot. The side view in (b)
makes the dispersion clearly visible, i.e., we can assess to
which extent the filter varies its response for different values of a.
We see that Filter A does not respond at all for a = -1,
0 and 1, corresponding to horizontal and vertical orientations (see Fig. l). Comparing this to the image shown in
Fig. 3(a), shows the strong directional dependence of the
filter output. We can make another observation by examining the way the response rises for increasing frequencies
in Fig. 2(a). For small values of W O , the output is very small
and it starts to rise only for W O greater approximately 0.5
rad. This means that the system has a strong highpass
characteristic. Accordingly, the lines in Fig. 3(a) are very
thin.
The second example, Filter B, is defined by

-, 2wob)
~ ~

(14)

ki

- COS(WZ

and

+Hz(woa, wob, - m a , -wob)6(wl, wz)

+Hz(-woa, -web, woa, w o b ) C ( ~ i ~,
-Hz(-woa, -wob, -woa, wob)6(wi

(16)

H$")(Wl, w 2 ) =

With Eqs. (2) and (13), we compute the output spectrum. We find

0

- 1,R2 - 1)
- 1,n2 + 1).

We can derive this equation by designing a system that
responds with a constant output t o the input signal
z(n1,z2) = sin(won1) sin(won2). The corresponding frequency responses are

di=Z

~

- 1)

+ 1,nz)z(n1 - 1,m )

+0.5z(nl -I-1,n2 l ) z ( n l
+0.5X(n1 1, n 2 - l ) z ( n l

(13)

where a and b determine the orientation and a2 8' =
1. In Fig. 1, the possible orientations are indicated with
the corresponding values for these parameters. Both must
be in [-1.. .l] and because they are interlinked, only one
of them is sufficient to define the orientation. Also, for
our purposes half of the possible directions in Fig. 1 are
redundant and we will only use a E [-1.. . l ] and b =

Yz(w1,wz) =
*2[-Hz(woa,wob,woo,wob)6(w1 - 2

Graphical Representation of Example
Filters

d b ) ( n l ,n2) = 2z2(n1,n2)
-z(n1
1, n2)z(n1

+

(15)

-z(n1,.2
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- 1,n2)
- l)z(n1,nz + 1)

(19)

- cos( 2w0 \/1

- 2)).

(21)

The isotropy plot in Fig. 2(b) shows fairly isotropical
behavior up to frequencies around 1 rad. Thus, it is able to
extract the edges from the ring images much more evenly
than Filter A. (see Fig. 3(b)).
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(a) Filter A

We have investigated a subclass of one-dimensional
quadratic Volterra filters, which can be written as a product of local mean and linear highpass. By extending this
concept to two-dimensional systems, we could describe the
general class of filters for edge extraction. To assess the differences between various filters, we have also developed an
approximate description using simple two-dimensional inputs. This allows us t o evaluate both the orientational dependence of the filter and its frequency characteristics and
is more intuitive than the description by a four-dimensional
frequency response.

(b) Filter B

Figure 2: 1sotrop.y plots for the example filters. The left
graph shows the regular view and the right one displays
it from the side with the a-axis perpendicular the paper
plane.
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(a) Filter A

Conclusions

(b) Filter B

Figure 3: Original “ring” image and results of applying
the example filters to it.
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