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Abstract

It is usually recognized that spatio-temporal lowpass filtering of the input image sequence is necessary in order to obtain accurate results. The need for
low-pass filtering has generally been athibuted to the
presence of broad-band noise in the input. In this paper, it is proposed that noise is, in many cases, not
the predominant contributor t,o optical-flow estimation errors. Instead, the non-ideal response of the
differentiator presents a fundamental obstacle to accurate gradient-based optical-flow estimation.

Accurate gradient-based optical-flow estimation depends on accurate partial derivatives that are generally
approximated by the use of finite-differencing convolution kernels. The consequent error in the first derivative estimate i s approximately proportional to the third
derivative of the input signal and leads to systematic
errors in the optical-flow estimates. Simulations indicate that these errors tend t o dominate other error
sources, such as broad-band noise, unless the s y s t e m
is carefully tuned. The result suggests that the highfrequency aitenuation of the finite-differencing kernel
im-poses a resolution limit on the estimated optical-flow
field.
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Kearney's error analysis [5] ident,ified the gradient
estimation step as a source of systematic error for
optical-flow estimation. Using the Taylor-series expansion, he argued that the derivative of a function
f(x) that is estimated by

Introduction

Accurate estimation of the optical-flow field of an
image sequence is a long-standing and important problem in computer vision. Accuracy is especially important when t,he optical-flow field is provided as input
to numerically sensitive three-dimensional motion and
structure estimation algorithms. In this case, systematic estimation errors can lead to disaster by biasing
critical motion parameters such as time-to-impact.
A large class of optical-flow estimation algorithms
rely on accurate partial derivative estimates obtained
by the use of finite-differencing convolution kernels [ 1,
5, 71. Such kernels can accurately approximate the
j w frequency-response characteristic of the derivative
operator only over a limited frequency range. This
frequency range is related to the kernel's support size
a.nd thus ultimately to the operating speed and cost
of the system that performs the computations.

yields the approximation

f'(x) w f'(x)

+ Azf"(x).

So the error in the derivative estimate is proportional to the second derivative. However, it is generally better (and more common) to use central differences t o estimate the derivative. That is,
f(x) =

f(x

+ AE) - f(x - AX)
2 Ax

1

which effectively cancels the second-order term in the
Taylor-series expansion and yields the alternative approximation
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Analysis of bias

Substituting the approximation formulae for ft and jr
yields

In practice, central differencing produces errors
that are well-characterized by the latter formula the derivatives are generally underestimated when the
curvature is decreasing, overestimated when it is increasing, and not significantly affected by the value of
the second derivative. Let the positive parameter a
specify the efficacy of the differentiator in estimating
the derivative of f ,

+ aZl2g”’
g’ + cug“’

d s ( g’

Thus, the relative bias in the flow velocity estimation
1$

(6 -.)/U

F‘ - F’ = F ‘ ( A - 1) = F’”( 1 - A ) / i j 2 .

So, the approximation in (1) is equivalent to assuming
1 - au2,

(3)

which is a very reasonable form for a low-pass filter. For instance, the Gaussian low-pass filter has a
frequency-response characteristic that is proportional
to e - a w a , which has the Taylor-series expansion
e-awa

= 1 - ffw2

(

+

g’ cyg”’
ag”‘

)(2

- 1).

(4)

+

where A ( w ) is the frequency-response characteristic of
a low-pass filter. Then, in the frequency domain, the
difference between the ideal and the estimated derivative is

%

Fs

The above formula indicat,es that the relat,ive bias is
directly proportional t o cy and g”‘, and inversely proportional to g’. The term (v2 - 1 ) is int,riguing beca,use
it implies that, the bias goes to zero as 101 a.pproac1ies
unity.
In the frequency domain, it is not difficult t,o show
that
F ( w i , w z ) = G(wi)6(wz 1 1 ~ 1 )
which implies that the temporal frequencies are scaled
by 1.1 relative to the spatial frequencies. (In fact,, this
relationship is t.he basis for Heeger’s frequency-domain
approach to optical-flow estimation [4].) If the spatial
and temporal derivatives are ea.ch approxima.ted by
the same differencing operations D ( u ) , then the consequent distortion in the temporal domain will generally differ from that in the spatial domain. However,
if IvI is close to unity, then the distort,ions in the temporal and the spatial domains will be nearly identical,
and so the errors in f t a.nd Fz will more-or-less cancel. This explains why the error approaches zero as
the flow velocity approaches unity, regardless of how
poorly tlhe system operates (that, is, regardless of the
value of a ) . Thus, when evaluat,ing such an estimation
system, it is very important to test, its accuracy over
a broad velocity range.
It has been shown elsewhere [3] t,hat if g ( 2 ) = sinux
and the different,iator is of the form expressed in (2),
then the relative flow estimation bias is

The above approximation is also collaborated by
frequency-domain analysis. Suppose the frequencyresponse characteristic of a finite differencing kernel is
modeled as
D(w) = j w A ( w ) ,
(2)

A(w)

)?)

+0(~4).

Therefore, the differencing kernel derived from t,he
first derivative of the Gaussian is subject to errors of
t,he form expressed in (1). Many other differencing
kernels are subject to these errors as well.
Now, consider the one-dimensional optical-flow estimation problem: given a signal of the form

(6 - v)/v

=

(m
.4(vw)

-

I)

If A ( w ) is of the form specified in (3), then the above
expression is equivalent to
that has been sampled in space and time, estimate

( d - v)/v

v. It is usually assumed that v varies slowly relative

to 2 a,nd t . By applying the one-dimensional flowconstraint equation ,
fzv

+ ft

(YW2

( 1 - ?P),

(5)

which can be seen as the frequency-domain alternative to (4) that applies when g(z) is a sinusoid,
or more generally, a narrow-band signal. The term
a u 2 / ( I - a u z )is non-negative, so sgn(6-v) = sgn((1v2)v). This is significant because it suggests that
for a narrow-band signal, gradient-based optical-flow
magnitude estimates are systematically biased toward
unity.

= 0,

(subscripts denote partial derivatives) the flow velocity can be estimated (provided fr # 0) by
d =

= (-)1 - a w 2
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Simulations

A series of simulations was conducted in order
t o test the hypothesis that the non-ideal response
of t.he differentiator systematically biases optical-flow
estimation. The procedure for each simulation run
is as follows. First,, a two-dimensional image with
prescribed spatial frequency content is generated.
The image is a,n instsance of independent, identidlydistribut,ed white Gaussian noise t,hat has been passed
through a filter with frequency-response characteristic

0.5,

This fiker is an isotropic band-pass filter whose
pass band is delimited by the parameters p1 and
p 2 . Three images are generated using the p r a m e t e r s
( p l , p z ) = (0.0,0.2), (0.2,0.4), and (0.4,0.6), respectively. (These frequencies are normalized such that
the Nyquist frequency is one.) These parameters were
chosen so that it would be possible to compare the
relative optical-flow estimation error resulting from
information originating in different spatial frequency
regions. Let these three images be called the low-,
medium-, and high-frequency images, respect,ively.
Each of these three images is then rotated about its
cent,er by a fixed angular increment per frame t o generate an image sequence that specifies a rotat,ing motion
field. This rotating motion field has the property that
the velocity at each pixel is unique and constant over
time. In the experiments report,ed here, the image is
rotated by 2' per fra.me and the resulting sequence is
179 frames of 128 x 128 pixels each.
Each synthetic image sequence is then processed to
est,imate the optical-flow by the method of local leastsquares [6, 5, 11. The resulting optical-flow estimates
a t each pixel are integrat,ed over time t o collect mean
and variance statistics. Figure 1 depicts the relative
mean error and relative standard deviation in the flow
velocity magnitude estimates as functions of the actual
magnitude. In t,his case, t,he differencing kernel was
[-l,S,O, -8, 11/12, which is the kernel suggested in

,
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Figure I: The relative mean error a.nd relative st,andard deviation of the flow velocity magnitude est,ima.tes are plot,ted as funct,ions of the actual flow velocity magnitude. The input,s are filt,ered white Gaussian
noise (see text). The filter parameters are (0.0,0.2)
(solid curve), (0.2,0.4) (dotted curve), and (0.4,0.6)
(dash-dotted curve). All qua,nt,it,iesare in units of pixels per frame.

PI.

It is clear from Figure 1 that the optical-flow is
more accurately estimated from the low-frequency image than from the medium- and high-frequency images. It should be noted that the aliasing limit for
flow magnitude estimation is 1.67 pixels per frame
for the high-frequency image and 2.5 pixels per fra.me
for the low-frequency image. Nevertheless, significant
estimation bia.s occurs for these images well wit,hin
the non-aliasing region. It, is also clear that the flow
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magnitude is systematica.lly under-estimated when it
is greater than one, a.s predict.ed under the narrowband assumption in Section 2. However, the predicted
over-estimation of flow magnitudes less than one is not
clea.rly observed, except, in t,he high-frequency case.
This may be because the narrow-band assumption applies only t o the high-frequency ima.ge.
The relat,ive standard deviation in the flow magnitude estimates is somewhat high considering that
there is essentially no noise in the input, except for
a small amount due t o interpolation of the rotated
images and due to slight local variation in the opticalflow. The relative standard deviat,ion is is especially
high at lower velocities. The source of the variance
in the estimates is most likely the finite bandwidth of
the input that distorts the estimat,es as predicted in
(5). Independent experiments with narrow-band onedimensional signals resuhed in essent.ially zero variance in optical-flow estimation, even when the mean
estimates were highly biased [3].
The preceding experiment demonstrates that the
optical-flow est,imation bias actually occurs in practice. The question is, how dominant is this error?
Does it dominate other sources, such as broad-band
noise in the input? To investigate this question, the
same experiment was repeated, but with a moderate level of white noise added to corrupt the input
(SNR = 18dB). The results of this experiment are
depictled in Figure 2. At, this noise level, the flow
magnitude estimates resulting from the low-frequency
image have deteriorated relative t o t,hose of the noisefree case. However, the est,imates derived from the
medium- and high-frequency images are rehtively unaffected. This implies that at the medium- and highfrequencies, the systematic distortion is st,ill predominant. When the noise is increased to the level such
that SNR = lOdB, the flow estimates resulting from
the medium- and high-frequency images begin to deteriorate as well.
Since the previous experiments indicate that
medium- and high-frequency information in the input
tends to corrupt the flow estimates, it appears necessary to low-pass filter the input as a preprocessing
step. In order to test this hypothesis, the first experiment was repeated, but with the input pre-filtered
with a 9 x 9 x 9 Gaussian kernel ( 0 = 1.5). The results are shown in Figure 3.
It appears that the estimates are much more reliable when the input is low-pass filtered. T h e most
marked change is in the medium-frequency case. The
spatial frequency range of this image is in t,he transition region of the low-pass filter that was used in the
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Figure 2: The relative mean error and relative standard deviation of the flow velocity magnitude estimates when moderate white noise is added (SNR =
18dB). The inputs are identical to those in Figure 1.
experiment. It is especially significant that the variance of medium-frequency-based estimates has been
dramatically reduced. Although the mean estimates
for the high-frequency case ha,ve also been improved,
the variance in this case is quite high. In fact, it has increased significantly over that resulting from the first
experiment. This makes sense because most of the
high frequency informakion has been removed by the
low-pass filter.
In summary, these simulations appear tjo confirm
the exist,ence of systematic flow-estimation errors of
the form predicted in (4) and (5). The errors appear
t o be particularly severe when the velocity magnitude
is grea.ter than one and in general, for high-frequency
informat,ion.

4

Discussion

One obvious way t o minimize this systematic flowestimation error is to stipulate a maximum velocity
magnitude Vo that can be estimated reliably and to
use a low-pass filter that has a cutoff at R in the spatial frequency domain and RVO in the temporal frequency domain. In this case, it is also necessary that
the differentiator have a nearly ideal characteristic up
to the frequency max(R, RVO). Velocity magnitudes
greater than Vo are likely t o have a large residual re-

0.5

tor response imposes a limit on the wmonnt of highfrequency information that is useful for optical-flow
estimation. Specifically, it h a s been found that highfrequency attenuation of the diffcrentiator leads to severe distortions in t he estimates resulting from highfrequency information. Consequently. high-frequency
information must be eliminated by low-pass filtering in order to overcome this problem. This implies
that the spatial resolution of the optical-flow field is
ultimately limited by the diffcrentiator’s frequencyresponse characteristic.
It is expected that a similar limitation exists for
the second-order method [7]. Some preliminary experimentals that compare the systematic errors of the
first- and second-order optical flow estimation methods are reported in [2].
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Figure 3: The relative mean error and relative standard deviation of the flow velocity magnitude estimates when the input is low-pass filtered prior t o processing. The low-pass filt,er is the 9 x 9 x 9 point Gaussian kernel with c = 1.5. The inputs are ident,ical to
those in Figure 1.
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In this paper, the effect of non-ideal differentiation on gradient-based optical-flow estimation has
been explored through analysis and experimentation.
The results indicate that the non-ideal differentia-
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