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Abstract
instantaneous frequency f ; . = ( o + 2 a t ) / 2 x . The N
observations of g(t) can be sampled at nt, for
O S n 5 N - 1 , and thediscretemodelfrotn(1)isshown
by

In this paper, we pmpose a Fast Maximum LlAelihood
Estimation (FMLE) to estimate the Direction of Arrival
(OOA) 8 and the Frequency Sweeping Rate (FSR) a of a
linear chirp signal impinging upon an M-elements linear
sensor wayfi.om a far-field sourre. The esrimatom Band
a of a chirp signal can be estimated by gbbalb
maximizing the liklihoodfirnction on the 8-a plane. The
global maximum Is located on a ridge of the 2-D 8-a
plane. To reduce the heavy 2-0 ML computation, we
propose an algorithm of I-D FMLE to search for the
global maximum only along the ridge.

where g(a,T, n) =

2. The Maximum Likelihood Estimation

1. Introduction

The maximization of the logarithm of the likelihood
function is a nonlinear, multidimensional maximization
problem [ 2 ] . The likelihood function of the equation ( 2 )
with N snapshots isgivenby

Xm-1

where 8 =: sin-'(5t).

Figure 1: Uniform Linear Array
In the estimation of the direction of arrival (DOA), the
signal is often assumed to be sinusoidal and stationary. In
this paper, we are interested in estimating both the
Frequency Sweeping Rate (FSR) a and DOA 8 of a
linear chirp signal. The observation from the mrhelement
of the uniformly spaced linear array (ULA) with additive
Gaussian noise is given by

x,(t) = S(t + mt) + wm(t),

The logarithm of the likelihood function, ignoring
constant terms is given by

The estimation above can be done by searching for the
global maximum on the a 4 plane as follows:

(1)

where m =O,l,..,M- 1, and t is the time delay of the
signal traveling from one sensor to the others [ l ] . The
wit) is band-limited complex white noise and
s(t) = exp[i(at +&)I is the chirp signal with
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where a. and TO are true values. Since the true values
are unknown, we can select another pair of reference
point to be plugged into the equation (7) to find the locus
of the proposed ridge. Thus, we can choose an arbitrary
ar inside the searching range and then find the T r by the
1-D MLE as follows:

3. The Fast M)A & FSR Estimation
In this paper, our interests are estimating the direction
of arrival and the frequency sweeping rate of the
impinging chirp signal. The ML estimators can be
estimated by (6). However, the computation will be
expansive. The estimation of the DOA and the FSR can
be performed in 2-D search and by proposed fast
algorithm by searching only along the locus of the ridge
as in the Figure 2(c). In the Figure 2(a), it shows a
noiseless chirp signal and in (b), it shows the contour of
the 2-D MLE. From the (c), it shows the locus of the
proposed ridge. In the (a), it shows the magnitude of the
cost function along the ridge, where the maximum is
located when a0 = 10. Then, the corresponding 8 0 can be
found from (c).

The estimation of the DOA and the FSR can be
performed by 2-D searching of (6) or by searching along

the 1-D locus of the ridge described by (7) and (8).

4. Proposed Fast Searching Algorithm
Step 1: Collect &&), where n =O,l, ....,N- 1.
Step2: Construct steering vector

SI\;

5

where o is assumed to be known a priori, T = sin(8)
is the time delay, d is the distance between two sensors,
C is the propagation speed of the signal and 0 is the
direction of arrival shown in the Figure 1.
I

Step 3: Select an arbitrary ar inside the searching range
and find r r ( o r e r )by 1-D MLE:
I

/

I

Step 4: Locate the locus of a-c (or a+) by (7):

(c)

(a

Figure 2: (a) A noiseless chirp signal, (b) the contour of
2-D MLE, (c) the locus of the ridge, (d) the magnitude of
the cost function IF(a, €))[alongthe ridge.

where T& = d sin(Qk).

In this paper, we propose a Fast Maximum Likelihood
Estimation (FMLE) that can reduce the computation by

Step 5: Perform a 1-D search for the global maximum
along the locus of the a-c (or a d ) from Step 4:

searching for the global maximm only along 1-D space
[3]. This 1-D space can be described by the relationship
of a and T, seeing the Appendix A, that is
where ii and 6 are the estimators along the locus of the
proposed ridge.
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5. The Cramer-Roo Bound of DOA & FSR

2

The performance of the estimation can be compared with
the Cramer-Rao Lower Bound (CRLB).The CRLB of a
and T are shown in the follows:

MSE-DOA(dOg.)

f

0

10
(b)

20dB

(SM)

Figure 3: (a) The MSE of 0, and (b) the MSE of a for
2-Dand proposed ML methods compared with CRLB.

6. Simulation dk Results
In this simulation,before we estimate the DOA and FSR,
we generate our example as follows: the chirp signal,
s(f) = e x p ~ ~ 2 x ( l+) f2x(10)f2]} impinges the ULA with
0 = 10". Let N=50 and M 4 . Assume the initial angular
fresuency Q be known and w(n) is white Gaussian
noise. To demonstrate the estimation acancy, we
present the mean-squareerror (MSE) of 0 and a with
varying signal-to-noise ratios (SNR). The computation
saving for the proposed FMLE is compared with 2-D
MLE by the number of MATLAB flops and is shown in
the Table 1. Each simulation consists of 100 independent
trials. In the Figure 3(a) and 3(b), we show the MSE of 0
and a for the 2-D MLE and the proposed FMLE
compared with the C U B . When the S N R is high, the
2-D MLE and 1-D FMLE both approach the CRLB.
When the S N R is low, the MSE of 1-D FMLE will be
larger than 2-D MLE because the global maximum is
deviated from the locus slightly. In the Figure 4(a) and
4(b), we show the MSE of 0 and a with varied a r
ranging from 2 to 14. From the Step 3 of the FMLE
algorithm, we select an arbitrary ar inside the searching
range. With the different selection of a,,the estimarion
results will be varied slightly.
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Figure 4: (a) The MSE of a, (b) the MSE of 0 with
d i f f m t referenct a r .
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TABLE 1

I2-D MLE
Fast MLE

Number of flops
698,253
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Appendix A:
The relationship of a and r of (7) can be given when
M=2 and the signal is noiseless. From (5) the cost
function is:

where 4 =CU(TO - r ) , w = a O t n 2 -ar2 and a0 ,TO are true
param-.
Maximizing the cost function of (A.l) is
equal to let 4 + w + 2(aoro - ar)n = 0. Therefore, we get:

aT2+(a + 2an)r - (ato+ 2aoron + sori) = 0 . (A.2)
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