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gradient projection algorithm demonstrates faster convergence than the PASTd algorithm although at a slightly
higher cost.

In this paper we present a conjugate gradient subspace projection algorithmfor subspace tracking. We base
the algorithm on the subspace projection cost function recently introduced by B . Yang, and use a conjugate gradient
iteration to provide rapid convergence. The update complexity is O(r2m)where r is the dimension of the tracked
subspace which is assumed to be much smaller than m.
The algorithm has immediate application in radar and
sonar array signal processing systems.

II. The Cost Function
As proposed by Yang [2, 33, we will start with the
cost function,
n

J(U,(n)) = CP"-'[(x(i)- u,(n)up(n)x(i)l(2.
i=l

1. Introduction

(1)

Note that this RLS style cost function has as its argument
U,(n) E CmXrwhose columns are assumed to be orthonormal. The cost function will be minimized when the
columns of U,(n) span the dominant subspace of the data

There has been a surge of interest recently in algorithms that track the dominant subspace associated with
timewrying data and data correlation matrices. These
time-varying matrices arise in frequency and direction of
arrival tracking problems, as discussed in [1-4] and the
references therein. The time-varying subspaces are used
with eigenstructure based high resolution angle and frequency estimation algorithms such as MUSIC and Minimum Norm.
As discussed in 151, conjugate gradient methods have
been employed to quickly converge to the dominant or
subdominant eigenvecror of a time-varying data or data
correlation matrix. More recently, Fu and Dowling have
developed a conjugate gradient algorithm that rapidly converges to the dominant or subdominant subspace [61. In
this paper, we develop a new conjugate gradient algorithm
based on the projection cost function recently introduced
by B. Yang [2,3]. More details conceming this conjugate
gradient subspace tracking algorithm as well as a systolic
array implementation appear in [7, 81. The algorithm we
present uses the deflation concept presented by B. Yang
and others, as well as a subspace averaging based deflation technique [9]. The algorithm has complexity O ( r 2 m )
where r is the dimension of the tracked subspace which is
assumed to be much smaller than m. The algorithm is a
bit more expensive than the algorithm of B. Yang, but is
on the same order of complexity if reorthogonalizationis
needed as is the case in practice. The deflated conjugate

n

correlation matrix, R =

provide a recursive algorithm that computes U,(n) given
Us(n - 1) and the new data vector, x ( n ) . To do this,
we will break the subspace cost function into vector cost
functions that can be collectively minimized using conjugate gradient iterations. First we expand the cost function
according to
n

J(U,(n)) = Cpn-'Ilx(i) - ul(n)uf(n)x(i)- . 4 2 )
i=l

- ~r(~)u:(~)x(i)l12.

If we define
j-1

Yj(i, n) = x ( i ) - Cul(n)Uy(n)x(i)

(3)

I=1

H

=Yj- 1 (i, n) - uj- 1 (n)uj- 1 (n)x(i) 1

then yj(i,n) represents the projection of x ( i ) onto the
orthogonal complement of the span of the first j - 1
columns of U , ( n ) . We can then define the j t h cost
function as
fl

~(uj(n))
= Cp"-'Ilyj(il n) - uj(n)ur(n)x(i)J12.
i=l

(4)

Using these definitions, the j t h eigenvector in the signal
subspace can be obtained by minimizing J(u,(n)).
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p n - ' x ( i ) x H ( i >Our
. aim is to
i=l

IV. Deflated conjugate gradient
projection subspace tracking
In pctice, we often find r << m and hence we

111. Conjugate gradient projection
signal subspace tracking
To set up the problem, we can manipulate the j t h
cost function to read,

would much rather have an O ( r 2 m ) algorithm than an
O(rm2)algorithm [l]. We will accomplish this reduction
using the concept of subspace averaging [9]. We first
compute the normalized projection of the new data vector
x(n) onto the old noise subspace according to

;=I
n

= Ep"-'yj"(i, .)Yj(i,

73)-

x(n) - Us(n - l)u:(n
- 1)x(n)
IIx(.) - Us(n - 1)UF(n - 1)x(n)ll '
99)
whereU,(n- 1) = [ul(n- i ) , u z ( n - i ) , . . . u , ( n - i)].
We then define
~ ' ( n - 1 )= U 1 ( n - l ) , . . . , U r ( n - l),UC+i(n- 111 E
u:+l(n - 1) =

i=l

where

[

CmX('+l)so that the columns of U'(n-1) span the
( r + l)-dimensional subspace that contains ~ ( n ) .The
cost functions of (4) can be dimension-reduced using
U'H(n - l),

M

C p n - y U ' H ( n - l)(Yj(i,n)
i=l
n

If we define Rj(n) = RXyj(n) Ryjx(n)- R x x ( n )

= C p - i l l U ' H ( n - l)Yj(i, n)-

and %(n) =

UIH (12 - 1)Uj (.)U? (n)x(i)112.

2P - ' y f ( i ,

+

i=l

n)yj(i, n), then the j t h cost

function beco&&
This approximation comes from the way we defined
U'(n - l),i.e., we havex(i) = U'(i - l)UIH(i - l)x(i).
If we assume that the subspaces are slowly time-varying,
we can approximate
These functions can be minimized by maximizing
x(i, n) = U'(n - l)U'W(n - l)x(i) M x(i).

(11)

This approximation will greatly simplify the mathematics
to reduce computations, but will not affect performance
significantly as our simulations demonstrate. The basic
idea is that we will update U'(n - 1) according to

using Sarkar's conjugate gradient iterations, [lo, 71. To
update all T basis vectors of the subspace, the complexity
becomes O(rm2). In the updating process, we initialize the iterations with the previous estimates, that is, we
start with uj(n - 1) and take a conjugate gradient step
to obtain uj(n). We also orthogonalize U,(.) against the
previous vectors, ul(n),u ~ ( n ).,. . , ~ j - ~ ( n We
) . find in
practice that one conjugate gradient iteration, IC, per vector per time update, n, is needed. We call this algorithm
the Conjugate Gradient Projection Subspace Tracker (CGPST), but proceed to develop a deflated algorithm with
lower complexity.

U(n) = U'(n - l)Q(n),

(12)

where Q = [ql, qz, . . . ,qrlQ , + ~ ] E C(r+l)x(r+l)
is a orthonormal matrix whose columns solve lower dimensional
constrained optimization problems. During the (n + l)'*
update U(n) will be altered to U'(n) by replacing the
( r l)a'column of U(n) with ~ : + ~ ( ncomputed
)
according to (9). For now, we will focus on the nth update.

+
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and note from (12), (15) and (16)that for i < n

In order to reduce the m-dimensional problem to
an ( v + l)-dimensional problem, we can now write the
second term in the last line of (10) as
~ ' * ( n- l)uj(n)ur(n)u'(n- 1>uIH(n- l)x(i)
(13)

and for i = n,

or,
qJ(4qjH(n)X(i,).

(14)

q n ,n) = U'H(n - l)x(n)

where

(22)

gj(n,n) = U'H(n - l)yj(n,n).

qi,n) = UIH(n - l)x(i)
e(.)= U'H(n - l)Uj(.).

(15)

This deflated cost function (18) can be minimized by
maximizing

Note that % ( i , n )is a reduced dimensioned input, and
qj (n)is a reduced dimensioned version of uj(n). Along
these lines, next define
9j(i,n) = U ' y n - l)Yj(i, n ) ,

using Sarkar et.al.'s conjugate gradient iterations [lo],
to estimate Q(n) = [qi(n),qa(n),. . ., Qr(n)jq r + ~ ( n ) I .
Note in the undeflated version of the algorithm we initialize the eigenvector estimates with uJ(n- 1) and take a
conjugate gradient step to obtain uj(n). Now in the deflated algorithm, the Q-matrix represents the change in
the subspace. Hence under no noise and steady state conditions we will find Q ( n ) = I identically, and in practice,
Q(n) x I. So in the deflated version of the algorithm,
at each step we initialize the conjugate gradient iterations
with qio)(n)= ej,where ej E Rr+l is a standard unit basis vector. Once formed, Q ( n ) is orthonormalized via a
QR decomposition and the subspace is updated using (12).
This algorithm also estimates dominant eigenvalues.
From (6), (15) and (20), Rxx(n)can be expressed as

(16)

so that we can plug (14), (15) and (16) in the cost function
expression (lo), to obtain the reduced dimensional cost
function,

t=l

To set up for the recursive solution of (17), expand this
by taking the innerproduct of the normed vector to write
J ( q j ( n ) )=

q ( n ) - q,"(n)Rj(n)e(n),

(18)

n

where

Rxx(n)=

Ca"-'i(i,
n)iH(i,

72)

(24)

i=l
n

=

and

CP-iu'fqn - l)x(i)xH(i)U'(n- 1)
i=l

= UIH(n- l)R,,(n)U'(n - 1)

= aUIH(n - l)R,,(n

- l)U'(n - 1)

+ q n ,n ) P ( n ,n).
But for n large, U"(n - l)Rxx(n- l)U'(n - 1) is
So by comparing the last line
nearly diagonal.
of (24) with the third line of (20), we note that
QH(n - l)Rxx(n - l)Q(n - 1) is also nearly diagonal
with the diagonal elements being approximately equal to
A1 . . .A, the eigenvalues of the signal subspace. To understand the meaning of the
term, we note that at
n )the projection of the data veceach update, ~ , + ~ ( is
tor, ~ ( n )into
, the (m - r ) dimensional noise subspace.
Hence we see that if we desire the Xr+l term to represent

n
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algorithm using the J. Yang and Kaveh’s test. The idea
behind the test is to start with an initial estimate R = .01I
so that the initial signal subspace is U,(O) = [elez].This
is the usual “cold start” method we use to initialize our
algorithm. Two signals, one at 9” and the other at 1 2 O
are then applied and we are interested in seeing how fast
the tracker can lock onto the signals, where ROOTMUSIC [14] is used to extract the DOA estimates from the
subspace assuming a X/2 linear equally spaced &sensor
array. By comparing figure 1 to the twelve curves of figure 6 of 1151, we see that the conjugate gradient projection
algorithm converges considerably faster than its stochastic gradient cousins.
We next benchmark the CGPSTd algorithm with the
Comon and Golub test [l]. In this test, we define a vector
MA-process according to

the power in a given dimension of the spherical noise
subspace, we must update it according to

A

where pr+l = Iu:tlx(n)I.
With this averaging, the
customized MDL method of B.Yang [ll]can be used with
the CGPSTd tracker. For more information on related rank
tracking schemes, see [12, 133.
Now we will summarize the O ( m r 2 )conjugate gradient projection subspace tracking algorithm. We refer to
this algorithm as the conjugate gradient projection subspace tracker with deflation, or CGPSTd. To initialize the
algorithm:
1) Start with an initial guess R,,(O) and U(0) =
[ U I ~2
‘ . . ur ur-+~I,
where Ux(0)U(O) = I.
2) Compute yj(0,O) by (3) and use this in (22) with
U’(-1) = Uf(0)to compute X(0,O) and +j(O, 0).
3 ) Calculate Rxx(0), Rxyj(0)and Ryjx(0)using
RXX(0) = uH(o)Rxx(o)u(o)
R X Y j (0) = UH(0)(Rxx(O)-

r(k) = sl(k)el+ s2(k)e2 + n(k), k 5 t o = 10 (27)
r(k) = sl(k)e3 + s2(k)e4 + n(k), k > t o = 10
where the sl(k) and 4 k ) are random scalar process with
variance u1 = 4 and u2 = 1. Hence we initialize things
so the subspace should lie in the el - e2 plane, and then
abruptly switch into the e3 - e4 plane. Subspace convergence is measured in terms of the amount of time it takes
for the angles between the algorithm under consideration
and the true SVD to cross the one degree line which is
indicated on Figures 2 and 3. In this test, the fading factor
is taken to be a(k) = 1k > t o with t o = 10.In
Figure 2 we see the convergencerate of the CGPSTd compares quite well with the algorithms in [l]. To see how
CGPSTd compares with PASTd subspace tracker with reorthonormalization,we plot the response on the PASTd to
the Comon and Golub test. We note that the conjugate gradient based tracker demonstrates a slightly superior convergence performance, but at a slightly higher cost.

(26)

j-1

?=1

RYjX
= REj.

&-,

After the initialization, for each update n, we first replace
the last column of U(n - 1) with
- 1) using (9)
to form U’(n - 1). Next we compute S ( n , n ) ,j$(n,n)
by (22), and update Rxx(n)by (20) with a combined
complexity 0 (mr + r 3 ) . Then the conjugate gradient
projection iterations are carried out as follows:

UL+~(~

1.

Initialize &(TI)= I, and
Forj = 1 : T

VI. Conclusion

Update Rxyj(n), and Ryjx(n)by (20). Complexity: O ( r 3 ) .
Form Rj(n) by (19). Complexity: O ( v 2 ) .
Estimate q ( n )using a single conjugate gradient
iteration, with (?). Complexity: O(T’).
2.

A new subspace tracking algorithm was developed
using the projection approximation cost function of B.
Yang and conjugate gradient iterations ohginally proposed
by Sarkar [lo]. The algorithm is similar in ways to the
PASTd algorithm, but converges faster with a slightly
higher cost in computation. The algorithm is applicable
to frequency and angle mcking problems as well as any
other problem where it is desirable to track the dominant
subspace associated with a time-varying data or data correlation matrix.

Orthonormalize Q ( n ) = [ql(n),. . . , qrtl(n)] using
a QR decomposition,and update U according to (12).
Complexity: 0 (r3) 0 (m r 2 ) .
Update X r t l according to (25).
Update the subspace U ( n ) = U f ( n- l)Q(n).

+

3.
4.
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Figure 1 J.Yang and Kaveh’s test results for CGPSTd
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Figure 2 Comon and Golub’s test results for CGPSTd
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Figure 3 Comon and Golub’s test results for PASTd
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