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Abstract

tions.Efficient array-processor implementation for the pro.
posed realization is also presented.

A new low-roundoffrealizationfor narrow-band IIR digitaljilter, which uses residue feedback technique, is presented. The
structure has a saving of N ( N - 2) /2 multiplies over the optimal structure proposed by Mullis, Roberts and Hwang 14-51.
as well as, the optimal residue feedback structure proposed by
Williamson [ I ] . The output roundoff noise for the proposed
structure is siightly higher than that of the structure proposed
by Williamson. Further, the proposed structure has a block-triangular state-update matrix which is suitable for high-speed
hardware implementation.A VLSI array-processor implementation of the proposed IIR structure in which the computation
rate is maximized is also presented,

2 Preliminaries For Residue Feedback
A technique known as integer midue feedback [l] will be
used here. The diagram of the W structure with integer residue feedback is shown in Fig. 1. The state-space equations
that describe Fig. 1 can be written as [11
x ( n + l ) = A Q [ X ( n ) ]+ J e ( n ) + B u ( n )
y ( n ) = C Q [ X ( n ) ]+ D u ( n )

(2)

The quantization operation Q[.] in (1) and (2) rounds the

1 Introduction
A general method that has been used to reduce the error inherent in any quantization operation is the residue feedback
(RF) [l] (also called e r r o ~spectral shaping [2-31). The RF
technique is implemented by extracting the quantization error
(residue) due to product quantization. This midue is sometimes weighted before it is fed back for use in the next iteration.
In general, weighing the residue.req&s extra multiplication
operations [4-51 which leads to inuease in the required computational complexity. One powerful solution which eliminates the need for RF multiplications or shift operations is
reported in [ll in which the residue coefficients are restricted
to * 1 values. This RF scheme leads to structures with low coefficient sensitivity which may provide better output roundoff
noise than that of the optimal structures of [4-53 which do not
use RF techniques at the price of N extra additims. Unfortunately, these RF optimal structures have fdl matrices which
adversely impacts both the hardware area and the computation
speed of any implementation.

states after the multiplications and additions are completed in
double-precision.
i.e..
i ( n ) = Q [x(n)]
and
e ( ? ) = x ( n ) - 2 ( n ) wheref(n) isthequantizedversion
of x ( n ) .All coefficients of the state-space matrices A,B,C,D
are assumed to have an exact representation. Fixed-point
arithmetic is implemented using a two's complement representation. Matrix J in (1) will be restricted to be equal to I
(for LpF) or -I (for KpF) where I is the identity matrix. By restricting J to take these specifii values, the RF scheme in Fig.
1 does not require any extra multiplications and it requires
only N extra additions. The roundoff residue error e(n)can be
modelled as zero-mean noise process with covariance $1
where q2 = 2-*"1/12 and nl is the wordlength of the states
after quantization. I,-scaling which guarantees equal probability of overflow for all states is equivalent to imposing the
constraint
k,, = 1 for all i
(3)
where kii is the ith diagonal element of the c o v h matrix

K defined in 161. The output noise variance N P of the structure in Fig. 1 can be expressed as

NP

In this paper, a new realization of W digital filters with reduced number of coefficients is presented. The proposed lownoise realization is based on the RF technique reported in 111.
It provides slightly higher output roundoff noise than that of
[ l ] while saving a large number of multiplications and addi-

= q2(1+g2)

(4)

where the noise gain g2 can be calculated as
g2 = t r ( P )

(5)

tr is the trace of a matrix and P is the residue matrix defined
as 111
P = (I+_A)'W+W(IfA)
(6)
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(1)

The notation "P' refers to the transme of a matrix. The "+"
sign in (6) corresponds to J = -I, "- "sign corresponds to
J = I, and W is the noise-matrix defined in [61.
Under any similarity transformation z = T ' n . any initial
realization can be transformed to another realization which performs differently under fdte wordlength effects. The new realization matrices (Ai,Bi, Ci,D), Covariance matrix K,.
noise matrix W, and the residue matrix P, satisfy

T'Bj

A, = T ' A i T

B,

K,

W, = TIWiT

= ( r l )(T')
~;

=i

C, = CjT

P , = T'P,T.
The synthesizing problem can now be formulated as follows:
starting fiom any initial realization with block-triangular update-state matrix. it is required to find a similarity transformation T which minimizes the noise gain in (5) under the constraint in (3) provided that the new update-state matrix A, remains block-triangular. This similarity trausformation matrix T
can be obtained by applying a "ization
algorithm as discussed in the following section.

3 The New Realization
In this section, a technique to obtain the similarity transformation T is given and is based on a modified version of the minimization algorithmreported in 171. The minimization algoritbm
performs the minimization process iteratively by farming a
transformation matrix T as a product of simple upper (or lower)
triangular matrices. i.e.. [71
T = T ( O ) T ( l ) T ( 2 ).._......
(7)

where each individual transformation matrix T (I) is chosen to
retain the I, -normscaling condition in (3) and in the same time
to reduce the roundoff noise gain in (5). By insisting that each
individual transformation matrix be upper (or lower) triangular,
the overall transformation matrix will be upper (or lower) triangular matrix.
The realizations obtained by applying the aforementioned
minimization algorithm may differ depending on the initial
structure. These different realizations perform, in general, differently under finite wordlength implementation. Realizations
with block-triangular update matrices (which are suitable for
high-speed VLSI implementations)can be obtained by adopting the cascade (orparallel) combinations of fmt- and secondorder sections structure as the initial structure for the minimization algoritbm. The new structures proposed in thispaper are
obtained by applying the minimization algorithm to an initial
structure consisting of a cascade combination of second-order
optimal (in the sense of [4-51) sections. This initial structure
can easily be obtained as shown in [61. The initial structure is
neither required to be. optimized in the sense of zero-pole pairing or section ordering nor to be properly 1,-scaled.

coefficients and with excellent performance under finite
wordlength effects can be obtained [81. However, the update
state matrix of this realiiatian has the form of Hessenberg matrix which is not suitable for high-speed VLSI implementations.

4 Roundoff Noise, Coefficient Sensitivity and

Computational Complexity Comparison
For the sake of comparison, three sixth-order filters which included an elliptic low-pass filter &PI?). an elliptic high-pass
filter (HPV and a chebyshev high-pass filter (HPF)are realized by four different low-roundoff realizations including the
one proposed in this p a p . The specifications of the three fdters are listed in Table 1. The Gomputatianal complexity in
terms of numbex of multiplications and additions of the four
low-roundoff realizations are given in Table 2 and the resulting output noise gains are listed in Table 3. It can be seen from
Table 2 and 3 that the proposed structure provides noise gains
close to the RF optimal structure in [11 and requires less number of multiplications and additions (see Table 2.) It can be
also seen that the proposed structure provides significant reduction in the noise gains compared to the optimal structures
[4-51 with a sigolficant reduction in multiplication and addi-

tion operations. The proposed realization also provides significant reduction in the noise gains canpami to the stmcture reported in [71 with a small inmase in multiplication and addition operations.
The results for the coefficient sensitivity analysisfor three
realizations (therealizations in [4-51 and 111 and the proposed
one) are depicted in Figs. 2(a)-(c). The coefficient wordlengths
for the elliptic LPF.elliptic HPF and chebyshev HPF were assumed to be 9 . 9 and 8 bits, respectively. It can be seen from
Fig. 2 that, the perfomance of the proposed structure is close
to the ideal one and to the qtimal structures [4-51 which are
known to have the lowest coefficient sensitivity. Although the
proposed structure is mainly concerned with LPF and HPF
cases, the same algoritbm can be extended to cover the cases
of bandpass and bandstop fdters 181.
5 VLSI Array-Processor Implementation of the

Proposed Structure
VLSI array processors are special-purpose architectures
which maximize the processing concurrence by pipeline and
parallel processing. In this section,a high-speed array-processor implementation for the proposed structure is presented in
which the pipeline technique is used in order to maximi= the
canputation rate. The block-triangular update matrix of the
proposed realization allows us to obtain fully-pipelid implementation. The proposed array-processor can be seen as a
modified version of the implementation presented in [9] for
block-state filters. An array processor implementation will be
obtained for the proposed structure without using any pipeline
technique and then the slice pipelining technique reported in
[lo] will be used to increase the computation rate.

If the realization of section direct form has been chosen as
an initial structure, another realization with reduced number of
168

than T, and therefore they will not put any burden on the computation speed. It is easy to slightly alter the structure of the
processor elements in Fig. 5(b) and Fig. 6(b) to make their
computatiau delays completely match T, .

The required computations for the proposed structure in (1)
and (2) can be. divided into four subcomputations. Each subcomputation will be carried out by a mereat array-processor
network. The fust array-processor network performs the computations required for the terms AR (n) + e (n) in (I). This
network is called state-update network (SUN). The other three
array-processor networks are assigned to the required computations for Bu (n), Ca(n) and D u ( n ) . respectively. The
SUN network contains the feedback operation of the IIR filter
and this will determine the maximum computation rate.
5.1 State Update Network (SUN)
Fig. 3 shows the array-processor implementation for the lower
block-triangular state-update matrix of the proposed realization. The intemal details of the diagonal processor elements are
shown in Fig.4. It can be seen from Fig. 4 that the computation
delay inside the feedback loop is equal the delay of one multiplication and threeadditions (the quantizer delay is neglected).
As this delay determines themaximum throughput rate. it is essential to reduce it. One way to reduce the SUN computation
delay is to use the Parallel Array Multiplier (PAM)reported in
[I 1-12] to execute an addition operation and a multiplication
operation co”ntly. The PAM can be used to execute one
multiplication and one double-precision addition concurrently
without any need for separate adder [l 11. The possibility of incorporating the PAM in the implementation is due to the parallelism inherent in both the array-processing implementation
and the RF technique. The schematic U0 diagram of the P A M
is shown inFig. 5(a) and the diagonal processor element of the
SUN using the PAM is shown in Fig. 5@). It can be seen from
Fig. 5(b) that the use of PAM inside each diagonal processing
element eliminates the need for two adders (one adder inside
each feedback loop) and reduces the computation delay inside
the feedback loop to the delay of one PAM operation and two
additions. Furthermore.the use of the PAM eliminates the need
for the separate adders at the left side (outside the feedback
loop) of Fig. 4. The delay of the PAM is slightly longer than
that of the corresponding Array multiplier (AM) and its area is
also slightly larger than that of the corresponding array-multiplier. The intemal details of the &-diagonal processor element
is shown in Fig. Nc).
5.2 The Pipelined Array-Processor
The complete array-processor implementation of the proposed
realization is shown in Fig 6(a) in which the slice pipeline technique [lo] has been applied to maximize the computation rate.
The internal details of the processor elements required to compute Bu (n), C i (n) and Du (n) are shown in Fig. 6@). All
the latches for pipeline are triggered at the clock rate F , which
is equal to 1/T, where T, is the delay of the computation inside the feedback loop of the SUN diagonal processor element
in Fig. 5(b). From Fig. 5(c) and Fig.
it is obvious that the
delay of involved processor element is not compatible with that
of SUN diagonal processor element. All these delays are less

6 Performance Analysis
In this section,the performance analysis of theproposed arrayprocessor in terms of computation speed. latency, and area
complexity is presented.
6.1 Computation Delay
The proposed array-processor implementation for the W digital filter can be used to filter data with a sample period T, provided that
Ts 2 Tc
(8)
where T, is the clock period which is used to trigger all the
latches in Fig. 6(a). T, can be calculated from
(9)
= ‘PAM + 2Tcadd
where T,,, is the delay required for a PAM of Fig. 5(a) and
Toddis the delay required for a double-precision addition.
Tc

6.2 Latency
From Fig. 6(a), it can see that the latency 1 for the proposed array-processing implementation is

I = NT,

(10)

Therefore the latency is proportional to the filter order. However, in most digital filter applications, the latency is not of
prime importance.
6.3 Complexity
It can be seen from Fig. 6(a) that the proposed implementation
requires N2/2 + 3N + 1 multipliers (2N PAMs and the other
are AMs) and N2/2 + 3N double-precision adders. The area
requhed for the buffers can not be neglected since the impleimplementation
ed
rementation is fully pipelined. The p ~ p ~ ~
quires N ( N + 1 ) / 2
double-precision buffers and
N2/2 + 3N/2 single-precision buffers. From the aforementioned calculations, it appears that the proposed implementation needs relatively hgh area especially for filters of high order. However, It should be noted that the sizes of the involved
multipliers and the lengths of the involved adders are of a low
order since the corresponding realization has low output
roundoff noise and low coefficient sensitivity as shown in Section 3. For example, any direct realization of the LPF elliptic
filter in Table 1 requires %bit coefficient wordlength to approximately fit the required fresuency response while the proposed realization in section 3 requires only 12-bit coefficient
wordlength. This simple comparison shows that although the
direct structure requires only 2N + 1 multipliers. the size of
these multipliers are huge that it may =der the hardware complexity of implementation based on the direct realization expensive compared to the proposed implementations (for narrow-band medium-order filters).

a),
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7 Conclusion
Efficient realization (based on the residue feedback technique)
for narrow-band IIR digital filter has been proposed. The proposed xealization offers excellent performance in terms of autput roundoff noise and coefficient sensitivity with a reduced
number of required coefficients. An efficient (in terms of
speed) VLSI array-processingimplementation of the proposed
W realization is also presented which takes advantage of both
the parallelism feature of the residue feedback technique and
the block-triangular update state matrix of the proposed rediation.

I

,cD

Fig. 1. The block diagram of the RF structure. 9 ( n ) is the
quantized j ( n ) .
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Table 2: Complexity of different IIR structures (Nis even)
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Table 3: Output Roundoff Noise Gains
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Fig.2. Passband amplitudegain.
(a) Elliptic low-pass filter (wordlength
= 9 bits).
(b) Elliptic high-passfilter (word-length
= 9 bits).
(c) Chebyshev high-pass lilter
(wordlength = 8 bits).
Ideal, “--”optimal structure [4-5],
“..” RF optimal structure 111
“-.” The proposed structure.
‘I-”

Frequency rads

Fig. 5. (a) U 0 model of
(b) Details of the iith SUN diagonal processing element using the PAM.
(c)Details of the 0th SUN offdiagonalprocessing
element @$.

1-1

Fig. 6. <a) The fully pipelined array-processorhnplementation. (N = 8 and 1 is the latency).
(b) The internal details and the symbols of the involved processors.

Fig,- 4 .Details of the iith diagonal processor element PE*.
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