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is analytic' in lzl < 1, and consequently it is free of
poles in 121 < 1. The sequence Hk, k = 0 -+ 00 represents the matrix impulse response of the system. If
H(z) is rational, then every entry of H(z) is a rational
function, and more conveniently, it can be written in
the left-coprime form

Abstract
This paper addresses the problem of approximating
multichannel sfable systems by lower order sfable system transfer funcfions that interpolate the partial impulse response matrix sequence of the original system.
This is achieved by making use of the left- and rightSchur recursion algorithms, and in fhis conlexf, the
classical Pad6 approximations fhat are also stable are
shown i o be a special case of this general formulation.

H ( t ) = P-'(z)Q(z)
where P(z) and Q ( z ) are two matrix polynomials of
orders p and q respectively. Here P(z) and Q ( t ) satisfy the left-coprime relation [2]

1. I n t r o d u c t i o n
This paper addresses the problem of approximating the class of all multichannel stable system transfer functions by lower order stable rational transfer
functions that interpolate the given partial impulse response matrix sequence of the original system. Classical Pad6 approximations can generate left- and rightcoprime rational representations of such systems in an
optimal manner by matching the coefficients to a maximum extend. However, such systems need not be stable, and hence they may be unattractive from practical
considerations. The theory of optimal Hankel-norm
approximations[l] gives a satisfactory solution to this
problem, and the present approach offers a viable alternative to this approximation problem. In this context, let H(z) represent the matrix transfer function
of a discrete-time-invariant causal stable multichannel system with m inputs and m outputs. Then, the
m x m matrix function'

P ( t . ) X ( r )+ Q(z)Y(z) = L, ,

(3)

where X(z) and Y ( z ) are matrix polynomials and
P(z) and Q ( z ) are unique upto multiplication by elementary polynomials3 on their left. Similarly, in the
rational case, H(z) also can be written in the rightcoprime form
Wz)

= Qi(z)Pll(z)

(4)

where PI(,)and Q l ( t are
) right-coprime matrix polynomials of orders p1 and q1 respectively.
If H(z) is also stable, then the determinants of P(z)
and Pl(z) are nonzero in 121 < 1 and hence constant
terms in P(z) and PI(%)are nonsingular. In that case,
equating (1) and (2), it is easy to show that
P

Hk=-xPiHk-i,

k2p

(5)

i=l

where Po = I. Similarly, equating (1) and (4), we get
P1

Hk = - C H k - i @ i ,

k=O

'This research work was supported by the Office of Naval
Research under contract NOOOl4-89-5-1512 P-5.
'Throughout this paper, upper and lower case bold letters
ars wed to denote matricsr, and the variable t is used to rep
resent the unit delay operator. Also, A' denotes the complex
conjugate transpose of A.

(6)

?A matrix H(s) is said to be analytic in some region R,if
every entry of H(z) is analytic in that region. A pole of H ( t )
is by definition,the pole of at leut ono entry of H(r).
3A square matrix is said to be elementary (or unimodal) if
its determinant is a nonzero constant.

,
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i=l

where PO= I. Thus, in the rational case, the impulse
response matrix coefficients are linearly dependent beyond a certain stage, and letting ' H k represent the
block Hankel matrix generated from Ho, H I , . - . H k ,
it follows that

An algorithm introduced by Schur to generate a
sequence of new bounded functions is quite useful in
this context, and using that approach it is possible to
exhibit the class of all stable system transfer functions
that interpolate the given partial impulse response.

rank')ir-l = rank?& , r 2 p or p1.
(7)
Moreover, if H(z) possesses left- and right-coprime
representations as in (2)-(4), then together with (7),
it follows that p = p1. Equating (l), (2) and (4), after
some manipulations, it is easy to show that q = q 1 .
The above analysis shows that under some mild restrictions the left- and right-coprime representations
of stable rational systems have the same order (p, q ) .
However, as we show below it may be possible to obtain other lower order stable left and right coprime
representations of rational systems that approximate
the original rational system quite well.
Referring back to (l), given the partial impulse response &, k = o n, the problem is to parametrize
the class of all stable systems H(z) that interpolate
this sequence. As we show below, this problem is
closely related to the matrix bounded function extension problem, and in this context, it is useful to introduce the concept of multichannel bounded functions,
and the related extension problem.
A matrix function D(z) is said to be bounded if

2. Multichannel S c h u r A l g o r i t h m
Left-Inverse Form: Let dk(z) represent a bounded
matrix function. Then

1

dk+i(z) = ;Mk (dt(z) - SI.)(I - s;&(z)>-'N,'

(12)

represents a new bounded function [4], where s k =
dk(O), and Mk and Nk satisfy
M;Mk = (I- SkS;)-'

(13)
It is easy to show that, in the rational case, the complexity of dk+l(z) in terms of its left- or right-coprime
order never exceeds that of dk(r). Furthermore, model
order reduction happens when the following condition
is satisfied [4], i.e.,

-

(i)
and

(ii)

SO[ dt+l(z)] = n - 1

The analyticity of D(z) in 1.1
tation
00

D(J) =

Izl

< 1.

(8)

1
~ ~ ( ~ ) = [ M L + . z ~cL-+
[MkSk+z&+l(z)Nk]
~(.z)NLS~]

< 1 allows the represen-

C dkzk ,

(15)
and (15) represents the left-inverse form of the Schur
algorithm. Using (15) iteratively n times, we obtain
[41

(9)

k=O

that is valid in IzI < 1. If D(r) is rational then the
above analyticity implies that D(z) is free of poles in
JrJ
5 1 and hence D(z) represents a stable system.
From Schur's theorem D ( r ) in (9) represents a
bounded function iff [3]

I - D;Dk 2 0 ,

k = 0 + CO

-1(B,(t~zdn+l(%)en(z))
(16)
where An(%),Bn(z), Cn(z) and Dn(r) are matrix
polynomials of order n that can be determined in a
recursive manner as follows [4]:
do(z)=(An(l)trdn+l(t)Dn(t))

(10)

An(%) =

where Dk represents the lower triangular block
Toeplitz matrix generated from do -+ dk.
Given a partial set of matrix coefficients do 4 dn
that satisfy I - D i D n 1 0, the bounded function extension problem is to parametrize all functions of the
form
n
dkzk + O(Z"+')

D(z) =

I - dk,(z)dt(z)l,=,

0.
(14)
Thus, the Schur algorithm results in order reduction
iff dk(z) satisfies (14).
Rearranging (12), it is possible to express a,(%)in
terms of dk+l(%).This gives, for k 2 0,

D(r) is analytic in 1.1 < 1

I - D'(z)D(z) 2 0 , in

, N;Nk = (I- S;Sk)-' .

Bn(z)

=

Cn(z) =
~ n ( z )=

(11)

+ &Dn-l(z))
Mn (Bn-l(r) + zSnen-l(z))
(Cn-l(z) + zfin-l(z)Sn) N;
(Dn-l(z) + z I - l ( z ) S n ) N:
Mn (An-l(z)

(17)
(18)
(19)
I

(20)

with Ao(z) = MO= (I - S O S ~ ) " ' ~, BO(%)= MO&,
C O ( %=
) Ni = (I-S&)-1'2
and Do(%)= SON:.

k=O

that satisfy (8),or, equivalently (10).
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Here, en(z) = z"C;(l/z') and Dn(Z) = z"Di(l/z')
for example represent matrix polynomials that are reciprocal to C,(z) and Dn(z) respectively.
Right-Inverse Form: Once again, let dr(z) represent a bounded function, and as before it is easy to
show that [4]

[ SkN;+ZM;dk+l(z)] [ N;+zs;M;dk+l(4]-'

Towards this, consider the block lower triangular matrix K, generated from Ho, HI, -H, and let A: represent the largest eigenvalue of ICLICz,. Then, clearly,
the sequence

--

1
dk=-Hk,

k=O+n

Kn>Xn,

(25)

Kn

satisfies (12) up to n, and hence these coefficient matrices qualify as the first (n+ 1) coefficients of a bounded
(21)
matrix function.
represents the right inverse form of Schur algorithm.
If H(z) or equivalently do(%)is rational to start
Proceeding as in (15)-(16), equation (21) yields
with, then application of the Schur algorithm as in
do(z)=pn (z)+zJin(z)dn+l(z))(Cn(zbBn (z)dn+l(z))-' (12) or (21) will result in rational bounded matrix
functions dk(z), k 3 1, whose complexity in terms
(22)
of matrix orders does not exceed that of H(z). In
where the matrix polynomials An(z), Bn(z), Cn(z)
fact,
order reduction happens a t some stage only if
and Dn(z) are the same as in (16)-(19). Notice that
(14)
is
satisfied at that stage, and otherwise the orthe same set of matrix polynomials take part in both
der
of
dk(z)
remains the same as that at the previous
the left-inverse form and the right-inverse form of
stage.
Thus,
if H(z) represents a rational stable muldo(%).
tichannel
system
with left-coprime representation of
In (16) and (22), &+I(%) represents an arbitray
order
(p,
g)
as
in
(2)'
with p > g, then as (14) shows
bounded matrix function, and for every such choice,
the
left-coprime
order
of dn+l(z) is in general p, and
do(.z) represents a new bounded matrix function. It
moreover
it
has
the
representation
can be shown that the power series expansions of the
matrix bounded functions do(.) in (16), (22) as well
d n + l ( Z ) = G-'(4F(4 1
(26)
as A,'(z)B,(z), Dn(z)Cil(z) all agree upto the first
n + 1 terms. Consequently, these terms must be inwhere G(z) and F(z) are matrix polynomials with ordependent of dn+l(z), and they depend only on the
ders p and p - 1 respectively. Similarly the right copolynomial matrices An(z),Bn(z), Cn(z) and Dn(z).
prime representation of d,+l(z) can be expressed as
Thus, for every arbitrary bounded matrix function
dn +1 ( z ) = F1 ( z ) G , (2) .
dn+l(z) in (16) and (22), we have the interpolation
(27)
property
n
Substituting (26)-(27) into (16) and (22), we obtain
do(.) =
dkzk O(znt'),
(23)
k=O
H(z) = Kn (G(z)An(z) zF(z)S,(Z))-l
and the dk's can be used to specify the matrix reflection sk,k = 0 + n, and thereby the Schur polynomials An(%),B n ( Z ) , Cn(z) and Dn(z). In particular,
I

+

+

where the two forms in (28) represent the left- and
right- coprime representations of H(z) respectively.
Conversely, every rational system after n subsequent
applications of the Schur algorithm has the above
form, where G"(z)F(z) and Fl(z)G,'(z) are two
unique bounded matrix functions as in (26)-(27), and
hence we can make use of the matrix order constraints
of H(z) to obtain these unknown bounded functions
in each case. Towards this, notice that the formal order of (28) is n p, and to respect the MARMA(p, g)
nature of H ( r ) , we can equate the coefficients of the
higher order terms to zero in (28).

with Ain - 1) representing the coefficient of z k in
An-l(z). Equations (17)-(20) together with (13) and
(24) completely specify the Schur recursions.

3. Parametrization of Rational S t a b l e Systems
Returning back to (l),the problem is to obtain all
stable systems that interpolate the partial impulse response matrix sequence Ho, H I , . .H, . Notice that
the impulse response sequence does not form part of a
bounded function, and to make use of the above formulation, it is necessary to 'prepare' the given data.

+

+
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function for G-'(z)F(t), and the parameters of the
left-coprime representation of H ( t ) can be expressed
as, for k = 0 + p,
k

k

i=O

i=l

and, for k = 0 + q,

with Go = I. The stability of H(z) and the required
interpolation property follow from the bounded character of G-'(Z)F(Z). Since P(z) and Q ( t ) in (38)(39)are computed without involving any spectral factorization, the nonminimum phase4 characteristics of
H ( r ) is preserved in this case.
The above computations assume the matrix orders
p and q are known. Usually, these quantities are unknown, and they have to be evaluated from the given
data. As we show below, the invariant characteristics
of the bounded functions %+,+I(%) and dp+,+2(z)in
terms of their matrix orders, together with the Schur
update rule can be used to determine p and q .

0

.
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O

4. Model Order Selection:
Having determined dp+q+l(z)= G-'(t)F(z) at
stage n = p q, the Schur procedure can be repeated
once again to obtain the next bounded matrix function

Bo

0

...

Bi

Bo..
.

...

Bp-2

Bp-3

* * *

..
.

t

Gz GI I Fp-1

0

.

*

dp+p+2(z) = E-'(z)J(z).

B]

Here, the bounded matrix functions dp+g+l(t) =
G"(z)F(z) and dp+,+2(z)= E-'(t)J(t) are related
through (21) and, after a series of algebraic manipulations, we obtain the following criteria for model order
determination [4]

..

Bq-1

..
.

FI Fo]

:. I

eo

A

0 Aptq

Ap+ll Bp

Bq+l].

a

= EpMp+,+1Sp+,+1+ Jp-lNp+q+l

0.

(41)

From the above analysis, to obtain a 'reduced order'
stable representation of a given system, it is sufficient
to determine a stage (PO,qo) where the bounded function dpo+qo+l(z)
exists. Naturally this procedure can
be also used to obtain stable rational approximation
of nonrational systems as well [4].
Figure 1 shows the reduced order representation
of a rational system with McMillan degree equals to
18. In Fig. 1, Solid lines represent the magnitude and

(36)

and
b = [0

(40)

(37)

Here Ak, Bk, C k , Dk, k = 0 -+ p + q represent the matrix coefficients of the Schur polynomials A,+&), BP+&)I C,+,(4 and D,+,(4 respectively. Notice that at the correct stage, (34) is guaranteed to have a solution that results in a bounded

'A matrix function H(z) ia mid to be minimum phme if itr
determinant is free of poles and zeros in IzI < 1. A nonminimum
phase system has no restrictions on the locationsof its zeros.
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The left-coprime representation using the proposed
technique is given by
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A new approach to the identification and lower
order approximation of multichannel stable systems
from their impulse response data is described in this
paper. This is achieved by making use of the leftand right-Schur algorithms, and in this context every
stable system is represented in terms of four Schur
polynomials, and an arbitrary bounded function. The
central quantity behind every stable system is shown
to be a bounded function, and its determination simultaneously determines the "denominator" as well as the
"numerator" coefficients of the multichannel system.
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