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Abstract

regularization parameter is chosen to achieve a compromise between a close fit to the data and closeness
to the true solution.

The paper considers regularization of inverse solutions to linear problems. We derive the relationship
between the error due to regularization and the energy
distribution in the observation vector across the width
of the singular value spectrum of the linear model used.
One result of the analysis is that conditions exist under which no close approximation to the true solution
can be found. It follows that a check of these conditions to determine the success of the regularization is
important and we feel it should be included i n the regularization process. The presentation includes a series
o f simulations t o zllustrate the analysis.

1

Regularization methods in effect replace the original
forward operator with a well-conditioned approximation that is close to it. The small changes in the forward model are assumed to produce only small errors
in a regularized estimates. Therefor the emphasis in
study of regularization has been predominantly in the
area of optimization of regularization parameters as a
function of noise. Ad hoc methods for parameter selection are sometimes still used, based on the assumption
that the the error in a solution is determined by the
width of the singular value spectrum of the forward operator. Analytical methods for optimal regularizatzon
parameter determination have been derived using MSE
minimization criteria, but all of the them require some
knowledge of the statistical properties of noise, which
is unlikely in real applications. In [l,21 expressions for
the optimal regularization parameter are given for the
case when the noise is white. In [3] and [4] criteria for
the optimal regularization parameter in a more general
case are given. The criteria in the two papers can be
shown to be equal, and they link the error in a regularized solution to the distribution of the energy in the
data vector among the singular vectors of the forward
operator. Sano [4]has proposed an alternative iterative
scheme for determining optimal regularization parameters where no knowledge of the noise is required, but
it did not work consistently in our trials.

Introduction

Finding solutions to linear problems typically involves inversion of the forward model, which maps
the unknown signal to the data. Common types of
solutions include least squares (LS), minimum norm,
and weighted minimum norm solutions. An acceptable
solution must be stable, i.e. continuously dependent
on the data, since the data inevitably contains noise.
The inverse operator for discrete problems, which we
consider in this paper, is always bounded, but it can
be numerically ill-conditioned. Inversions involving illconditioned operators can produce large magnifications
of small perturbations in the data or model. This often
leads to unacceptable results with the size of the error
in the solution sometimes exceeding the size of the true
signal.
In these cases regularization is used to produce stable estimates. Regularization techniques have been extensively investigated and two techniques are currently
universally used , Tikhonov regularization and Truncated Singular Value Decomposition (TSVD). The application of regularization requires selection of a regularization parameter, which is not trivial to identify. A

Here we re-examine the stability of regularized approximations by considering the error in an estimate
due to the regularization process itself, using the t8wo
popular regularization techniques. Our analysis provides the following results. We show that the error
in a regularized estimate is a function of the energy
distribution of the data vector across the singular subspaces of the forward operator, relative to the size of
the corresponding singular values. From this result we
formulate conditions under which successful regular-
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model A is assumed to be known. The system can be
either overdetermined or underdetermined. To encompass both cases in our analysis, we assume, without
bearing on the generality of the results, that A is full
rank, rank=m, where m is the smallest dimension of A .
Thus in the overdetermined case we take A to be n x m
and in the underdetermined case A is m x n. Problems described by such linear models include signal estimation, extrapolation, interpolation, reconstruction,
classification, and imaging.
Well known solutions to (1) are LS for the overdetermined case and the minimum norm solution in the
underdetermined case. Both are described by the same
equation

ization can be achieved and identify conditions under
which no solution approximation can be found. The
word approximation is used here in the mathematical
sense to mean an estimate that is sufficiently close to
the true solution, i.e., the errors in it are comparable
to the size of the noise in the observed data. We also
use the term well-conditioned subspaces of the forward
model matrix to mean those singular subspaces that
form the closest well-conditioned approximation to the
forward matrix. The ill-conditioned subspaces are the
remaining subspaces of the forward matrix after extraction of the well-conditioned ones.
The implications of the analysis are as follows. The
width of the singular value spectrum of the forward operator has little to do with the error in regularized solutions. Severely ill-conditioned forward operators can
yield good regularized approximations, given favorable
energy distribution in the data vector. At the same
time, mildly ill-conditioned forward operators can lead
to no close approximation, even when an optimal regularization parameter is used, for a certain group of
data inputs. The results indicate that energy distribution of the data vector is a determining factor in the
success of regularization and should be considered in
any regularization process.
Previous work on the subject consists of analysis by
Per Hansen [5] in which he develops bounds on regularization error based on an assumed model for the observation vector. From this he designs what he calls the
discrete Pickard condition (DPC), which states that
the energy in the data vector projected onto singular
subspaces of the forward operator must, on average,
decay faster than the singular values of the operator in
order for a regularized solution to exist. Our analysis
and simulations show that this is not the case. The
results show that the energy distribution of the data
vector among the singular vectors of the operator does
not need to decrease with the size of the corresponding
singular values, and can in fact increase, as long as the
respective subspaces remain well-conditioned.

2

xlS = ~ + ( +bn o ) ,

where A+ denotes the generalized inverse. Alternative
solutions optimizing other criteria also exist, and can
be expressed using inverses of linearly weighted forward
models. The results of our analysis on the effect of the
inverse operation on the solutions, are independent of
linear transformations on the forward operator. Hence,
for the purposes of the paper, we adopt LS/minimum
norm as the criteria for the true solutions without affecting the generality of the results.
The exact solution to (1) is then given by

where ui and vi are the left and right singular vectors
and ui : u1 2 u2 2 "'U,, are the singular values. We
refer to ui its singular subspaces of A.
SVD of A forms a basis for the study of regularization. The condition number of A determines the
sensitivity of the inverse operation to inaccuracies in
the data, and is defined by the ratio ul/u,,. High sensitivity to noise is caused by the presence of noise in the
the singular subspaces of A associated with sufficiently
small b i .

Regularization of solutions

Background

The Tikhonov regularization method amounts to finding the unique solution xx to the least squares problem
with a quadratic constraint:

Problem Statement
The discrete linear statistical model is an observation
plus noise model which can be written as

Ax = b

(2)

(4)

+ no,

The regularized solution
is a function of the regularization parameter A. It can be written in terms of

The matrix A is the true forward model which generates the noise free data signal b. The vector no
represents noise. The problem is to identify the vector of interest x from the observation b no. The

+
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The effect of Xi is to dampen any terms in the sum
with singular values smaller than X i . Hence Xi can be
assumed t o satisfy A; 2 b,,.
The TSVD method is the other standard regularization techniques in which a number of subspaces of A
with the smallest singular values are truncated. The
truncation parameter
known as the Order Of approximation, is the number of subspaces used to compute the estimate. The k t h order T S V D solution is
defined by

Proof: Rewriting (3), the norm of the true solution
xo is
llxo112 = llvm[yl’.

7

=

1

which gives (9), combining (9) and (11) gives the desired result (10).

Theorem 2 Let x and Xk be the exact and the T S V D
regularized solutions given b y (3) and (6) respectively.
Define yp = max yi and TJ = m - (k + 1) l o be
k+l<l<m

(7)

the number of truncated subspaces. Then the following
hold

as a measure of the energy of b in a singular subspace of
A relative to the power of that subspace. We show that

m

llXO-Xk112 =

the shape of the function 7 is the determining factor
in regularization error. It is also useful to define
71 = l <m,ax
Yi.
z<m

’ 7m]T112

(11)

uTb
=

*

where Vm is the section o f V consisting o f m columns.
In the overdetermined case Vm = V.
and (11)
Using

w e examine how the behavior of the right hand side
in (1) affects the error in regularized solutions. For
this purpose we examine the error in an estimate due
to the regularization process itself. We define

Yi

’

(

2

i=k+l

Yp

(12)
and

(8)

EE

The error due to regularization is given in the following two theorems.

11x0 - Xk112
llx112

Theorem 1 Let x and xx be the exact and the
Tikhonov regularized solutions given b y (3) and (5) respectively. The following can be shown t o hold

fi

m= Ti = yr

l<i<m

max

1

l<i<m

# ~p

*/i=yp

m.ax yi = YI # yr

l<r<m
1

m.ax 7; = 7p

1<z<m

(13)
Proof: Using (6) and (11) we have

{L

11x0 -Xk112 = llVm[O, . “ , O ~ y k + l , . ’ . , y m ] ~ l l q - h

(14)
Combining this with (11) gives (13).
Note that the bounds given in the theorems are tight,
since cases closely satisfying
these bounds can be easily
~designed.
The theorems show how the relative sizes of 7, affect the regularization error. In the discussion we assume that a reasonable regularization parameter is being used, e.g. 6, < Xi < 61. In Tikhonov regularization the error is shown to depend on two factors. The
A2
term
is a decreasing function of U , . When U;
U. +A,
is large, Xi < uil but Xi/ui increases with decreasing

(9)

and

11x0112

’

P

YP

(lo)

where 2 I
P, yP 5 yr.
27

ui, so that A i >> ui for ui corresponding to the illA1
conditioned subspaces. The value of .~+xf
sharply increases for & and ui in the transition interval from wellconditioned to ill-conditioned subspaces. Thus regularization produces a disproportionately large error for a
component of the data b in the ill-conditioned subspaces, compared to an equal sized component in the
well-conditioned subspaces. The more energy of b that
shifts to the ill-conditioned subspaces, the larger the error due to regularization. This is independent of how
close to the optimum the regularization parameter may
be.
The equality yp = -yl also maximizes the error and
A*
the term + determines whether the equality oc0 , +A.
curs. When yI corresponds to an ill-conditioned subspace, the likelihood of the equality yp = 71is increased
Xa
sharply, since +
x 1 there. In this case the upper
u:tx,

can be assumed to be distributed among all the subspaces of A , induces large errors when no regularization
is used in a solution. Yet regularization also produces
large errors when the yj are sufficiently large. Hence
no acceptable estimate can be produced. The chance
that regularization will fail increases as the yj increase
relative to the yi.
The analysis shows that the energy distribution of b
among the singular vectors does not need to decrease
with the size of ui to obtain a good approximation. In
fact, a relatively much larger yi, i # 1, reduces the
regularization error, as long as the respective subspace
is not in the ill-conditioned part of A.

4

Numerical examples

We present three examples to illustrate our results.
The examples use varying b vectors and an arbitrarily
chosen 6 x 8 A matrix whose singular values are si =
[l .2573 ,1838 .0912 .009 .0009].
The first four singular subspaces of the A matrix are
well-conditioned while the last two are ill-conditioned.
The input data b for the three cmes are as follows.
In the first two examples b is chosen to satisfy the
favorable conditions for the regularization according to
Theorems 1 and 2. The vector b, in the first case, is
such that ya are an increasing function of U ; . In the
second case, -,i have the highest values at the singular
values 3 and 4, which are still well-conditioned. In
the third case yj are a decreasing function of ui,which
represents a non-favorable condition for regularizat,ion.
Noise in the data is generated by adding 10% random
gaussian noise to each input.
The noise free solution, the solution with no regularization, and the regularized solutions using Tikhonov
regularization and TSVD truncation for the three examples are shown in Figs. 1-3. The L-curve criteria
[GI was used to determine the optimal parameters in
both regularization procedures. The corresponding y
functions for the three cases are also plotted in the
small windows within each figure and are listed in the
legends. The projections of the energy of b into the
singular subspaces, i.e. the U‘b values, are also given.
The first two examples show successfully regularized
solutions. In the third example the regularization fails,
as predicted by the theory. Note that the energy in b
is concentrated in the principle subspaces in all three
cases, and by itself is not a valid indicator of how successful regularization may be.

m,

bound on the error is
which is independent of
the signal and model parameters, and so the regularization error is likely to be sharply higher.
The results for the TSVD method are similar. The
component of b that is in the ill-conditioned subspaces
is truncated in the process of regularization, which contributes directly to the regularization error in the form
of yj , k 1 < j < m. The result is independent of the
choice of the truncation parameter k.
Whether the error approaches the lower or upper
bound depends on the relative sizes of the 7i. The
error is closer to the upper bound when all yi are of
similar size, while the lower bound is approached when
the energy of b is concentrat,ed in one or very few singular subspaces. However, when all yi are equal, the
, which indicates relatively
error due to TSVD is
good performance. When the yi are not exactly equal,
the error worsens until 71= max y; corresponding to

+

$

l<i<m

a well-conditioned subspace becomes sufficiently larger
than the rest, i.e. the ratio
< 1/Jm is reached.
Also, a wider gap between the retained yj, i 5 k and
the truncated yj, j > k improves regularization accuracy, with the error diminishing as the gap widens.
We now summarize the results. When the -yj
that correspond to the ill-conditioned subspaces are
small relative to the 7; that correspond to the wellconditioned subspaces, the regularization error is guaranteed to be small, bounded by the parameters of the
linear system ( l ) ,u p b and l / c i , with i such that 6;
are close to 01 = I(A112. This means that the regularized approximation to 20 can be found. Otherwise,
the regularization error may not be reasonable and the
regularized approximation to 20 is not guaranteed to
exist. Noise, which is inevitably present and in general

%
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Figure 2:
Noise free solution (solid line), solution with no regularization (dotted line), solution using Tikhonov regularization (dashdot line),
and TSVD solution (dashed line) for the case
when the largest 7 values are in the mid-range
singular values.
The input vector b satisfies
U’b = [0.2 0.1029 0.3677 0.1642 0.0036 0.0002]
and 7 = [0.2 0.4 2 1.8 0.4 0.21. The values of 7
are plotted in the insert window.
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Figure 1: Noise free solution (solid line), solution
with no regularization (dotted line), solution using
Tikhonov regularization (dashdot line), and TSVD solution (dashed line) for the case when y is a increasing function of ui. The input vector b satisfies
U’b = I1.5 0.3344 0.2022 0.0821 0.0063 0.0005]
and y = [1.5 1 . 3 1.1 0.9 0.7 0.51. The values of
7 are plott,ed in the insert window.
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Figure 3: Noise free solution (solid line), solution
with no regularization (dotted line), solution using
Tikhonov regularization (dashdot line), and TSVD solution (dashed line) for the case when y is a decreasing function of ui. The input vector b satisfies U‘b =
[ l 0.4615 0.5353 0.4021 0.0572 0.008] and 7 =
[ l 1.3 1.6 1.9 2.2 2.51. The values of 7 are plotted in the insert window.
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