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Abstract

base. This results in more than one representation for
a number and hence its name. Arithmetic operators
designed using this number system achieve considerable speed improvement compared with operators designed using conventional number system.

Redundant arithmetic number systems are gaining popularity in computationally intensive environments particularly because of the carry-free addition/subtraction properties they possess. This property has enabled arithmetic operations such as addition, multiplication, division, square root, etc., to be
performed much faster than with conventional binary
number systems. In this paper, some of the recent contributions to the area of design of redundant arithmetic
based addition, multiplication, division, and square
root algorithms and architectures are briefly discussed.
Also, only the use of bit/digit-parallel implementation
for architectures is discussed so that the enhancement
in speed through the use of redundant arithmetic becomes immediately apparent as opposed t o the use of
bit/digit-serial architectures, where the primary justification for their use is to conserve area. A new radix 2
division algorithm using over-redundant radix 2 quotient digits and requiring a 2 digit quotient selection
function is also presented.

1

Speed of an arithmetic operator is an issue that is
directly related to the architecture chosen. Architectures and implementation styles are usually decided
by the number system employed to represent numbers.
Architectures are concerned with the direct hardware
configuration of logic units (e.g., logic gates) for the
physical realization of the arithmetic algorithm. Implementation style dictates the manner in which communication between different basic units of the architecture and the communication with the external
world has to be achieved. For example, in conventional binary number systems, many implementation
styles are possible such as bit-parallel (all bits at a
time), bit-serial (one bit at a time), digit-serial (multiple bits at a time), word-parallel (multiple words at
a time), etc. In redundant arithmetic architectures
two implementation styles are prominent. They are
digit-parallel and digit-serial. Digit-parallel is similar
to bit-parallel (for binary number system) implementation. Digit-serial arithmetic implementation is also
referred to as the on-line arithmetic implementation
[3]. An interesting feature of this type of implementation is that both most-significant digit first and the
least-significant digit first realizations can be easily
achieved with low computational latencies.

Introduction

Digital computer arithmetic operations play a crucial role in many applications, where speed is essential, e.g., in digital signal processing, communications,
cryptography, etc. VLSI circuit implementation of sophisticated arithmetic operators, which were considered prohibitively complex to implement in the past,
can be easily put on a tiny wafer of silicon. Current
day VLSI technology boasts of over a million transistors on a single chip. Such capabilities have enabled
microprocessor designers to provide on-chip floating
point arithmetic units and avoid the pin input/output
bandwidth limitations that would otherwise arise with
off-chip floating point units provided as co-processors.
Redundant number systems [l] [2] are positional
number systems similar to the conventional decimal
system, but allow more values for a digit than the

A new radix 2 division algorithm that is faster than
previous radix 2 division algorithms, which do not use
input prescaling, and area efficient when compared
with radix 2 division algorithms which require input
prescaling is also presented in this paper.
This paper is divided into the following sections.
Section 2 gives a brief overview of redundant arithmetic number system. Section 3 discusses some of the
recently proposed algorithms and architectures for different arithmetic operations, which employ redundant
number systems.
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2

Redundant Number Systems

lsd (least-significant digit) and progressing towards
the msd (most-significant digit)) also called the Isdfirst method [ 5 ] ,or in the opposite direction called the
msd-first method [6].

The base of redundant number systems is referred to as its radix.
Redundant number systems belong to a superset of number systems referred to as Generalized Signed Digit Number Systems [4]. A radix p redundant number system
is allowed to possess digits from the set {-(p l ) , . . ., -l,O,+l, . . . ,( p - 1)). The value of a n-digit
radix ,8 number, X = zn-1zn-2.. .z0,is given by
X = z n 4 3 n - 1 + z n - 2 p n - 2 + . . .+zopo = n-1
where xi E {-(p- 11,. . . , (p- 1)). So, the number of
values a digit is allowed to possess by this number system is (2p - l),which is larger than the radix. This,
therefore, results in more than one representation for
a given value of a number. However, there are certain
restrictions on the choice of the absolute maximum
values for the digits used in the system. Note that the
popular carry-save representation is actually a radix
2 redundant number representation (since the number
of digits allowed, 3 ({0,1,2}), is more than the base).
Usually, the digit set for redundant arithmetic
based architectures is restricted to { - a , - ( a l ) , , . . ,O,. . . , ( a - l),u}, where
5 a 5 ( p - 1)
so that it can result in simpler designs, as each digit
is represented in a digital system using bits, conforming to a particular encoding. Therefore, to represent
a radix p digit we require at least [log, (2a 1)1 bits.
The lower limit on the value of a is given by the necessity of at least p different values for a digit required
to represent a number in radix p number system. The
upper limit (or maximum absolute value) of a allowed
is restricted to (p- 1) so as to have a unique representation for zero. The redundant number system with
a=r
yl is referred to as minimally redundant and
with a = (p-1) is referred to as maximally redundant.
There are certain features of this number system
which are in a way disadvantageous. Comparison of
two redundant numbers is not easy since multiple valid
representations exist for the same value of a number.
Also, the sign of a redundant number is the sign of
the most-significant non-zero digit in it and this is
not easy to detect as in one’s-complement and two’scomplement numbers.
Binary arithmetic being an accepted standard in
current day digital systems, any use of redundant
arithmetic is done internal to the systems and communication with the external world is done only after converting the results (outputs) of computation
(which are in redundant form) to binary form. Input conversion is not an issue as the bits 0 and 1
are subsets of redundant digit set. Output conversion requires extra hardware and time. Conversion
of digits to bits can be performed starting from the

3

Algorithms and Architectures

3.1 Addit ion/ Subt ract ion
The most important feature of redundant arithmetic number systems is that they allow carry-free additions/subtractions. Carry propagation is the main
cause of delay in adders. The sum of two numbers is
not generated in an adder until carry has propagated
from the least-significant bit position to the mostsignificant bit position. A typical example for this is
a W-b ripple carry adder, which has a delay of W.6fu
(6fu is the delay of l-bit full adder, a 3-to-2 counter
cell). Eliminating carry propagation can result in fast
adder/subtractor designs. In [7] it is shown that to
allow carry-free addition/subtraction, for a radix p
number system with digits from set { - a , . . . , a } , a
should satisfy
5 a. This is true for any radix
greater than 2. But for radix 2, the carry and sum
digits had to be selected in a particular way only [a].
Carry-save type of addition of conventional binary numbers also results in carry-free addition/subtraction [1][2]. A W-digit carry-save adder has a delay
of a l-bit full adder cell (also called 3-to-2 counter) and
is independent of the word-length, W. An important
feature of carry-save architectures is that they allow
carry-free multi-operand addition through the use of
Wallace trees [SI. The number of levels required for
adding IF operands is approximately log(k/2)/ log(3/2)
[a].A major disadvantage of Wallace-trees is that they
require complex interconnection, when implemented
in VLSI.
A variation of the carry-save type of addition that
employs signed binary digits (belonging to the set
{ - l , O , +1}) and conventional binary bits ( ( 0 ,+1})
has been used in [5]. The adders used here are similar
to the l-bit full adders both in area and time complexity. Hybrid number based architectures that employ a representation formed by mixing of redundant
and conventional representations is possible [5] [9]. In
[ 5 ] , the architectures presented accept(generate) inputs(outputs) in binary form whereas internally radix
2 redundant arithmetic is used. In [9] an idea of allowing both positive and negative digits only at certain
digit positions instead of all the digits has been presented. Such a technique limits the length of the carry
propagation chain to the region between the signed
digit positions.
Radix 2 redundant arithmetic has also been used to
design a fast adder for addition of 2 two’s-complement
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binary numbers with carry-propagation [lo].

3.2

digits, and perform quotient digit selection by observing a constant number (independent of the wordlength, W )of most-significant digits (msds) of the partial remainder. Since addition/subtraction involving
redundant numbers is carry-free (hence fast), the use
of redundant arithmetic for division recursion is a natural choice for a high-speed divider design. The quotient selection logic, that observes the partial remainders and the divisor, constitutes a major part in the
critical path involved in the division recursion hardware. Much of the research efforts in design of redundant arithmetic based high-speed division algorithms
and architectures have been focussed on reducing this
hardware (hence time) required for quotient selection.
These algorithms can be designed in any radix and
the choice of a radix directly determines the number
of recursions required to complete the division operation and also the design complexity. Higher the radix,
lower the number of division recursions (the number
of recursions is reduced to W/ log, (radix), where W
is the word-length) required.
A number of radix 2 SRT division algorithms have
been designed [6] [13]. Higher radix (with radix
2 4) division algorithms have been designed in [6]
[17]. A radix 16 version of the Svoboda algorithm
was developed in [18]. Three radix 4 division algorithms, which employ input prescaling have been
presented in [19] [20] [21]. The divider architecture of [20] is very interesting since it produces overredundant radix 2 quotient digits, i.e., digits from the
set {-4, -3, -2, -1, 0,1, +2, $3, $4). Radix 2 versions of the division algorithm that employ prescaling
have been presented in [22]. The prescaling algorithms
incur hardware (also scheduling and time) penalty in
the form of availability of a fast carry propagate adder
to perform the input prescaling.
The most-significant digit first conversion scheme
proposed in [6] is the ideal conversion scheme for converting quotient to binary form in these division algorithms.
New Radix 2 Division Algorithm
This division algorithm operates on the mantissas of
the IEEE 754 1985 floating point standard. That
is, both the dividend and the divisor belong to the
floating point std. range. The recursive expression for the proposed algorithm can be written as
xi = 2xi-1 - gi2-iD1 and in the shifted form xr =
2xi'_, - qi2-"]
with QO= 0, and Qi = Qi-1 qi2-2
for i 2 1, X: = X,2i, and the remaining terms defined as - i the index of recursion (i = l l2, . . . ,
X i the i-th partial remainder, Xl the i-th shifted partial remainder, Xo (or X ) the dividend (mantissa), D
the divisor (mantissa)] Qi the i-th partially generated

Multiplication

Fast multiplication schemes use carry-free adders
for addition of partial products to generate the product of two numbers. For example, the cellular array
multiplier like the Baugh- Wooley [ll] multiplier employs carry-free adders in each and every row of the
array to add all the partial products. The final product is in redundant form which is converted to binary
form using a fast adder or a converter. The latency of
such multiplier arrays is of the order O ( W ) ,where W
is the word-length of the operands being multiplied.
The radix 4 modified Booth multiplier [12], which
recodes the multiplier bits using minimally redundant radix 4 digits ({-2, - 1 , O , $1, +2}), also uses
carry-save adders to add all the W/2 partial products.
These array type multipliers actually employ redundant arithmetic (in the form of carry-save arithmetic)
although this has not been indicated explicitly. The
latency of the Booth multiplier arrays is of the order
O(Wl2). The Wallace-tree method of adding the partial products employed with modified Booth encoding
results in computational latencies of O(1og W/2).
Multipliers that add the partial products in a
binary-tree of carry-free redundant arithmetic adders
have also been designed [13]. The binary-tree type
adder uses 2-to-1 compressor cells instead of the %to2 used by the Wallace tree.
Left-bright multiplication scheme in which the
most-significant half of the product is produced without any carry-propagation has been proposed in [14].

3.3 Division
Division operation can be broadly classified into the
indirect and direct methods. The indirect methods are
based on approximation techniques and rely on multiplication schemes whereas the direct methods are similar to the paper and pencil division algorithm (also
referred to as digit-by-digit division since one quotient
digit is produced in each step of the algorithm) and
require a linear number of steps to be completed. In
this section we review digit-by-digit based division algorithms only.
The digit-by-digit based division algorithm involves
a division recursion in which the quotient is generated
(after observing the partial remainder), one digit per
recursion starting with the most-significant digit and
ending with the least-significant digit [l] [2].
The SRT division algorithm [15] is the most prominent among the redundant number based division algorithms. Another type is the Svoboda type division
algorithm [16]. These algorithms allow redundant representations for the partial remainders and quotient
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(9’ = O.qiqaq$ . . . &).

quotient, with QO= 0, Qw the W-fractional digit quotient of X o / D , and qi the i-th quotient digit belonging
to the over-redundant radix 2 digit set {-2,. . . , +2}.
In the above expression, substituting i = 1 to W, we
get X w = Xo - QwD, where Qw < 1 as X Ois chosen
to be less than D.
The partial remainder in the proposed algorithm is
always in the region lxT-.ll < D. With this remainder range, the quotient digits can be so selected that
whenever qj is chosen as $2, the next non-zero quotient digit will be negative and whenever q j is chosen
as -2, the next non-zero quotient digit will be positive. Further, the adder subtractor used to perform
recursion is similar to that explained in [5]. The use
of this adder architecture and over-redundant radix 2
quotient digits ensure that the addition/subtraction
operations during division recursion do not have representation overflow, i.e., the transfer digit from the
adder is always zero. With this arrangement, only the
two most-significant digits of the partial remainder are
sufficient to perform the quotient selection.
The quotient selection function for the proposed
algorithm is as follows: q j = -2 if Xj-l = -3,
q j = -1 if Xj-.l = -2 or -1, q j = 0 if XjVl = 0,
qj = $1 if Xi-l = +2 or + l , q j = +2 if Xi-l = +3,
where
= zj-1,-.12
z j - l , ~is the integer part,
composed of the two most-significant digits, of the
shifted partial remainder 2Xj”-l = Xj-l
Xy-l =
1
“ j - 1,- 12
“ j - 1,o
xj- 1 J2. . . f “j - 1,w2- w ,
The division algorithm presented in [20] cannot be
extended to the radix 2 case directly because the overredundant radix 2 quotient generated in such an algorithm cannot be reduced to the regular radix 2 digits
for conversion to the binary form using the on-thefly converter [SI. This is true since the conversion
is not possible without carry-propagation. Extending
the original on-the-fly converter strategy to accommodate the over-redundant radix 2 digits for conversion
directly to binary form is possible as suggested in [20].
But this scheme will result in a 100% increase in the
area of the converter. In the proposed division scheme,
the quotient digits are produced in a manner that a
$2 quotient digit is always followed by a subsequent
non-zero negative quotient digit and a -2 quotient
digit is always followed by a subsequent non-zero positive quotient digit. This allows a reduction of overredundant radix 2 quotient digits produced to regular
radix 2 digit form with minimal hardware overhead.
The reduction algorithm has been described below.
Reduction Algorithm: Reduce(Q, 9’)
INPUT: Vector Q of over-redundant radix 2 digits
(Q= O.qiqzqs. .qw>.
OUTPUT: Vector Q’ of conventional radix 2 digits

{ set = 0; for i = 1 to W {
if (set == 0) { if (qi E { - l , O , +I}) q: = q i ;
if (qj E {-2,+2}) { q: =
prevq = q i ; set = 1;) }
else { if (qi E {-I, +I}) { ql = -qi; set = 0; }
if ( q i E {-2, -1-2)) { qj = 0; set = 0; }
if ( q i == 0) qi = prewq; } } }
Note that in the above pseudo code provided, the
for loop starts with index i = 1 (corresponding to the
most-significant digit q1 of quotient) and terminates
with i = W (corresponding to the least-significant
digit qw of the quotient). This shows that the reduction technique proceeds from most-significant digit to
least-significant digit end and is ideal for digit-by-digit
based algorithms such as division, etc., which are inherently most-significant digit first algorithms. The
hardware requirement for this algorithm is three 2-to1 multiplexers, 4 2-input gates and a 2-bit register,
which is negligible and is independent of word-length.
This algorithm is faster than previously proposed
radix 2 division algorithms [6] [13] that do not require prescaling. That is because these algorithms
observe at least three most-significant radix 2 partial
remainder digits for quotient selection as opposed to
the two required by the proposed algorithm. When
compared with radix 2 division algorithm [22] that
requires input prescaling the proposed algorithm is
slightly slower but has the advantage of not-requiring
any input prescaling and thus saving hardware and
prescaling time penalties.

9;
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3.4

Square Root

Square rooting techniques are of two types, namely
direct techniques (digit-recurrence or digit-by-digit)
and successive approximation. The direct techniques
produce one digit of the root per iteration [l], [2].
The second technique uses an approximation method
which converges t,othe result [l],[2]. A good survey of
square rooting algorithms has been presented in [23].
Most of the high-speed digit recurrence methods for
square root are extensions of the redundant arithmetic
based non-restoring SRT division algorithm [15] [17].
Some of these algorithms include the designs presented
in [24], [25]. Majerski’s square root algorithm is the
most prominent radix 2 based algorithm [25]. This
algorithm operates on mantissa in the range [1/4,1).
A good analysis of higher radix square rooting algorithms has been presented in [26]. Interesting radix 4
square root unit designs have been presented in [6].

4

Conclusion

This paper briefly discussed some of the recent
work on redundant arithmetic based addition, multiplication, division, and square-root operations. It
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did not discuss redundant arithmetic based algorithms
and architectures for elementary function generation
schemes such as CORDIC (Co-ordinate Rotation
DIgital Computer). Furthermore, it focussed only
on digit-parallel implementation style to bring forth
immediately the speed enhancement possible for algorithms and architectures through use of redundant
arithmetic. The interested reader is referred t o reference [27] for further reading on redundant arithmetic.
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