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Abstract

a faster more compact multiplier. This results in the
complexity of the direct-form FIR filter being one-half
of that using standard binary [SI.

In this paper, we investigate the trade off between
filter order and bits of coefficient precision in fixedcoefficient FIR digital filters utilizing canonical signed
digit (CSD) coefficient representation. W e demonstrate
that the use o f optimized CSD coefficients is often the
only method for which many practical FIR filters can be
prototyped on a single FPGA in today’s technology. Due
to finite FPGA resources, our resulting analysis of filterlength, word-length, and CSD bit optimization provides
an indication of whether a desired filter performance can
be obtained with a specific FPGA logic capacity. W e develop a MATLABalgorithm for determining the optimum
trade-off between FIR filter length and bits of precision
of the coefficients in FIR digital filters.

1

In another effort to reduce complexity in directform FIR digital filters, a number of authors have
looked at designing filters with coefficients that are
powers-of-two [8]-[ll]. An even more drastic reduction
in hardware complexity has been suggested in which
the FIR filter taps are weighted only by +1, -1, or
0 [12, 131. While these techniques can reduce hardware
complexity, they introduce significant approximation
errors. In the case of the powers-of-two technique, this
is compensated for by sub-band coding and in the case
of the design procedure with taps weights of $1, -1,
0, an accumulator is used as a digital integrator to
compensate for the large approximation error [12, 131.

Introduction
In this paper, we go back to the original approximation of Kodek and Steiglitz [l] and show that it does
not apply to the direct approximation of ideal filters
with limited precision coefficients. We shall show that
there exists an optimum filter order Nopt which is significantly different from that predicted by Kodek and
Steiglitz and we develop a MATLABalgorithm to calculate the optimum filter length. The result is a major
reduction in hardware complexity for FIR filters.

Over a decade ago Kodek and Steiglitz investigated
the integer approximation problem for direct-form realization of FIR digital filters and concluded that for
a given number of bits “b” there is an optimum order
Nopl for the filter approximation [1]-[5]. Based upon
this optimum order, they investigated the complexity
of an FIR direct-form filter by plotting N b as a function of b in the assumption that N b is proportional to
the complexity of the filter hardware [l].
Recently Canonical signed digit (CSD) multipliers
have been shown to provide an efficient method for
constant fixed-point multiplication by utilizing the redundancy of signed digit code [6, 71. CSD is a radix
2 signed-digit representation for coefficients for which
the permissible digit set is {-l,O,l}. Thus, CSD representation permits subtraction, as well as addition,
of shifted data in accomplishing multiplication. The
feature of redundancy in this representation allows a
coefficient implementation to be selected which in general requires fewer adders/subtracters, and thus yields

2

The importance of the h’odek-Steiglitz T h e o r e m is
that it establishes the fact that an optimum filter order Nopl exists for which the maximum deviation of
the approximation from the ideal response is dependent only upon the number of bits in the coefficient
of the filter and not upon the order N of the filter for
N 2 N o p t . However, the theorem assumes that the
ideal filter can be realized with sufficient coefficient
wordlength. However, the more common problem is
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Kodek-Steiglitz Theorem

to attempt t o approximate an ideal filter characteristic
such as a "brick-wall"or "double-jump" filter. When
such ideal filters are approximated with finite word
length coefficients, the Nopt of Kodek-Steiglitz is not
useful. In this case, we will show that a new definition
of Nopt will yield radically reduced hardware complexity in the design of FIR digital filters.

Complexity Constant (Nb = 6x24 = 24x6)
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Figure 2: Effect of Bits of Coefficients
attenuation will have nearly an optimum power spectral density and bit error rate [19,20]. An ideal doublejump filter is a filter that has no attenuation (zero db)
from DC to some specified frequency w1 , then has attenuation that varies directly with frequency (linear
ramp) between frequencies w1 and w2, and then has a
constant attenuation CY, for all frequencies above w2.
This ideal double-jump filter may be approximated
using the FIR2 function in MATLAB [21]. We have
elected to apply a Kaiser window with p = 1.0. Figure 1 shows the ideal double-jump filter, a 12-th order
approximation with 24-bit coefficients, and a 12-th order approximation with 6-bit Coefficients. It should
not be surprising to see from Figure 1 that reducing
the bits in the coefficients primarily effects the stopband attenuation, not the area of the filter of interest
to us.

Figure 1: Effect of Bit in Coefficient
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Approximating Ideal Filters with
FPGA or ASIC Designs

It is often the case that a filter designer must design
a filter to match as well as possible to an ideal filter
that would require No,, = CO. We will show that in
this type of design, it is not only possible but very desirable to increase the order of the filter and reduce the
number of bits in the coefficients in order to meet the
specifications with a design small enough to fit onto an
Field-Programmable-Gate-Array (FPGA) or Application Specific Integrated Circuit (ASIC). In particular,
we will show that it is advantages to use the minimum
coefficient size possible to implement the maximum order filter.

3.1

Figure 2 shows the MATLAB approximations for
two filters with essentially the same hardware complexity according to the definition of Kodek and Steiglitz
(ie: filter order times bits N . b). The first approximation is 24-th order, but only 6 bits. The second
approximation is 6-th order, but 24-bits. Clearly, the
24-th order approximation with only 6-bit coefficients
is much superior to the other approximation.

Example Filter

Our interest in designing high-order FIR filters
comes from our desire to implement filters required for
the FQPSK-KF base-band modulator [14]-[20] which
has important applications in wireless local area computer networks and mobile digital communications
[18]. In the FQPSK-KF base-band modulator, it can
be shown that a filter that approximates an ideal
double-jump filter closely over the region below 20db

3.2 FIR Filters With CSD Multipliers
Figure 3 shows a transpose-direct form realization
of an FIR digital filter. For CSD implementation, we
make all of the weights ai positive and use a subtracter rather than an adder to implement the negative
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ure 3 without any extra LAS’s. Integers that are not
powers-of-two will be expressed in CSD. For example,
multiplication of the input “a:” by the fixed integer
seven is accomplished in Figure 4 with a single LAS.
In CSD, 7a: = 82 - 2 ,so we form 72 by subtracting 3:
from 8z. Both 2 and 83:can be obtained from the input
by proper wiring as shown in Figure 4. Notice that we
generate a 16-bit product from the two’s-compliment
8-bit input by using sign extension to expand the input to 16 bits. Here N , = 16 bits is the computational
word size. We will see later that our CSD is only 5.673
bits, thus with an 8-bit input we would only need 13.6
(thus 14) bits for N , . However, our hard macros in Xilinx support either 8-bit or 16-bit LAS’s. It is possible
to use N , < 13.6 bits, in which case we would generate round-off noise in the filter. However, in many
instances the round-off noise generated is a small price
to pay in order to get the size of the filter hardware
small enough to fit onto a single FPGA or ASIC.

1

Figure 3: Transpose-Direct Form FIR Filter
weight. If the first weight ( U N in Figure 3) is negative
and the second weight ( u N - ~ is
) positive, we simple
reverse the inputs to the first subtracter. However,
if both aN and aN-1 are negative, we use an adder
rather than a subtracter and pass the sign on to the
next unit. Eventually we will reach a true subtraction
(ie: a unit that is adding a positive to a negative) and
simply set the inputs on this subtracter to effect the
correct operation. Thus we never need to implement
a negative weight ai.

3.3 Maximum-Order Filters
In a Xilinx-type FPGA there are a finite number
of Configuruble Logic BIocks (CLB’s) available on the
chip [22]. In the XC4010 chip we will be using in our
example there are 400 CLB’s [23]. As noted before,
our CSD implementation of the FIR filter will need
only latched adderjsubtracter units to construct the
entire filter. Using the Xilinx hard macros we can construct an 8-bit LAS with 6 CLB’s and a 16-bit LAS
with 10 CLB’s. Thus there are sufficient CLB’s on
the XC4010 to support 66 8-bit LAS’s and 40 16-bit
LAS’s. In practice, however, we would only be able
to get about 80% of this (50 8-bit LAS’s or 32 16-bit
LAS’s) before it would become impossible to route the
chip (ie: connect all the devices on the chip).

Sign
Extension

Sign
Extension

*

+ 16-bit input

-1 6-bit input

Latched AddedSubtracter Unit

Figure 4: Multiplication by 7 in CSD

In the above discussion, the 8-bit LAS would be
used for N , = 8 and the 16-bit LAS would be used for
N , = 16. In standard CSD representation, an N-th
order FIR filter with b-bits per coefficient would require approximately N . b / 2 LAS’s 161. This is quite
discouraging in that N . b / 2 < 50 for 8-bit LAS’s would
limit the order N M 12 for 8-bit LAS’s and N M 8 for
16-bit LAS’s using typical 8-bit coefficients.

Fixed-coefficient CSD multipliers for the positive
weights tail can be constructed simply by properly wiring the input to one or more Latched
Adder/Subtructer (LAS) units [6]. Assuming our fixed
coefficients a; have been scaled to integers, any integer ai that is a power of two can be implemented by
wiring directly to the adder/subtracter units in Fig-

However, an interesting property of CSD representation is that for small integer numbers the number of
LAS’s required is zero. If we scale the coefficients to
the smallest possible integer value, we have the potential for drastic reduction in the number of LAS’s required in our CSD implementation. Assuming linearphase FIR filters (ie: a ( i ) = a ( N - i ) , the minimum
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b, bmin, is the number of bits necessary to represent
the closest integer to c~,,~/cr(l). This will define a
scaling factor K , = 2 b m a f / ~ m awhich
x
will scale the
maximum coefficient a,,,
to Z b m ; n and the first and
last coefficient to a(1) = kl. (bmin need not be integer.)

6
8
9
12
16
18
24

24th-Order Kaiser: 5.673-bHcwfficimts, beta = 1

Qmax

bmin

9
4
30
17
37
26
39
51

3.096
2.15
4.907
4.073
5.216
4.704
5.286
5.673

4.4389
30.0023
163304
37.1683
26.0642
39.0162
51.0203

Table 1: Minimum Bits as a Function of Filter Order
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Table 2: Coefficients of Minimum-Bit Filter
Figure 5: Optimum 24-th Order Filter

2, we see that multipliers are required only for the
coefficients -7, 34, and 51. Two LAS’s are needed
for 72 = 81: - z (note: we move the negative sign
to the adder/subtracter) and 342 = 321: + 22. Although these coefficients appear twice in the a ( ; ) ’ ~ ,
they require only one multiplier each for a total of
two LAS’s. The single number 51 requires 3 LAS’s
(512 = 322 162 2 2 1)’ but only occurs once in
the a(i)’s. Thus the multipliers require only 2 + 3 = 5
LAS’s. We have two zero coefficients, so we need only
N - 2 = 24 - 2 = 22 LAS’s for the delay line. Hence,
the total number of LAS’s for the entire 24-th order
FIR filter is 27. Using 16-bit LAS’s this requires 270
CLB’s which will fit very nicely on a single XC4010
FPGA.

3.4 Minimum-Bit Coefficients
The minimum number of bits required for the coefficients depends not only on the filter order, but also
on the actual coefficients of the filter. Thus we cannot
give a general formula for calculating this minimum.
Instead, we have written a MATLABprogram that calculates the minimum number of bits along with the
coefficients for the FIR2 approximation to the doublejump filter. Table 1 shows the scaling factor K,, maximum coefficient amax(note: minimum coefficient is
f l ) , and minimum number of bits bman for each order
approximation to the double-jump filter. Table 2 gives
the integer coefficients for each of the minimum-bit realizations. Notice that most of the coefficients are f l ,
powers-of-two, or zero. None of these require LAS’s.
The multiplication is accomplished simply by proper
wiring.
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